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INTRODUCTION

1. In the electron theory of metals as first developed the assumption is made
that the “free’ electrons of a crystal can be considered as moving in a field that
is constant throughout the interior of the crystal. A better approximation is to
consider this field to be periodic with the periodicity of the lattice. The major
effect of this lattice periodicity is to divide the energy range into bands of allowed
levels, or “Brillouin zones”’, separated by gaps within which there are no elec-
tronic levels, the ‘‘forbidden bands’’t. -

Atfirst it was found necessary to assume a perfect periodicity witha consequent
disregard of the presence of the surface. Subsequently, however, it has been found
possible to study simultaneously the effect of both the periodic field within the
crystal and the surface bounding it. It is found that from the bands of allowed
levels there separate out “surface states’’ in which the electrons are bound to the
surface of the crystal and may be pictured as rippling tangentially along it. The
existence of these states was first realized by Tamm$, who represented the metal
by a one-dimensional Kronig potential field. Subsequently they were found by
Rijanow§ in a consideration of the eigenfunctions of a thin metal strip. Finally
Maue||, using a Fourier expansion for the lattice field and applying the approxi-
mation of nearly free electrons, was able to indicate the effect of these states on
the electrical conductivity of a metal.

Of this work that of Maue is the most recent and the most general, but even
the results of his paper, particularly in the case of a real three-dimensional crystal,
are not given in a form readily applicable to further work. The important role
of the surface in present-day problems suggested that such a form should be
obtained. By a suitable extension of Maue’s method of approach I have been
able to obtain explicit formulae for the wave functions and the corresponding

t See, for example, Mott and Jones, The theory of the properties of metals and alloys

(Oxford, 1936), chap. 1. For convenience, future references to this work are written in the
form “M.J.”

} Tamm, Phys. Z. Sowjet. 1 (1932), 732.

§ Rijanow, Z. Phys. 89 (1934), 806.

| Maue, Z. Phys. 94 (1935), 717.
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energies of the surface states in terms of the constants of the crystalline field and,
moreover, the method is applicable to any type of crystal lattice. We employ the
approximation of nearly free electrons and consider first a simple cubic crystal,
subsequently extending the results to a general crystal lattice. Though this
method involves a slight expansion and some repetition of the work, on grounds
of clarity it appears preferable to a direct consideration of the more general
problem and a subsequent deduction of the simpler one as a particular case. We
may add that a certain amount of Maue’s work is repeated here but that this
appears to be necessary for the sake of completeness.

THE SIMPLE CUBIC CRYSTAL

2. The potential field of a simple cubic crystal, bounded by a surface in the
yz-plane, may be represented by the triple Fourier series

V(r) = Shera (@<0))

(1)
=0 (x>0),J

where r = (z, y, z) is the position vector of the electron and ¢ is the lattice constant.
Also we assume that ¥, is real and accordingly that ¥, =V_,, since V(r) must also
be real. ‘

The wave equation of the electron is then

Ve + k2 [W-V(r)]y =0, (2)
where K% = 8m°m/[h2.
Following Bloch, we assume that the wave functions within the crystal have the
form ¥ = e rufr),
where u(r) = %)une“’"i“/c, J 3)

that is, u(r) is a Fourier series similar to that representing the potential function.
It should be noted that the summations extend over all possible values of the
vector n, the components n,, n,, n; taking all positive and negative integral
values.

Substituting (1) and (3) into (2), multiplying by e—27"-* and integrating over
the unit cell, we obtain the following series of relations between the coefficients u,

[_ (k+ 2_:‘Tn)2+K2(W"VOOO):Iun_K2 Z I{:—n’uu’ = 0’ (4)

;
n’F#n

which hold for all possible values of n.
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Eliminating the u;, we obtain the determinantal equation

|| Daw-[| = O, (5)

2
where Dy = — (k+g7-rn') +&3(W —Vooo),
c . (5a)

Dygr = —kW_yo (0" #1').

For given W, ks, k,, (5) may be regarded as an equation for k,.
Now it is well known that the energy W, as a function of &, k,, k,, is dis-
continuous across certain planes in k-space, namely, those whose equations are

™
nyky +ngky+ngks = 2(n§+n§+n§). (6)

The energies are thus divided into ‘“ Brillouin zones”’ by forbidden bands within
which there are no electronic states. The forbidden band corresponding to (6)
consists of the energy range

I'V;c_ | anngns I < W_V()00<u7k+ l annz'n; |’

1o 1o 70 (6a)
where W, = ;é(k1+k2+k3).

We refer to this as the (n,, 7#,, 7;) forbidden band or, simply, (n,, %,, %,;) band.

Mathematically this implies that, given an energy W satisfying the inequality
(6a), it is not possible to find a corresponding wave number k with all its com-
ponents real and such that the equation (5) is satisfied. At least one of the com-
ponents, k, say, must be complex of the form p +¢g. This would yield wave
functions proportional to e¢¥%® which could not represent physically possible
states for an infinite crystal, since they would be unbounded either at +co or
at —oo.

For a crystal bounded on the right by the plane =0, however, a wave func-
tion proportional to % within the crystal (i.e. < 0) is physically possible. If we
represent such a wave function by ¢; and let i, be the wave function of a state
of the same electronic energy for >0 then, provided that we can satisfy the
boundary conditions at =0, the wave function

Y=y, @<0)
represents a possible electronic state. Moreover, ¥ decreases exponentially as
we leave the surface in the direction of either the inward or the outward normal,

that is, the electron is bound to the surface and y represents a surface state.
The boundary conditions for the smooth fitting of the wave functions are

(Yodemo = Wi)omor  (0Y0/0%) 200 = (0] 0x) 5o,
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which, since we may multiply either wave function by an arbitrary constant,
reduce to the single condition

(32 /5)s= (7). o

2-1. Restrictions on the available bands. In this section we show that such
surface states exist within the (n,, n,, n;) band only when n, = n, = 0, i.e. within
the forbidden bands which correspond to those planes of energy discontinuity
(6) in the k-space that are perpendicular to the k;-axis. The particular form of
thisresult depends, of course, on our choice of the yz-plane asthe crystal boundary.

Since we are considering a crystal of infinite extent in the ¥, 2, directions the
components k,, k£, of the wave number k must both be real. Given such real com-
ponents, denote by k; the value of %, given in terms of them by the equation (6).
Then we have seen that, for an energy W lying in the range

W;C— I Ktlnzns I <W< W;C+ | Vn

1My I ’

1
where Wi = p (F1®+ &3+ k3) + Vioos (®)

the corresponding solutions of (5) for k, are complex of the form p + igq. Accord-
ingly, employing the approximation of nearly free electrons, we seek to determine
a solution in the formt

¢i = e(ip+q)z+ik,y+ik,z{a+ ﬂe—zni(nlx-bnzwnaz)/c} (:1:< 0). (9)

Substituting in the wave equation and neglecting all the Fourier coefficients

¥, other than ¥y and V,,,,,,,., that is, proceeding exactly as in the usual analysis

for the determination of the Brillouin zones, we obtain the two equations
{ - (p - ZQ)Z - k% - k% + Kz( W— VOOO)} o —K? V—-n,—ng—naﬂ = O:]
. 2mng\? 27n,\ 2 2mng\?
(i (52 (2 et

c
2
—K anngna

(10)

a = O.J
Thus

{KHW —Viooo) — K — k3 — (p —3g)*}

2 2 2 ; 2
x {K2( W - IIOOO) - (kZ - ﬂcnz) - (ka - 27::7’3) - (p - /I’q - 2:”’1) } = K4 Vfll‘lloa‘nn
(11)

=V,

since V mynans®

—n1—Ng—N3

t See, for example, M.J. pp. 59 et seq.
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This equation may be considered as a quadratic for «3(W —V¥,y). We require its
roots to be real and hence it follows that

2 2 9
TR RS RS
= —[kH(W —Vooo) - k3 —k3—P*+¢*l[p = S.  (12)

Substituting from (12) into (11), we obtain

2
(SZ + 4q2)P(P - ﬂnl) + K4V'i1’n2na = 0.

c

_ 2 dgtp(2mn,fo—
Thus 0<p<2—7(:n1 and S2=K4V"‘"’"“ 4g°p(2mnyjo p). (13)

p(2mn,jc—p)

From (12) and (13) it is then possible to obtain the two roots for x2(W —¥4,) in
the alternative forms

KXW —Vooo) = K3+ K5+ p*—¢*

stz )] o

2 2 2 2 2 2
(B 2 o

[

et o ()] o

From the equivalence of these expressions we deduce that

Jof )= () s 5=

and also that
2 2 2 2
k3 +k3+p® = (k2 - 2?2) + (ka— 27:;"3) + (p - ml) ;

2 2
whence k3+ k2 = (lc2 - 27?2) + (k3 - 27::”3) .

Since k, and k; are unrestricted, this last equation leads immediately to the
conclusion that we must have n, = n, = 0in order that a surface state of the type
given by (9) should exist in the (., n,, n,;) forbidden band.

The proof just completed might at first sight seem to preclude the possibility
of mathematical solutions of the equation (5) within a band for which n, and n,
are not both zero, though such solutions must clearly exist. To determine them,
however, we must combine the expression (9) with a similar one in which ¢ has
been replaced by —q. Such an expression would then correspond to an energy
lying within the forbidden band as required but would not represent a physically
possible state in view of the exponential increase as £ —— co.
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2-2. Surface states in the (I, 0,0) bands. We proceed to a detailed con-
sideration of the (n,, 0, 0) bands. For convenience we now write [ in place of n,,
Vifor —V, oot and ¥, for — V. ¥, is then positive since ¥y is essentially negative
for a real crystal.

Then, given k,, k3 (real) and W lying in the range

Wi—Ihl<W<Wi+|hl,
2 (15)
where Wy = %{(%l) +k§+k§}—Vo,[

the solutions of (5) are of the form p + q.
We attempt to determine a wave function of the form

¥, = eiprOT ki | fe—trilaic). (18)
Then, as before,
{—(p—ig2— K5~k + kAW + Vo) + kW 8 = 0,}

kWa+{—(p—ig—2nljc)2—ki—kE+ kAW +V,)} B = 0.
The reality condition is now p = e,

(17)

while the expressions (14) are replaced by
KN W + Vo) — kg — & = (nlfc)?— ¢* + J{<*V}— 4g*(ml[c)?}, (18)

both of which solutions for the energy W lie within the band (15). We have
accordingly only to satisfy the boundary condition (7) in order to obtain a
surface state.

Corresponding to the roots (18) we have, from (17),

o= e‘w’ ﬂ = e—id’ where o= %Sin_l (2:i¥,l/c) 5 (19)

and thus Y, oc etz tikavtikee cos (mlx/c + 6). (20)
Also, from (19), (18) and (17),
{2milgje £ \[*VE—4g%(ml[0)*]} € + k2Vje~ = O,
whence, equating the real part to zero, we have
(2mlgfc)tand = kW] + J[K*VE — dq¥(nljc)?], (21)
upper and lower signs of (21) corresponding to upper and lower signs of (18).
Now for the wave function outside the crystal we have
¢~0 = e~V kg +k—x2W)z+ikay+iksz (x> 0)’ (22)
since the state is one of energy W.
The boundary condition (7) of smooth fitting for ¥, ¥, then gives

— (k% + k% — k2W) = g — (nl/c) tané. (23)

t+ N.B. Thus V; here replaces — ¥; in Maue’s work.
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We see immediately that if ;<0 then, from (21), tané <0, the right-hand
side of (23) is positive, and so the equation cannot be satisfied and there is no
surface state. If V>0, however, it may be possible to satisfy the equation (23).
Accordingly, from now on, only the case of ¥} positive will be considered.

Squaring (23) and substituting from (18), we have

KWy — (mlfe)2 + g2 F \J[k4V} — 4g%(nl[c)?] = ¢ — 2q(ml/c) tan & + (n1l/c)? tan2d,

whence, by (21), (7l/c)2sec? 8 = k3 (Vy+ V). (24a)
Also, from (19), sind cosd = §8in 28 = q(':;léc). (24b)
1

The equations (24) combine to give

PO _ oy () KVt F)— (alfo)?
vy SOOI A R

and so, since ¢ is positive,

- Ill 2 2
@ = VR B) = (tfeyl. (25)
The energies given by (18) are thus solutions of one of the equations
N ¥V \2 | Z
2 1212 — m 0 2.0
K2 W +V,)— kg — k3 (c) (V()"'V;) +KV’VO+I{’ (26a)
2 TURTI ﬂ)z(Vo+2V2)2_ oy Yot 20
KW +V,)—k3—k3 (c Vi, KI{%_l_Z. (26d)

Direct substitution shows that only (26a) satisfies (23), both sides of that
equation then reducing to —7V,q/V.. Equation (26b) actually arises through
squaring, and it corresponds to the negative root for ¢ in (25). The quantities
J, g and the energy W corresponding to the surface state are thus determined by
the relations (24a), (25) and (264a) respectively.

2:3. The normalization factor and summary of the results. The results of the
preceding paragraph may be summarized as follows. Corresponding to any

given k,, k, and any positive integer I such that V] is also positive, there exists
a surface state of energy W given by

2 _z_z=l”i)2 oy Yo
(W +V;)— I 3 (c) (VOH{ +RT 0 27)
The corresponding wave function may be written in the form
Vi, =Y = Newwttkavtike cos (mlxfc+0)  (x< 0),}

28
=Yy = N cos deVotelVitikwtiky (z>0), (28)
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where 7=y VJ[K2 (Vo + V) — (mlfc)?],
ot
s o (mlfe) (29)
= cos N2 AT (0<é<im),

and N is the normalizing coefficient.
For the determination of N there is the usual condition

J-— © f— w© f_mwltg'ka’ wk”c’dxdydz = a(k; - k2) 6(]6:; - ka), (30)

where ¥y, x,» Vi, both correspond to the same value of I, and 8(k’ — k) denotes
the Dirac d-function. Strictly ¥’s corresponding to different values of I should
be orthogonal, and (30) should include the factor 8, on the right-hand side.
Since the wave functions are obtained here by an approximate method, however,
they are not quite orthogonal, which is of little importance, since any actual
calculation will almost certainly be concerned with wave functions corresponding
to the same value of .
Equation (30) reduces immediately to

0 @
4n?| N |2 l:f e cos®(mlx/c + &) dx + cos? d f e~oazlVy dx:l = 1.
—w© 0

Carrying out the integrations and substituting for ¢ and 8, we obtain
qlg® + (ml/c)?]
N|Z=
VW= o (L 2wy e
which completes the evaluation of the surface states in the case of a semi-infinite
simple cubic crystal bounded by the yz-plane.

We note finally that the z-factors of the wave functions do not contain the
numbers %,, k, at all. This fact should simplify greatly calculations involving
these wave functions, since such calculations almost always involve integration
over ranges of these wave numbers.

2-4. The distribution of the electronic states. In most applications of the
electron theory of metals it is necessary to know which states are occupied at
the absolute zero of temperature and which are excited electronic states. The
appearance of surface states within a forbidden band must coincide with the
disappearance of an equal number of levels from the allowed bands on either side,
and it is accordingly desirable to know from which of these bands the levels
disappear.

With this end in view, Maue considered the simple case of a finite chain of 2N
atoms, equally spaced along the X-axis and terminated at the points z = + Nec.
There is no lack of generality in considering such a case and we here reproduce
his work in order to render our discussion complete.
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Our previous results show that, provided that the corresponding ¥;is positive,
there are two ‘‘surface states’ with energies lying in the Ith forbidden band,
one for each “surface” or end of the chain. Maue found that corresponding to
these states two normal electronic states disappear from the allowed bands; one
from each side, namely the highest state of the lower (Ith) allowed band and the
lowest state of the upper (I + 1)th band. The method of procedure is as follows.

Assuming a wave function of the form

‘01 = e‘iqz(a+ﬂe—2rrilz/c) (32)

and substituting into the wave equation we obtain

o= (ol oo 6]

together with the corresponding ratios of the coefficients

@ _ i/

B 2(mljc) (g —nilfc) F J[K4Vi+ 4(alc)? (g —ml[c)?]
Here we have, as usual, neglected the effect of all but the Ith Fourier coefficient V.

The complex conjugate wave function ¥, = yF gives rise to the same energies
(33). The most general real wave function that can be formed by combination of

¥y and ¢, is
¥ = He?Y +ePYry)

= a cos (qz + 6) + f cos [(2al/c — g) x — &]. (35)

That the wave function within the crystal should be real is required by the
boundary conditions. These may be written as

V'Y =—J(—k*W), for z=DNc, (36a)
and either (i) ¥’ =0 or(il)) y =0, for z=0. (36b)

(36a) is the condition for smooth fitting at one end of the chain, and (36b) corre-
sponds either to symmetry or to antisymmetry about its midpoint. Thus

(34)

(i) ¢ = acosqz+ fcos(2nljc—q)=, 37)
(i) ¢= asinqx—ﬂsin(27rl/c—q)x,}
whence (36a) becomes
(1) —[q—o%% tangNec= —J(—k2W),
(38)

(id) [q__Z_é_% cotgNc = — J(—k2W).

In these expressions ,/( —«2W) varies very little with ¢ while £ is small except
in the neighbourhood of ¢ =#l/c. Accordingly in general there is one root of each

PSP XXXV, 2 14
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equation within each range of ¢ of length #7/Nc. When ¢ ~nl/c, however, some of
these roots disappear. Thus if ¢ = 7l/c — € the equations (38) reduce to

(1) (Zlé;) - l] etaneNc = — J(— kW),

1/c)?
(ii) (7;2/;’,)

—1]ecoteN¢: = —J(—Kk2W).

The first of these has a solution within the range 0<e<#/N¢, but there is no
corresponding solution of the second, since ecoteNc—1/Nc as €->0. Similarly
if ¢ = ml/c+ € we obtain

. &% 1

(i) ~ lo)e taneNc——J( —Kk2W),
i) U logten 2
(ii) e )eco eNc = —J(— kW),

and here there is one solution of (ii) but no solution of (i) in the range 0 <e < @/Ne.

Thus we deduce that the surface states within any forbidden band arise
one each from the allowed bands on either side, a result which may very readily
be extended to the three-dimensional case. Finally we observe that the dis-
appearing states are the symmetric lowest level from the upper band and the
antisymmetric highest level from the lower band.

THE GENERAL CRYSTAL LATTICE

3. The previous theory, derived in the case of the simple cubic crystal struc-
ture, may now be extended to apply to a general lattice. This extension is im-
mediate and the work runs parallel to that of § 2, differing from it only in analytical

details:
Let a,, a,, a, be the vectors forming the unit cell and b,, b,, b; those forming

the reciprocal lattice. Thus a b =&

m-*Tn

Then the potential at any point r = 2,2, +z,a, + x;a,; may be expanded as a
Fourier seriest V(r) = SV, eaminer,
n

where n = n,b, +n,b,; +nyb,,
and thus (n.r) =02, + N2y + N7,
t+ In conformity with this expression we could have written (1) without the lattice con-

stant ¢ appearing in the denominator of the exponent. The methods here adopted, however,
are 8o chosen to be as closely as possible in agreement with the notation of M.J.
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We consider a semi-infinite crystal bounded by the face z, = 0. This restriction
of assuming the surface to be one of the principal lattice planes is removed in § 4.
The potential field is then

V(r) = Zhetmr  (z,<0),
n } (39)
=0 (z,>0),
and the wave equation, just as before, is
Vi 4+ W -V(r)| =0,
but where now v Eb‘aixl +b2£~2 +b3£—3 . (40)
Assuming a solution of the form
¥ = e®ru(r),
where u(r) = Zu,,ez""“-‘,} (41)
n
we again obtain {| Dyrn || = 0, (42)
where now Dy = — (k+2m’ )2+ k(W — Vooo)»} (424)
Dyyr = —kWp_po (@' #n").

The planes of energy discontinuity are given by
n.k = m?, (43)
the corresponding forbidden band being

Wem | Vol < W —TVogo < Wyt | i,
L (43a)
where W, = F'k[ .
The condition for smooth fitting of the wave functions is
L) 3%) ('/fo)
WMo [H)  _(Ye) (44)
(axz 0z, x,=0 Vil 2o

and we find again that surface states can exist only when n,=n3=0. We proceed
now to the proof of this.

3:1. Restrictions on the available bands. Given k,, k, (real) we denote by k;
the corresponding value of k, given by equation (43) and also write

1
W; = poc | k1by + kyby + Esby |2+ Vogo-
Then, if we are also given an energy in the range
Wi |Vl <W<Wi+|%l, (45)

the corresponding solutions of (42) for k; are complex of the form p + 4g.
14-2
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Attempting to determine a wave function of the form
Y, = elipromtkaathatey 4 fo-trilmatngzringzy)  (z, < 0),
we are led to an equation analogous to (11)
[<*(W ~Vogo) — {( —iq) by + k2 by + k3 by}?]
X [KH(W —Vogo) — {(p — ig— 27my) by + (ky — 27m5) by + (k3 — 2mn5) by}’
= k472, (46)
In order that x2(W — ¥,q,) should be real we must have

K3 (W —~Vooo) = {(p — 27m,) by + (kg — 2my) by + (kg — 2715) by}? 4 ¢°b}
b, . [(p —2mn,) b, + (ky—27rn,) by + (kg ~— 2775) by]

_ KW —Vigo) = (pby + kyby + kg by)® +¢%bT

N b, . (pb, + k;by + k3b,) =8
Substituting (47) into (46) we obtain
S2+4q*
_ KAV2
 [by.{pb; + kaby + ksby}] (b . {(277n, — p) by + (2705 — ky) by + (2705 — k) :(bsg]) )
4

Substitution of (48) into (47) then yields alternative forms for x2(W — V),
analogous to (14a) and (14b). The equivalence of these expressions requires that

b, . {pb; + kyb, + k3by} = by . {(2mn, — p)b, + (270, — ky) by + (203 — k) b}
and  (pb;+kyby + k3b;)? = {(27n, — p) by + (2mny — ko) by + (2705 — k3) b},
These two conditions in turn give rise to the equations

by . {(p —7n,) by + (ky— 7ny) by + (k3 — 7ng) by = 0’}
{naby +n3bg}  {(p —mny) by + (ky — 05) by + (kg — 774) by} = O,
which cannot both be satisfied for arbitrarily chosen k, and %k, unless n,=n;=0.
p is then given by
b, . {pb; +k,by+ k3b;} = 7n, b, (49)
which we may note is the form taken by (43) with n, = n; = 0. There are thus the
same restrictions as before on the bands available for real electronic surface states.

3-2. Surface states in the (1,0,0) bands. Considering now the (n,,0,0) bands
in some detail, we again write [, ¥ and ¥, for n,, — ¥, and — V¥, respectively.
Given k,, k; (real), p in terms of them by (49), and W lying in the range
Wi =Vl <W<Wg+|Vl,

o1 - (50)
where Wy = pe (Pby + kyby + kyby)2 — Ty,



Electronic states at the surfaces of crystals 217

then the solutions of (42) for k, are of the form p + ig. We accordingly seek to
determine a wave function of the form

Y, = eliptomrtibyytikeay | fotnils), (81)
Asin §2-2 we find that
KAW + V) = (pby + kyby+ kgby)? = — b3 + (A VE — dn®g?028),  (52)

2
while o = ¢e® and f = e~¥, where 8 = {sin-1 (&;%l,il) ) (53)
1
and thus ¥, oc elie—nhaartikezytikets cog (mlx, + 6). (54)
We also find that  2nigb}tan & = &2V + /(k*V} — 4m3?I2b}), (85)

upper and lower signs of (55) corresponding to upper and lower signs of (52).
In the above equations we have written b, for | b, |, etc., and thus b} = b%.
For the wave function outside the crystal we take

Yo e(ﬂp—nb~w)zl+ikzxg+i@ax3’
the corresponding energy being given by
KW = {(p—nl+iw)b, + k,b, + k3b,}?
= (pb; + kyby + ksby)? — (w® + 7% b},
by the relation (49). Thus

Yoo D7D~V (Db +Egby+Teghy)B— 212, 2—k2W by, +ikgTa+iksTs (56)

The condition (44) for smooth fitting is then
— oo l(PDy + byt byt — 73— k2W] = g—ltand.  (57)
1

It follows as before that a surface state cannot exist in the (I, 0, 0) band unless
¥,> 0. If we assume this to be the case, (65) and (57) combine to give

m2b2gec?d = XV, + V), (568)
and hence, from (53), ¢b, = f/i—\/[ﬂ(Vo +V}) — m21%b2]. (59)
otV

Again, of the two energies given by (52) only one satisfies (57), and for this

2
2 21252 —. n2]2h2 4 2 Vo
k3(W + V) — (pby + kyby + k3by) +7rlb1_-7rlb1(% H) +k V,V0 7 (60)

To this energy corresponds, for any given k,, k; and positive integer I such that
¥;> 0, a surface state whose wave function may be written

Vit = ¥y = Nello—m+dastikszytiksts cos (nlx, +6) (2, <0), 1)
= !&0 = N cos § elt@—mD—VoalV z, +ikyry+iksz, (zl > O),
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where N is the normalizing function,

14
@by = 5o+ F) = b,
0 i (62)

and 6 = cos™?! (0<8<im).

nlb,
NESUSRA)
The normalizing condition (30) now takes the form

f U Vg B = 8(kp — k) O(R5 — By),

where the element of volume dv = (a;a,a,)dz, dx,dx,, (a,a,a;) denoting the
value of the triple product (a,.[a;ra,]), and the range of integration of each
variable being from —oco to + 0. The evaluation of this integral leads to

2(g2 2]2
| N2 q°(g* + m?l?)

= ¥ayagay) nB(1 + 2WVy)’ (63)

thus completing the determination of the surface states for a semi-infinite crystal,
of arbitrary lattice structure, the surface of which lies in one of the principal
planes.

CRYSTAL SURFACE IN AN ARBITRARY CRYSTAL PLANE

4. In the previous sections we considered the case of crystals with a surface
parallel to the z,z; plane of the unit cell. We obtained surface states with energies
lying in certain of the (I, 0, 0) forbidden bands, namely those for which ¥}> 0, that
is, for which the corresponding Fourier coefficient ¥, is negative. We may remark
here that, if the corresponding structure factort is zero, then ¥,=0 and there can
be no surface state, as is otherwise physically obvious since there is no (, 0, 0)
forbidden band.

We now consider the more general case and show that if the crystal surface
consists of a section in the crystal plane

P12+ P+ P33 = 0, (64)

P1, Pa, P3 being integers with no common factor, then we obtain surface states
with energies lying in the (Ip,, lp,, lp;) forbidden bands, I being a positive integer,
provided that ¥, ,, ,, is negative.

The property just asserted is most readily proved by a simple transformation
of axes, which corresponds physically to making an appropriate different choice

t Cf. M.J. p. 154.
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of the unit cell. We define the coordinates £,, £,, £, in terms of the original z,, z,, 4
by the relations P1Ty + Py + Doty = &,
01% + g2 %p + 4373 = &5, (65)
1% + 1%y + 132y = &

where the p’s are defined in (64) and the ¢’s and #’s are integers chosen so that

P 1
Pe 92 72 |=1. (66)
Ps 493 73

This choice is clearly possible, and in several ways. We may take, for example,
41, 42 to be integers so that p, ¢, — P, ¢, = @,, as in the usual process of determining
the H.C.F. @, of py, p,, and similarly for w,, w,. We then require that

"B+ T, T+ 13w = 1.

This can easily be satisfied since no two of the @’s have a common factor which
would, if it existed, be a factor common to all the p’s.
Expressing the potential function in terms of these coordinates, we have

V(£) = BV ppn ittt nony (67)
n
=3 VV1V2V3 21 velatvaly) (68)
v
where V101 Vs + VT =y,
V1 Pyt Vada+V3Ty = My, (69)

V1 P3t Yoz + Vel = Ng.

We can solve the equations for the 1’s, obtaining by (66),

n 1 N PN P oM
Vi=| N G2 T2 Vo= | P2 Mg T2 |, Vg=1| P2 G %o
ng 43 73 Py mg T3 i P3 43 7y

It is clear that the numbers v are integers in 1-1 correspondence with the
integers n. It follows that the summation of (68) is over exactly the same range
as that of (67). Moreover in the new coordinate system the plane of the surface
(64) has the equation £, =0, which corresponds to x, =0 in the work of § 3. This
work may now be taken over completely and we see that we now have surface
states corresponding to the Fourier coefficients ¥, , whose energies lie in the new
(, 0, 0) forbidden bands. From (69) we see that v=(I, 0, 0) corresponds to
n=(lp,, lp,, lp,) and so, reverting to the original nomenclature, we have surface
states corresponding to the coefficient V), ., ,,, Whose energies lie in the
(1p1, s, Ip,) forbidden bands. The condition for their existence is ¥, <0.

1,ID2, D3
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The wave function in the E-space is of exactly the same form as the previous
wave function in the x-space. Indeed all the previous results may be taken over
directly in this form. If it is so desired they may then be written in terms of the
original coordinates by means of the equations (65).

This completes the determination, on the nearly free electron approxima-
tion, of the formulae for the surface states in the most general case of a semi-
infinite crystal bounded by one plane face.

SUMMARY

It is shown that in a crystal there exist states in which the electron is bound
to a surface of the crystal and has an energy lying within a forbidden band. The
wave functions and energies of these states are calculated, on the nearly free
electron approximation, in terms of the constants of the crystalline potential
field, which is represented by a triple Fourier series having the periodicity of the
lattice. The method is shown to be applicable to a general crystal having a surface
parallel to any one of the crystal planes.

In conclusion I wish to thank Prof. J. E. Lennard-Jones for his helpful
interest in both this work and that of the subsequent papers of the series.
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