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• A resolution of the dynamics of a population of two biallelic loci individuals evolving under assortative mating and mutations is
provided.

• A bifurcation diagram is constructed to describe the dynamics in a qualitative way.
• The fate of initial conditions is obtained by the employment of a constant of motion.
• A trade-off between assortativity and the effect of mutations is discussed.
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a b s t r a c t

We study the evolution of allele frequencies for infinitely large populations subjected to
mutations and assortativemating. Haploid individuals are described by two biallelic genes,
and assortativity is introduced by preventing mating between individuals whose alleles
differ at both loci. In the absence of mutations, evolution leads to the disappearance of
one of the alleles. However, a particular combination of the allele frequencies at the two
loci is maintained constant. We show that this combination remains constant even when
mutations are present, revealing the robustness of the epistatic correlation introduced by
the non-random mating mechanism. We obtain the equilibrium solutions for arbitrary
values of the mutation rate and provide a description of the dynamics on the basis of a
bifurcation analysis.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The concept of species is deeply rooted in the idea of reproductive isolation: groups of individuals form separate species
if individuals belonging to different groups are unable to generate fertile offspring through mating [1–3]. Such isolation
prevents genetic modifications occurring in one group to spread to other groups, causing their evolution to follow relatively
independent paths. Understanding the genetic and ecological mechanisms that lead to the emergence of reproductive
isolation is, therefore, a fundamental quest of evolutionary theory.

In a series of recent papers [4–6] it has been shown that speciation may occur spontaneously in spatially extended
populations where individuals are allowed to mate only if they are close enough and not too different genetically. Mating
restriction by genetic similarity, also termed assortative mating, can be modeled by attributing haploid genomes with B
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biallelic loci to individuals and allowing them to mate only if the genomes differ in no more than G loci [7–9,4,5]. This rule
is supported by the idea that individuals have limited tolerance to differences when choosing a mate, so that if the other
individual is too different, it will not be considered as a mating option [10].

The model proposed in Ref. [4] considers finite populations, includes mutations and is not panmictic, since mating
occurs only between spatially close and genetically similar individuals. Speciation occurs because of the combined effects
of isolation by spatial distance [11] and isolation by genetic distance. Individuals are initially identical and differentiation
occurs only by mutation and drift. However, as the population diversity increases the genetic constraint aids differentiation
by disruptive selection. If G, the maximum allowed genetic distance, is much smaller than B, the total number of genes,
mutations may lead to incompatible haplotypes. Analytical expressions indicating when speciation is possible under these
conditionswere recently obtained [12,13], but the contribution of the geneticmating restriction to the processwas included
as an ansatz based on numerical simulations. The dynamical equations describing the evolution of haplotype frequencies
in the general case of B loci and arbitrary G were recently derived and their solutions were obtained in the absence of
mutations [14].

In a previous paper [15] we have analyzed in detail the dynamics of allele frequencies for infinitely large populations
of haploid individuals not subjected to mutations. We considered the simplest case of two loci, B = 2, and G = 1, so that
individuals whose alleles differ at both loci are considered incompatible and mating does not happen. In this case there are
only four haplotypes,AB, Ab, aB and ab, AB−ab andAb−aB being the incompatible pairs.We derived the evolution equations
for the haplotype frequencies pu′u′′ (with u′

= A, a and u′′
= B, b), and found that the coupling between the loci introduced

by the restrictedmating leads to a strong correlation between the allele frequencies. For p̃A = pAB +pAb the frequency of the
allele A and p̃B = paB + pAB the frequency of the allele B, the quantity T = (p̃A − 1/2)/(p̃B − 1/2) remains constant during
the evolution, although p̃A and p̃B do change. Using this conserved quantity we were able to solve the dynamical equations
and show that one of the alleles always disappears from the population.

Models with one or two loci and two alleles have been extensively studied in the past, but focused mostly on selection
and not on assortativity [16–21]. A comprehensive review of recent models of assortative mating can be found in Ref. [22].
One-locus diploid models where individuals have equal mating success usually lead to a decrease in the proportion of
heterozygotes, going to zero for complete assortativity, where each type mates only with itself [23–25]. One locus models
where mating success is frequency dependent have also been considered [26–28] but have also been shown to lead to the
extinction of heterozygotes if assortativity is complete. The model considered here is similar to the two-allele two-locus
version of the Moore model [22]. In that case, however, the heterozygotes Ab and aB correspond to the same phenotype,
which lead to particularly simple and symmetric equilibria. Finally wemention the Higgs–Derrida model [29,30] where loci
are unlinked (Ab and aB map to different phenotypes) but which considers the limit of infinitely many loci.

In this paperwe extend the results obtained in Ref. [15] to include the effects ofmutations.We show that, surprisingly, the
function T remains constant for arbitrary values of the mutation rate. We obtain all the equilibrium solutions analytically
and find that, contrary to the equilibrium solutions in the absence of mutations, they do not imply the lost of an allele.
Instead, they are characterized by the fact that one of the four alleles ends up with a very small frequency, which is given as
a function of µ and T (Fig. 3). As µ goes to zero, this allele vanishes and the result of Ref. [15] is recovered. In addition, we
find that equilibrium solutions merge at a critical mutation rate. This value of the mutation rate is associated to a stability
change and to a biologically meaningful bifurcation. Another bifurcation takes place for negative mutation rates. Not being
relevant from a biological point of view, this second bifurcation is illustrative to describe, in addition to the former, the global
structure of the phase space.

The paper is organized as follows: in Section 2 we describe the reproductive mechanism in the presence of mutations
and derive the haplotype frequencies evolution equations for very general mating schemes. In Section 3 we briefly discuss
the random mating scenario. The dynamical implications of the combination of assortativeness and mutations are studied
in Section 4. Section 5 presents a qualitative description of the dynamics based on a bifurcation analysis, and Section 6
is devoted to discuss the results and to expose the main conclusions. Complementary technical calculations are added in
separated appendices.

2. Reproductive mechanism

Consider a population of hermaphrodite individuals with two biallelic loci. Let A and a denote the alleles at one locus,
and B and b the alleles at the other, so that the haplotypes are AB, Ab, aB, and ab. The number of individuals of each type
in the generation t is given by N t

AB,N
t
Ab,N

t
aB and N t

ab, with N t
AB + N t

Ab + N t
aB + N t

ab = N t , the total size of the population.
Encounters between the members of this generation may succeed or not in producing offspring for the generation t + 1,
depending on the probabilities wh1:h2 (h1 and h2 being the parental haplotypes). The rates wh1:h2 (see Table 1) incorporate
both the effects of the compatibility between the parents (sexual selection) and the viability of the newly formed zygote
(viability selection). In our model the viability selection is the same for all individuals, and takes place once the zygote was
formed through the inheritance of a recombinated chromosome (at a recombination rate r). Assortativeness, represented
by the sexual selection component, is described by the compatibility between the parents and acts at a prezygotic level.
The reason for adding a postzygotic factor to the compound fitnesswh1:h2 , from now on the compatibility–viability selection
rate, has the only purpose of keeping the total number of individuals constant across generations, and represents an implicit
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Table 1
Encounters between individuals in the generation t that contribute to individuals with haplotype AB in the generation t + 1.

Parental haplotypes Number of encounters Fraction of successful AB offspring encounters

AB × AB 1/2 × N t
AB × (N t

AB − 1) wAB:AB × (1 − µ)2

AB × Ab N t
AB × N t

Ab 1/2 × wAB:Ab × (1 − µ)

AB × aB N t
AB × N t

aB 1/2 × wAB:aB × (1 − µ)

AB × ab N t
AB × N t

ab [(1 − r)/2 − µ(1 − µ)(1 − 2r)] × wAB:ab

Ab × aB N t
Ab × N t

aB [r/2 + µ(1 − µ)(1 − 2r)] × wAb:aB

Ab × Ab 1/2 × N t
Ab × (N t

Ab − 1) wAb:Ab × µ(1 − µ)

aB × aB 1/2 × N t
aB × (N t

aB − 1) waB:aB × µ(1 − µ)

Ab × ab N t
Ab × N t

ab 1/2 × wAb:ab × µ

aB × ab N t
aB × N t

ab 1/2 × waB:ab × µ

ab × ab 1/2 × N t
ab × (N t

ab − 1) wab:ab × µ2

carrying capacity, i.e. finite abundance of resources. Once the new individual is formed, its genome canmutate at amutation
rate µ per gene.

According to Table 1 (see Appendix A for an explanation of the coefficients in the third column), and assuming non-
overlapping generations, the number of AB individuals in the generation t + 1 obeys

N t+1
AB =

N t
AB(N

t
AB − 1)
2

wAB:AB(1 − µ)2 +
N t

ABN
t
Ab

2
wAB:Ab(1 − µ) +

N t
ABN

t
aB

2
wAB:aB(1 − µ)

+N t
ABN

t
ab[(1 − r)/2 − µ(1 − µ)(1 − 2r)]wAB:ab

+N t
AbN

t
aB[r/2 + µ(1 − µ)(1 − 2r)]wAb:aB +

N t
Ab(N

t
Ab − 1)
2

wAb:Abµ(1 − µ)

+
N t

aB(N
t
aB − 1)
2

waB:aBµ(1 − µ) +
N t

AbN
t
ab

2
wAb:abµ +

N t
aBN

t
ab

2
waB:ab + µ +

1
2
N t

ab(N
t
ab − 1)wab:abµ

2. (1)

The equations for the remaining haplotypes can be obtained by constructing equivalent tables, or by simply replacing
the alleles in Eq. (1) as follows: B ↔ b to obtain N t+1

Ab , A ↔ a to obtain N t+1
aB , and both B ↔ b and A ↔ a to obtain

N t+1
ab .

3. Randommating

Setting whi:hj = wRM for all rates we can calculate the value of wRM by imposing N t
AB + N t

Ab + N t
aB + N t

ab = N t
≡ N for all

times. The right side gives wRMN t(N t
− 1)/2, which implies wRM = 2/(N − 1).

Equations for the haplotype frequencies

ptAB = N t
AB/N

t (2)

ptAb = N t
Ab/N

t (3)

ptaB = N t
aB/N

t (4)

ptab = N t
ab/N

t (5)

are obtained by replacing the compatibility–viability selection rate wRM in Eq. (1) (and in the corresponding equations for
the other haplotypes) and dividing both sides by N . From now on we will restrict ourselves to the case r = 1/2. In the limit
of infinitely large populations (wRM = 2/N), we obtain

pt+1
AB = ptAB(1 − µ) + ptabµ + Γ tµ(1 − µ) −

1
2
Dt (6)

pt+1
Ab = ptAb(1 − µ) + ptaBµ − Γ tµ(1 − µ) +

1
2
Dt (7)

pt+1
aB = ptaB(1 − µ) + ptAbµ − Γ tµ(1 − µ) +

1
2
Dt (8)

pt+1
ab = ptab(1 − µ) + ptABµ + Γ tµ(1 − µ) −

1
2
Dt (9)
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where

Dt
≡ ptABp

t
ab − ptAbp

t
aB (10)

stands for the genetic linkage disequilibrium. The quantity Γ t is defined as

Γ t
≡ (ptAb)

2
+ (ptaB)

2
− (ptAB)

2
− (ptab)

2. (11)

3.1. Haplotype equilibria and the evolution of allele frequencies

For the case µ ≠ 0, the only stable solution is given by the equiprobable distribution ptAB = ptAb = ptaB = ptab = 1/4. To
demonstrate this assertion we will proceed in two steps. First, we will prove that the equiprobable distribution is the only
equilibrium solution of Eq. (6) and, second, that this equilibrium is stable.

The equilibrium conditions applied to Eqs. (6)–(9) lead to

0 = −µ(ptAB − ptab) + Γ tµ(1 − µ) −
1
2
Dt (12)

0 = −µ(ptAb − ptaB) − Γ tµ(1 − µ) +
1
2
Dt (13)

0 = µ(ptAb − ptaB) − Γ tµ(1 − µ) +
1
2
Dt (14)

0 = µ(ptAB − ptab) + Γ tµ(1 − µ) −
1
2
Dt . (15)

Subtracting Eq. (12) from (15) and (13) from (14) results in

ptAB = ptab and ptAb = ptaB, (16)

respectively, which for µ ≠ 0 implies Γ t
= −2Dt . On the other hand, adding Eqs. (12) and (15) (or equivalently (13) and

(14)) we obtain

0 = 2Γ tµ(1 − µ) − Dt
= −Dt [1 + 4µ(1 − µ)] , (17)

which must hold for any value of the mutation rate µ. As a consequence, in the equilibrium both quantities Γ t and Dt must
vanish and therefore ptAB = ptab = ptAb = ptaB = 1/4. Notice that for µ = 0 the only factor that vanishes is the linkage
disequilibrium Dt , as pointed out in Ref. [15].

For the stability analysis we take three of the four variables (for instance ptAB, p
t
Ab and ptaB) togetherwith the normalization

constraint, and linearize Eqs. (6)–(9) in the neighborhood of the equiprobable distribution. The stability matrix results in
two degenerated eigenvalues ζd = 1 − 2µ and one non-degenerated eigenvalue ζnd =

1
2 (1 − 2µ)2. For 0 < µ < 1 the

eigenvalues satisfy |ζd| < 1 and |ζnd| < 1 so the fixed point is stable.
It is interesting to relate the equilibrium properties of the haplotype frequencies to the allele proportions at the two

loci. From the definition of the allele frequencies we recognize that haplotypes are in linkage equilibrium. Namely, as
p̃u = 1/4 + 1/4 = 1/2 (for any allele u = A, a, B, b), it follows that pu′u′′ = p̃u′ p̃u′′ (for u′

= A, a and u′′
= B, b). We

can also study the time evolution of the allele frequencies by deriving their dynamical equations directly from Eqs. (6)–(9).
This yields

p̃t+1
u = p̃tu(1 − µ) + (1 − p̃tu)µ = αp̃tu + β (18)

with α = 1 − 2µ and β = µ. Successive iterations of (18) give

p̃tu = αt p̃0u + β

t−1
k=0

αk
= αt p̃0u + β

1 − αt

1 − α
= (1 − 2µ)t(p̃0u − 1/2) + 1/2. (19)

For µ = 0 we obtain the result corresponding to constant proportions for the four alleles. Nevertheless, even for a very
small mutation rate allele frequencies exponentially approach the value 1/2 and the population ends up in a completely
mixed composition at both loci. The bigger the mutation rate 0 < µ < 1/2, the faster the convergence to the solution
p̃u = 1/2.
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4. Assortative mating

When mating between individuals differing at both loci is forbidden, the compatibility–viability selection rates wh1:h2
are calculated by setting

wh1:h2 =


0 for h1: h2 = AB: ab or h1: h2 = Ab: aB

wAM otherwise. (20)

To obtain wAM we impose again the constraint of a constant population size, which yields

wAM =
2
N

1
1 − 2∆t

, (21)

where

∆t
≡

N t
ABN

t
ab + N t

AbN
t
aB

N2
= ptABp

t
ab + ptAbp

t
aB. (22)

Equations for the haplotypes frequencies are derived in the same way as in Ref. [15], and result in

pt+1
AB =

ptAB(1 − µ) + ptabµ + Γ tµ(1 − µ) − ptABp
t
ab

1 − 2∆t
(23)

pt+1
Ab =

ptAb(1 − µ) + ptaBµ − Γ tµ(1 − µ) − ptAbp
t
aB

1 − 2∆t
(24)

pt+1
aB =

ptaB(1 − µ) + ptAbµ − Γ tµ(1 − µ) − ptaBp
t
Ab

1 − 2∆t
(25)

pt+1
ab =

ptab(1 − µ) + ptABµ + Γ tµ(1 − µ) − ptabp
t
AB

1 − 2∆t
. (26)

Inserting the ansatz pu′u′′ = 1/4 in these equations, it is straightforward to check that the equiprobable distribution is again
an equilibrium solution. However, the stability analysis displays now a different outcome. Specifically, all eigenvalues are
amplified by the factor 4/3 (coming from the denominator), giving rise to two degenerated eigenvalues ζd =

4
3 (1−2µ), and

to a non degenerated eigenvalue ζnd =
2
3 (1 − 2µ)2. Accordingly, there is still a direction in which the movement is stable.

However, in the 2-dimensional space spanned by the eigenvectors associated to ζd the stability depends on the mutation
rate. For µ < 1/8, ζd > 1 and the fixed point turns out to be an unstable saddle. The change in a fixed point stability is
the signature of a bifurcation. In this case the stable fixed point becomes unstable, which is associated with the appearance
of new fixed points below µcrit = 1/8, changing the global characteristics of the phase space. The analysis of these new
equilibria and the implications of the dynamics is discussed in the following sections.

4.1. Fixed points for µ < 1/8

To provide a comprehensive description of the fixed points of themap given by Eqs. (23)–(26) it is useful to divide them in
3main families, which are enumerated below (derivation of the corresponding formulas is detailed in Appendix B). The color
labels refer to Fig. 1, where the coordinate pab is eliminated through the normalization of the probabilities. This procedure
gives the phase space the geometry of a tetrahedron of faces pAB = 0, pAb = 0, paB = 0 and pAB + pAb + paB = 1.
1. First family—continuous sets of stable fixed points.

EA (purple curves):

pAB =
1
2


1 − wA − λA −


(1 − wA − λA)2 − 4(µ − wAλA)


; pAb = wA

pab =
1
2


1 − wA − λA +


(1 − wA − λA)2 − 4(µ − wAλA)


; paB = λA

EB (blue curves):

pAB =
1
2


1 − wB − λB −


(1 − wB − λB)2 − 4(µ − wBλB)


; paB = wB

pab =
1
2


1 − wB − λB +


(1 − wB − λB)2 − 4(µ − wBλB)


; pAb = λB

Ea (red curves):

paB =
1
2


1 − wa − λa −


(1 − wa − λa)2 − 4(µ − waλa)


; pab = wa

pAb =
1
2


1 − wa − λa +


(1 − wa − λa)2 − 4(µ − waλa)


; pAB = λa
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Fig. 1. (Color on-line) Two visualizations of the phase space, the stable equilibrium curves, and the unstable fixed points. The curves comprise the fixed
points Ea (purple), Eb (blue), EA (red) and EB (cyan), and correspond to different mutation rates (µ = 0, 0.01, 0.05, 0.1 from outside to inside). Unstable
fixed points EU1 and EU2 corresponding to µ = 0 are represented by orange circles, and the saddle point ES by a brown circle. The left panel displays four
colored regions representing the basins of attraction of the corresponding equilibrium curves. In the right panel, the angle of observation is modified to
highlight the 3D nature of the stable equilibrium curves.

Eb (cyan curves):

pAb =
1
2


1 − wb − λb −


(1 − wb − λb)2 − 4(µ − wbλb)


; pab = wb

paB =
1
2


1 − wb − λb +


(1 − wb − λb)2 − 4(µ − wbλb)


; pAB = λb

with

wu =
µ(1 − µ − λu)

µ + λu(1 − 2µ)
, (27)

for u = a, b, A, B. In all cases the range of λu is

x ≤ λu ≤ 1/2 − x +


(1/2 − x)2 + (x2 − µ) (28)

with

x =
µ

1 − 2µ


1 − 2µ + 2µ2

µ
− 1

 . (29)

For a given µ, these four continuous sets represent portions of a closed curve delimited by the following points:

EAB = EA ∩ EB: pAB = 1/2 − x −


(1/2 − x)2 + (x2 − µ), pAb = paB = x,

pab = 1/2 − x +


(1/2 − x)2 + (x2 − µ)

EaB = Ea ∩ EB: paB = 1/2 − x −


(1/2 − x)2 + (x2 − µ), pAB = pab = x,

pAb = 1/2 − x +


(1/2 − x)2 + (x2 − µ)

Eab = Ea ∩ Eb: pab = 1/2 − x −


(1/2 − x)2 + (x2 − µ), pAb = paB = x,

pAB = 1/2 − x +


(1/2 − x)2 + (x2 − µ)

EAb = EA ∩ Eb: pAb = 1/2 − x −


(1/2 − x)2 + (x2 − µ), pAB = pab = x,

paB = 1/2 − x +


(1/2 − x)2 + (x2 − µ).

By eliminating the variable pab through the normalization of the probabilities, the phase space adopts the geometry of a
tetrahedron of faces pAB = 0, pAb = 0, paB = 0 and pAB + pAb + paB = 1 (see Fig. 1), whose vertices correspond to the
four points obtained in this limit (points Eab, EAb, EAB and EaB of Ref. [15]).

2. Second family—unstable points (orange points)

EU1: pAB = pab = z, pAb = paB = 1/2 − z
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EU2: pAB = pab = 1/2 − z, pAb = paB = z

with

z =
1
4


1 +


1 + 8µ(1 − µ)


.

Since z ≥ 1/2 for any µ ≥ 0, it follows that 1/2 − z ≤ 0 and the only possible solutions of this type are those with µ
strictly equal to zero, corresponding to the fixed points EU1 and EU2 of Ref. [15]. However, for mathematical purposes,
we will still refer to these points as EU1 and EU2 for µ > 0 even when they have no biological significance.

3. Third family—saddle point, the equiprobable equilibrium (brown point)

ES: pAB = pAb = paB = pab = 1/4.

As µ → 1/8, x goes to 1/4 and the stable equilibrium curves (together with the points EAB, EAb, EaB and Eab) converge to
the point ES which, as mentioned in the previous section, becomes stable.

4.2. Dynamics

To understand how the haplotype frequencies evolve in time and reach a specific equilibrium point we look at the allele
frequencies. By means of Eqs. (23)–(26) it follows that

p̃t+1
A = pt+1

AB + pt+1
Ab

=
(1 − µ)(ptAB + ptAb) + µ(ptab + ptaB) − (ptABp

t
ab + ptAbp

t
aB)

1 − 2∆t

=
(1 − µ)p̃tA + µ(1 − p̃tA) − ∆t

1 − 2∆t
. (30)

Subtracting 1/2 we obtain

p̃t+1
A −

1
2

=
(1 − 2µ)


p̃tA − 1/2


1 − 2∆t

. (31)

The equations for the remaining allele frequencies are obtained in the same way and have exactly the same form.
Dividing the equation corresponding to p̃A by the equation corresponding to p̃B we find that the quantity

T ≡
p̃A − 1/2
p̃B − 1/2

(32)

represents a constant of motion. The existence of this constraint indicates that the trajectories of the haplotype frequencies
are restricted to a plane of motion, a result known to hold for µ = 0 [15]. Any of these planes contains the straight line
connecting EU1 and EU2 and passing through ES. This line can be parametrized as

pAB = 1/4 + τ ; pAb = paB = 1/4 − τ (33)

and passes through ES for τ = 0 and through EU1 and EU2 for τ = ±(z − 1/4), respectively. To verify that this line is
contained in the plane of motion even for µ ≠ 0 it suffices to check that it satisfies the linear relation

(pAB + paB − 1/2)T = pAB + pAb − 1/2. (34)

Given an initial condition, it is possible to calculate the constant T and to determine the corresponding plane of motion.
Any of these planes intersects only two equilibrium points, either belonging to the sets Eb and EB if |T | < 1, to the sets Ea and
EA if |T | > 1, corresponding to EAB and Eab if T = 1or to EAb and EaB if T = −1. Therefore, once the pair Eb−EB, Ea−EA, EAB−Eab
or EAb −EaB has been selected by the value of T , it suffices to knowwhich of the two points is going to be reached. In Ref. [15]
it is proven that the basins of attraction of the stable equilibrium curves for µ = 0 have the following properties

• p̃A is the allele at the smallest proportion in the purple region.
• p̃B is the allele at the smallest proportion in the light blue region.
• p̃a is the allele at the smallest proportion in the red region.
• p̃b is the allele at the smallest proportion in the purple region.

As these basins of attraction remain to be the same for µ ≠ 0 (because the different stable equilibrium curves are
still contained in the corresponding basin of attraction), after calculating the value of the constant T , the fate of the initial
condition will be unambiguously determined by establishing which of the four alleles is in the smallest proportion. For
instance, if |T | < 1 and the allele b is the one in the smallest proportion, by means of Eq. (32) we can write

T =
−wb + λb −


(1 − wb − λb)2 − 4(µ − wbλb)

wb − λb −


(1 − wb − λb)2 − 4(µ − wbλb)
(35)
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Fig. 2. (Color on-line) Top: Plane of motion for T = −0.8 and its intersection with the blue and cyan equilibrium curves, shown for µ = 0.1. Bottom:
projection of the trajectories on the plane pAB = 0. The stable manifold of ES is shown with black arrows, together with several numerically integrated
trajectories (black dots connected by lines).

which can be solved for λb to establish the equilibrium point. A similar equation for λB is obtained if the allele B is the one at
the smallest proportion. If |T | > 1, depending onwhich among the alleles A and a is in the smallest proportionwe determine
the equations for the parameters λA and λa, respectively. Finally, if T = 1 we need to compare any of the pairs A−a and
B−b to distinguish between the equilibria EAB and Eab (the point EAB has both alleles A and B in smaller proportions than a
and b), and if T = −1 we need to compare any of the pairs A−b and B−a (the point EAb has both alleles A and b in smaller
proportions than a and B, and the point EaB has both alleles a and B in smaller proportions than A and b). For example, for
T = 1 and A and B in smaller proportions than a and b the attained fixed point will be EAB (with x defined in Eq. (29)).

Fig. 2 shows the plane of motion for T = −0.8 and the equilibrium curves for µ = 0.1 (top) and the projection of
this plane into the plane pAB = 0. The black dots connected by lines show numerically calculated trajectories that quickly
approach a line perpendicular to the stable manifold of ES and then slowly move toward one of the stable equilibria,
represented by the blue and cyan dots.

For µ < µcrit = 1/8, the phase space has the same features than in Ref. [15], a foliation into planes of motion, where the
trajectories are contained, and a separation into four regions, which are the basins of attraction of the four sets of points of
type 1 (colored regions in Fig. 1). Forµ = 0 the colored attractors correspond to four edges of the phase space and represent
solutions for which the population loses one allele, being the initially at the smallest proportion allele the one that vanishes.
As themutation rate increases, the attractors are deformed into curves located inside the phase space. The allele that initially
was at the smallest proportion reaches an equilibrium value inwhich it is still the less abundant allele. As the attractors have
no points representing the extinction of an allele, evolution makes initially extinct alleles to reappear to reach a non-zero
equilibrium proportion as a consequence of mutations. A relevant question is how small is the equilibrium proportion of
the initially less abundant allele for a given mutation rate µ. In fact, there is not one, but a range of possible equilibrium
values depending on plane of motion where the initial condition is located (the specific value of T ). There is a minimum
value corresponding to themidpoint of set Eb (T = 0) and amaximum value corresponding to the extremes (|T | = 1, points
Eab and EAb). This is illustrated in Fig. 3 for the blue region, where allele b is at the highest proportion and allele B is at the
smallest proportion.
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Fig. 3. (Color on-line) Proportion of the allele B at equilibrium in the blue region of the phase space. Notice that, except for µ = 0 (for which p̃B = 0 at
equilibrium) and for µ = 1/8 (for which p̃B = 1/2 at equilibrium), all intermediate µ values have a minimum and a maximum p̃B value at equilibrium,
corresponding to the planes having T = 0 and to the |T | = 1, respectively.

5. Bifurcation analysis

The global behavior of the dynamical system described by Eqs. (23)–(26) can be summarized with a very simple
geometrical construction based on a bifurcation analysis. Consider first a planemotion, as that shown in Fig. 2, and a smooth
coordinate transformation bringing the part of the plane inside the tetrahedron into a disk.

We will consider situations where µ > 0 and also where µ < 0. The continuation of the solutions for µ < 0
is exclusively for mathematical purposes and does not represent a biological situation. In the latter scenario the stable
equilibrium curves cross the plane outside the disk-shaped phase space, or outside the tetrahedron, which by construction
represents probabilities that are negative or greater than one for at least one of the variables (blue point Eb and cyan point
EB in Fig. 4, left panel). For µ > 0 we have again equilibrium points placed outside the phase space (Fig. 4, right panel),
this time the orange unstable points EU1 and EU2. However, the identification of these points is still useful. This is because
the direction pointing from any stable fixed point to EU1 and EU2 coincides with the orientation of the eigenvectors of the
stability matrix of the corresponding stable point. This was proven forµ = 0 [15] and remains true forµ > 0 if the unstable
points are prolonged outside the phase space.

In Fig. 5 we summarize all previous statements in a bifurcation analysis. As µ → µcrit = 1/8 from the left (Fig. 5, right
panel) the stable points approach the central (brown) point ES along the unstable manifold of the latter. Forµ > µcrit stable
points disappear (the coordinates of the points become complex) and ES becomes stable. This represents a supercritical
pitchfork bifurcation at µcrit = 1/8 along the central-stable direction (horizontal in the graph, connecting the stable points
to ES). Now, if we look in the unstable-central direction (vertical in the graph, connecting ES with the unstable points), as
µ → µ̃crit ≈ −0.112 a similar behavior occurs (Fig. 5, left panel), except that along this direction the central point ES is
stable and becomes unstable when µ < µ̃crit, as the unstable points merge with ES and disappear. Accordingly, along the
central-unstable direction the system displays a subcritical pitchfork bifurcation at µ̃crit. Middle panel of Fig. 5 displays a
three-dimensional diagram showing the whole bifurcation structure of the dynamical system.

6. Discussion

This paper discusses the dynamical behavior of the haplotype frequencies for infinitely large populations subjected to
mutations and assortative mating. Individuals are haploid with two biallelic loci and assortativity is included by preventing
mating between individuals differing at both loci.

As shown in Section 4, stable equilibrium solutions do not correspond to isolated sets of haplotype frequencies, but to
continuum curves. These curves are displayed in Fig. 1, and are similar to the case µ = 0, where one of the alleles evolves
into fixation. For µ ≠ 0 the locus at which one allele would be fixed remains polymorphic, and this makes the µ = 0
curves to deform toward the interior of the phase space. The basins of attraction of the equilibrium curves, however, are
independent of µ.

Interestingly, for all models studied here and in Ref. [15] the function T defined in Eq. (32) is a constant of motion.
For panmictic populations and µ = 0 this result is straightforward, since each allele frequency is conserved by the
Hardy–Weinberg equilibrium law [31,32] adapted to two loci haploid populations. For panmictic populations and µ > 0
this is still true, as can be seen from Eq. (19). Finally, Section 4.2 demonstrates that within the framework of an assortative
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Fig. 4. (Color on-line) Schematic representation of the dynamics on a plane of motion. Left: µ̃crit < µ < 0; Center: µ = 0; Right: 0 < µ < µcrit . Except
for the case µ = 0 in which the phase space boundary is covered by trajectories, in the other cases the phase space boundary is represented by a gray
circle. All trajectories are displayed in solid-black, with an arrow indicating the direction of movement. Dashed lines represent the unstable manifold of
the fixed point ES (brown). Dotted lines are the prolongations of the trajectories (as well as prolongations of the manifolds of ES) outside the phase space.
Blue and cyan points are stable fixed points, whereas orange points are unstable (EU points). The ellipses become lines at µ̃crit = 1/2 −

√
3/8 ≈ −0.112

(left) and µcrit = 1/8 = 0.125 (right).

Fig. 5. (Color on-line) Bifurcation diagram, showing the two perpendicular pitchfork bifurcations (a supercritical, in the horizontal central-stable direction,
superimposed to a subcritical in the vertical central-unstable direction). Notice that the central fixed point of both bifurcations coincides (point ES, in
brown) and therefore the parameter axis of both bifurcations is the same. The horizontal cylinder represent the phase space constrained to a plane of
motion, extended for the different values of the mutation rate µ. Stable and unstable manifolds of ES are explicitly depicted for the particular case µ = 0.

Table 2
Effects of mutation and assortativity in allele frequencies.

µ = 0 0 < µ < µcrit µcrit < µ

Randommating HW-like Equiprobable
Assortative Allele-correlation Equiprobable

mating model T is constant as well, and that these results hold regardless of the presence of mutations, evidencing the
robustness of the epistatic correlation introduced by assortativity.

As mentioned above, for µ < µcrit = 1/8 the equilibrium solutions form continuous families and the conservation of T
allows to determine which specific equilibrium is reached by an initial condition. These stable equilibrium curves merge at
µcrit and for µ > µcrit only the equiprobable solution exists.

It is interesting to observe that there is a trade off between mutations and assortativeness. Specifically, as µ increases
and surpasses µcrit, the effect of assortativeness disappears, and the population behaves as if mating were random. Table 2
compares the behavior of the population in different scenarios. We recognize three different regimes which we refer as
the Hardy–Weinberg-like (HW-like) regime, in which allele frequencies do not change in time, the equiprobable regime,
in which all allele frequencies are the same at equilibrium, and the allele-correlation regime, in which the evolution of an
allele at one Lucas is affected by the evolution of the allele at the other locus through the conservation of T .
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The bifurcation atµcrit = 1/8 has a very interesting biological interpretationwithin the context of the Eigen quasispecies
model [33]. Specifically, by defining

wαα′ = 1 − pββ ′ (36)

where α and α′ correspond to the alleles at the first and second locus, respectively, and β ′ and β ′ correspond to the their
complementary (for instance, α = A implies β = a, and so on), the 4 × 4 matrix

Qα1,α
′
1,α2,α

′
2

=


(1 − µ)2 α1 = α2 and α′

1 = α′

2

(1 − µ)µ α1 = α2 and α′

1 ≠ α′

2 or vice versa
µ2 α1 ≠ α2 and α′

1 ≠ α′

2

(37)

and the average fitness

φ =


α1,α

′
1

wα1,α
′
1
pα1, α

′

1, (38)

it can be proved that the map

pt+1
α1α

′
1

=


α2α

′
2

pα2α
′
2
wα2α

′
2
Qα2α

′
2,α1α

′
1
+ (1 − φ)pα1α

′
1
, (39)

up to the second order is identical to the map defined by Eqs. (23)–(26). This fact implies that both maps share the same
fixed points and stability properties. Accordingly, the critical mutation rate obtained in Section 4 can be interpreted as an
error threshold above which none of the haplotypes can fit in the population, leading to the so called error catastrophe.
Two main differences must be stressed with respect to the standard quasispecies model. In the first place, in its original
formulation the Eigen model considers individuals reproducing asexually, whereas in the present paper the reproduction is
sexual. And in the second place, while in the original formulation the fitness landscape is constant in the course of evolution,
in our model it has a dynamical structure, namely, it depends on the haplotype frequencies themselves (Eq. (36)). This is the
reason why, depending on the initial conditions, below the critical mutation rate any of the haplotypes may end up being
the most abundant, in contrast to the standard quasispecies model in which there is a master genotype with a fixed fitness
that can adapt depending on the mutation rate. With those clarifications made, the connection between both scenarios is
rigorous. Moreover, it is legitimate to compare the well known prediction of the quasispecies theory for the error threshold

µcrit ≈
1
L

(40)

where L represents the genome size, with the result

µcrit =
1
8

=
1
4L

(41)

obtained in this article. In a future publicationwe analyze a generalization of thismodel of assortativemating andmutations
and examine how this result behaves for large genomes.

The analysis described in this paper holds for infinitely large populations only, where drift can be completely ignored.
However, results for finite populations can be inferred by means of numerical simulations. The relevant parameter turns
out to be µN , and four regimes must be analyzed: (i) for finite populations and µ = 0 drift dominates and the only stable
equilibria are those where both alleles are fixed, corresponding to four corners of the tetrahedron in Fig. 1; (ii) for µN ≪ 1
both alleles evolve to near fixation, similar to the case µ = 0; (iii) for µN ≈ 1 drift and mutation balance each other and
the haplotype distribution never equilibrates: the distribution moves in the neighborhood of the curve representing the
continuum of equilibria for infinitely large populations (colored curves in Fig. 1). Finally, for (iv) µN ≫ 1 the motion along
the line of equilibria becomes extremely slow and the results for infinitely large populations are recovered. These results
were confirmed by numerical simulations but seem to be particular of the case of 2 loci. A detailed discussion of these effects
for arbitrary number of loci will be presented in a future publication.
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Appendix A. Probabilities of offspring production

In this appendix we explain the coefficients in the third column of Table 1. Specifically, we discuss how mutations are
incorporated to account for the total probability of offspring haplotypes. To do so, we will look at one locus at a time, and
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without loss of generality wewill consider the first locus, labeled by a single prime. For a given allele u′ of the offspring there
are three possibilities for the alleles u′

h1 and u′

h2 of the parents:

(a) u′

h1 = u′

h2 ≠ u′. For the offspring to have an allele that is different from that inherited from its parents a mutation
necessarily needs to take place. Therefore, the probability is lessened by a factor µ.

(b) u′

h1 = u′

h2 = u′. As the allele transmitted to the offspring coincides with the alleles of both parents, mutation cannot
happen in this case. The contribution is thus through a factor (1 − µ).

(c) u′

h1 ≠ u′

h2. Since each parent has now a different allele, one of them is equal to u′ and the other is different. So, the
general contribution to the probability can be written as (1/2)f1(µ) + (1/2)f2(µ), where fi(µ) is either µ (if this
allele mutates) or 1 − µ (if it does not mutate). Since parent’s alleles are different, f1 ≠ f2 and f1 = 1 − f2. In
conclusion, for any of the four different possibilities comprised in this case the contribution to the probability is through a
factor 1/2.

Therefore, for an offspring AB having both parents AB we have case (b) for both loci and the fraction of successful AB
encounters is wAB:AB × (1 − µ)2. If the parents are AB and Ab instead, we have case (b) for the first locus and case (c) for the
second, leading to wAB:Ab × (1 − µ) × 1/2.

The other cases in the table are obtained in a similar way, except when the parents have different alleles at both loci. In
this case a recombination rate may be considered: with a probability r there is recombination of the alleles of the parents
and with a probability 1 − r there is not. For example, if the parents are of types Ab and aB and the recombination does
not occur, the transmitted haplotypes (before mutations) are Ab or aB, both with probability 1/2. On the other hand, if the
recombination takes place all possible haplotypes can occur with the same probability (1/4).

Appendix B. Derivation of fixed points formulas

Consider Eqs. (23)–(26) subjected to the fixed point condition pt+1
u′u′′ = ptu′u′′ ≡ pu′u′′ .1 Subtracting (23) from (26) and (24)

from (25) we obtain, after some algebraic manipulations

(pAB − pab)(∆ − µ) = 0 (B.1)
(pAb − paB)(∆ − µ) = 0. (B.2)

These equations are independent and thus need to be satisfied at the same time. Eq. (B.1) implies pAB = pab or µ = ∆,
whereas Eq. (B.2) implies pAb = pAb or µ = ∆. Accordingly, the following four different scenarios need to be considered
separately:

(I) pAB = pab, pAb = paB and no constraints relating ∆ and µ,
(II) pAB = pab, µ = ∆ and no constraints relating pAb and paB,
(III) pAb = paB, µ = ∆ and no constraints relating pAB and pab,
(IV) µ = ∆ and no constraints relating pAB and pab, or pAb and pAb.

Adding Eqs. (23) and (26) on one hand, and (24) and (25) on the other hand, leads to

∆(pAB + pab) = pABpab − Γ µ(1 − µ) (B.3)
∆(pAb + paB) = pAbpaB + Γ µ(1 − µ), (B.4)

respectively. These equations, however, are equivalent. For instance, by subtracting ∆ from both members of (B.3) and
changing the sign, one gets Eq. (B.4). In what follows we will use one of these two equations according to the convenience
and consider the four scenarios enumerated above.

(I) In this case ∆ = p2AB + p2Ab and Γ = 2p2Ab − 2p2AB. Accordingly, Eq. (B.3) reads

2(p2AB + p2ab)pAB = p2AB − 2(pAb − pAB)µ(1 − µ). (B.5)

Now, in the present situation normalization gives pAb = 1/2 − pAB. Replacing this condition in (B.5) yields

0 = p3AB −
3
4
p2AB + pAB


1
8

−
1
2
µ(1 − µ)


+

1
8
µ(1 − µ), (B.6)

whose solutions are

pAB = pab = pAb = paB =
1
4

(B.7)

1 In what follows we will omit the superscript t .
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or

pAB = pab =
1
4

(1 ± z) (B.8)

pAb = paB =
1
2

− pAB (B.9)

with z =
√
1 + 8µ(1 − µ).

(II) These conditions lead to the points termed EaB and EAb. We have Γ = p2Ab + p2aB − 2p2AB, which makes Eq. (B.3) take the
form

2µpAB = p2AB − (p2Ab + p2aB − 2p2AB)µ(1 − µ). (B.10)

From the normalization condition 1 = 2pAB + pAb + paB and the constraint µ = ∆ = p2AB + pAbpaB we can write

p2Ab + p2aB = (1 − 2pAB)2 − 2(µ − p2AB) (B.11)

and substitute in (B.10) to obtain a closed formula for pAB:

0 = p2AB +
2µ

1 − 2µ
pAB −

µ(1 − 2µ)

1 − 2µ
. (B.12)

The solution is

pAB = pab ≡ x (B.13)

with

x =
µ

1 − 2µ


1 − 2µ + 2µ2

µ
− 1

 . (B.14)

Now, by eliminating one the two remaining variables through the normalization and the relation ∆ = µ, one arrives
to

p2 − (1 − 2x)p − (x2 − µ) = 0 (B.15)

where p stands either for pAb or for paB. As the previous equation is satisfied by two different values of p, namely,

p = 1/2 − x ±


(1/2 − x)2 + (x2 − µ) (B.16)

the solutions in this case are split into two. Choosing p = pAB and, for instance, the plus sign, the solution becomes

pAB = pab ≡ x,

pAb = 1/2 − x +


(1/2 − x)2 + (x2 − µ),

paB = 1/2 − x −


(1/2 − x)2 + (x2 − µ).

(B.17)

The minus sign gives instead

pAB = pab ≡ x,

pAb = 1/2 − x −


(1/2 − x)2 + (x2 − µ),

paB = 1/2 − x +


(1/2 − x)2 + (x2 − µ).

(B.18)

The same two solutions are obtained by choosing p = paB, however in the opposite order in relation to the sign chosen
in (B.16).

(III) These conditions lead to the fixed points termed EAB and Eab. The demonstration is equivalent to the previous one.
(IV) This condition lead to the continuous set of fixed points of the first family. The constraint is just ∆ = µ (and the

normalization 1 = pAB + pAb + paB + pab). Now, by eliminating for instance paB (from the definition of ∆), we can write

pABpab + pAb(1 − pAB − pAb − pab) = µ (B.19)

or

p2Ab − (1 − pAB − pab)pAb + (µ − pABpab) = 0. (B.20)

On the other hand, by combining the constraint ∆ = µ with Eq. (B.3), and again eliminating paB through the normal-
ization condition leads to

p2Ab − (1 − pAB − pab)pAb −
1 − 2µ
2(1 − µ)

(pAB + pab) −
1 − 2µ + 2µ2

2µ(1 − µ)
pABpab +

1
2

= 0. (B.21)
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By comparing Eqs. (B.20) and (B.21), we get

µ − pABpab = −
1 − 2µ
2(1 − µ)

(pAB + pab) −
1 − 2µ + 2µ2

2µ(1 − µ)
pABpab +

1
2

(B.22)

which means

pab =
µ(1 − µ − pAB)
µ + pAB(1 − 2µ)

(B.23)

or

pAB =
µ(1 − µ − pab)
µ + pab(1 − 2µ)

. (B.24)

Now, as all the information available was employed, we must conclude that the fixed points we are concerning are
not single points but represent 1-dimensional sets in the 3-dimensional phase space. Accordingly, we can take one of
the variables to parametrize this 1-dimensional set. As Eqs. (B.23) and (B.24) are equivalent, we take the first one and
describe the fixed points through the parametrization pAB = λ and pab = w(λ) =

µ(1−µ−λ)

µ+λ(1−2µ)
. To obtain the remaining

variables, we simply solve (B.20) for pAb. This gives

pAb = v±(λ) ≡
1
2


1 − w(λ) − λ ±


(1 − w(λ) − λ)2 − 4(µ − w(λ)λ)


. (B.25)

Now, a little algebra allows to see that

1 − (λ + w(λ) + v+(λ)) = v− (B.26)

which means that one possible solution is of the form

pAB = λ; pab = w(λ) pAb = v+ and paB = v−. (B.27)

This solution corresponds to the set EA of Section 4.1. If we take pAb = v−, the relation (B.26) means paB = v+, and the
solution corresponds to the set of fixed points EB.
The other two remaining sets of fixed points, Ea and Eb, can be obtained by the same procedure by eliminating variables
pAB or pab.
The limits of each set of continuous solutions are given by the points in the phase space where pAB = pab and pAb = paB,
i.e. the points where the continuous sets touch. For instance, for the set EA the condition pAB = pab gives the lower limit
of λA,

λ∗

A = w(λ∗

A)

λ∗

A = x =
µ

1 − 2µ


1 − 2µ + 2µ2

µ
− 1

 , (B.28)

and the condition pAb = paB gives the upper limit of λA,

(1 − w − λ∗

A)
2
− 4(µ − wλ∗

A) = 0

λ∗

A =
1
2

− x +


1
2

− x
2

− (µ − x2), (B.29)

which correspond to the points EAB and EAb, respectively.

Appendix C. The stable manifold of ES

The line connecting EU1 and EU2 passing through ES can be parametrized by τ as

pAB = pab = 1/4 + τ ; pAb = paB = 1/4 − τ . (C.1)

It passes through ES for τ = 0 and through EU1 and EU2 for τ = z − 1/4 and τ = −z + 1/4, respectively. Consider an initial
condition on this line. Substituting the above values of haplotype frequencies into the dynamical equations (23)–(26) it is
possible to rewrite them as

pt+1
AB = pt+1

ab = 1/4 + τ ′
; pt+1

Ab = pt+1
aB = 1/4 − τ ′ (C.2)

with

τ ′
=

2
3
τ


1 − 4µ(1 − µ)

1 − 16τ 2/3


. (C.3)
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This shows that the line is an invariant curve, since points that started on the line remain on the line. The fixed points of the
dynamics are obtained by setting τ ′

= τ and result in τ = 0 and τ = ±(z − 1/4), i.e. the points ES, EU1 and EU2. Since the
last two are totally unstable, generic points on the line in the interval −(z − 1/4) < τ < +(z − 1/4) converge to ES and
are, therefore, its stable manifold.
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