Brownian motion

We have analyzed many physical systems through the
equation of motion of classical dynamical variables;
collective variables.

These systems can be quantized by the canonical method,
but what about dissipation?

There are terms which represent fluctuations and energy loss
that cannot be treated within the canonical quantization
procedure. What is the way out?

Review of classical Brownian motion; a paradigm for
dissipative systems!



Classical Brownian motion

Particle in a viscous fluid; Langevin equation
MG+ng+V'(g) = f(t)

(f(t)) =0

(f(&)f(t)) = 2nkpTo(t —t')

SQUID ring

Ch+ &+ U(8) = (1)

If(t)) =0

(Ie(t)I;(t)) = 2kgTR™5(t — t)



Stochastic processes

Stochastic variable —oo < y(t) < oo

Infinitesimal probability to find y within [y, y+dy]
dP(y) = P(y,t)dy
Joint probability density Py, (Yn,tn; Yn—1,tn—1;---;Y1,t1)

Normalized as

/ Pn(yna tn; Yn—1, tn—1§ o Y1, tl) dyl dy2 dyn =1
R
And integrated over one of its varibles

/Pn(ynatn;yn—latn—l;"-;ylatl)dyn — n—l(yn—latn—l;---;ylatl)



N moment of y at t;, t,,...,.t

n’

:un(tlat% -°-7tn> = <y(t1)°°°y(tn)> — / dyl ddeyn Yry2 ... Yn X
R’n
Pn(ynatn;yn—latn—l;--~;y17t1)

First moment of y at t,=t; average or mean u1(t) = (y(t))

Second moment of y at t,=t,=t; pa(t) = <yz(t)>

Variance or dispersion; 0%(t) = ((y(t) — (y(t)))*) = po — u3

Stationary process;

Pn(ynatn;yn—latn—l; ---;y1,t1) — Pn(ynatn + T;yn—latn—l + T, ---;y1,751 + 7_)

|

Pi(y1,t1) = Pi(y1) Py (ya,ta;y1,t1) = Pa(ys,to — t1;91,0)



Conditional probability density;

Ps(ya,to;y1,t1)
Pi(y1,t1)

Pll(y27t2‘y17t1) —

-

Pi(ya2,t2) = /dy1P11(y2,t2!y1,t1)P1(y1,t1)

l

/dy2P11(y2,t2’y1,t1) =1

Generalized conditional probability density;

Provi(Yrk+1, tot1; -5 Y1, t1)

Pire (Yot 15 Ut -+ Yoot 1 L1 [Uho T -5 Y1, 1) Py (Yky ks -3 y1,t1)



Independent process;

n
Pn(yna tn7 Yn—1, tn—l; e Y1, tl) — H Pl (y7,7 tz)
i=1
Markovian process;

Pl,n—l(ynatn‘yn—latn—l; ---;ylatl) — Pll(ynatn‘yn—latn—l)

l

Ps(ys,t3;y2,t2;y1,t1) = Pia(ys, t3ly2, ta; y1, t1) Pa(y2, to; y1,t1) =
= P11(ys, tslya, t2) P11(ys2, taly1, t1) P (y1, t1)

l Integrating over y,

Py(ys3, t3;y1,t1) = /dy2P3(y3,t3;yzat2;y1,t1) =

E—
:P1(y1,t1)/dszn(ys,tg\yg,tz)P11(y2,t2!y1,t1)



Chapman-Kolmogorov equation (CK);

Pi1(ys, tslyi, t1) :/dyQPn(y?nt:s\yz,752)P11(y2,t2|y1,?51)

Example 1; Wiener-Lévy (WL) process

1 ox _(yz —y1)°
\/27'('(752 —tl) P 2(t2 _tl)

Pi1(y2,t2ly1,t1) =

Which obeys CK. If we choose P;(y1,0) = d(y1)

1 y2
exp ——

V2Tt 2t

Einstein-Smoluchovsky (ES) theory of the Brownian motion

Pl(yvt) —



Example 2; Ornstein-Uhlenbeck (OU) process 7 =ty — 14

1 (y2 — y1exp (—7))?

V27 (1 — exp (—27)) P 2(1 — exp (—271))

P11 (yo, ta|ly1, t1) =

Also obeys CK, and with P (y;,t;) =
the form of P(y,t).

Velocity distribution for Brownian particles proposed by OU.

The only process which is stationary, Gaussian, and Markovian



Master and Fokker-Planck equations

P(y,t+7) = /dyan(y,tJr T|y1,t)P(y1,1t)

Using that OP(y,t) _ . Plyt+7) = Py, 1)
875 T—0 T
0P(y,t) 1

= lim — dy,[Pll(y7t T T|y/7t)P(y/7t) - Pll(y7t|y/7t)P(y,7t)]

Ot r—0 T

oy —vy') + W (y,y')
1+7 [Wi(y,y') dy

~0(y—vy') [1 - T/Wt(y”, y') dy”] +7Wi(y,y')

Expanding P, Pi(y,t+ 7139 ,t) ~

Pu(y,tly',t) =0y —vy') Wily,y') = 0Py, tly',t")/0t|i=v



Master equation; 1

OP(y,t)
Ot

=/dy’Wt(y,y’)P(y’,t)—/dy'Wt(ylvy)P(yvt)

Defining £ =y — vy’ and
Wiy, y') =Wy +&9") = W(&y") =W(&y—§)
Wiy y) =Wy — & y) = W(=¢€,v)

We have

apgz,t) — / d§W(§,y—§)P(y—§,t) —P(y,t)/ dﬁW(—g,y)

Which expanded about & = () gives

P! Z v (9) Py, )

n=1




Kramers-Moyal (KM) expansion

OP(y,t) = (=)™ 9"
ot _Z n!  oy»

lan (y) P(y, 1))

n=1

an(y)E/dES”W(S,y)Z}g%%/dy’(y—y’)”Pu(y,tJrT\y’,t)

In the multidimensional case the KM, up to 2" order, reads




Example 1; Free Brownian particle

dv
Mo =ft)  (f(1) =0
(FO)f)) =2D,,6(t —t')  Dpp=nkpT
t+At
Integrati At A T A 4 / dg f (&)
nitegrating over . D) == — —— -
& & i Y
t
| T ORI
Allows us to compute o] = A}tglo A
((A )2> - . t+At  t+At ;
: v)) . 1 - _
2= i, S5y = im |ap [ d€ [ o=

t t -

2D,,




o, =0ifn >3 1

OP(v,t) n 0 Dy, 8*P(v,t)

RV L S VE R ¥

Which is also obeyed by Pj (v, t|vg, to)

Solution

- 1 (U — Vo eXp—(ﬁt/M))Q
Pll(vaﬂv()a O) — \/27_‘_ <(Av(t))2> OXP 2 <(A ’U(t))2>
with (Av(t)%) = 21 |1 exp - (%)]

OU with 7 =nt/M and y = v .MB velocity distribution
for the Brownian particle when ¢t — oo



dx

For long times N = f(t)
Diffusion equation 1
OP(x,t) O?P(x,t) .
’ — Dxx ’ with DCIZZE — k’ T
ot Ox? BT/
Solution for Pyq (v, t|vg, to)
1 (x — 20)*
Pii(xz,t|xg,0) = exp —
1 (2, tz0,0) \/27T02(t) P 202(t)

with 62(t) = ((Az(t))%) = 2 Dy ¢

Which is a WL process with x =y and D, =



Mo t
OUxES s(t) =x(t) —xg = 770 ll—exp— (nﬁ)] _
’ t/ /! / !/
—/dt’/dt” fg\z) eXp—n(tA}t )
0 0

2T M2y t\N1° MkrT
(s%(t)) = P+ O[l—exp—(%)] -~ 772B X

« [3—4exp— (”Mt) exp— (%)]
t— 00 (s°(t)) =2 Dyt

\ } =0 (s*(t)) = vg t°
Y |
diffusive ES ballistic OU

)




Example 2; Brownian particle in a potential V(g)

dg _ p
dt M
dp np

Integrating over At
allows us to compute

a1 = lim M = P
1 At—0 At M
LA o
SN VS T
L ((Ag)?)
L= Al}sgo At 0
1o = Qo] = lim (AqAD) =
12 L7 NS0 At
. {(Ap)?)
22 = Aliglo At 2Dy



Fokker-Planck (FP) equation

or 0 0 N 0% P
=P+ o | (V@) P| + D

How to generalize it to quantum mechanics?

Classically all we need is the equation of
motion and the concept of stochastic
Processes, but in quantum mechanics...



Quantum Brownian motion

i) There is no time independent Hamiltonian or Lagrangian
from which we can get the Langevin equation. Time
dependent functions?

ii) New schemes of quantization or system-plus-reservoir
(S-R) approach. The latter is more realistic!

iii) If S-R, first principle or model Hamiltonians?

iv) If simple model, what method should be applied?
Schrodinger or Heisenberg picture?



S-R approach
Full Hamiltonian H = Ho(q,p) + H1(q, qx) + Hr(qx, k)

Time evolution of an observable O(t) — otHt/h é(()) o~ i Ht/R
(Heisenberg picture)
. dO(t)

Equation of motion il

d0(t)

a ot +[0@), ]

A

Mean value  (O(t)) = (¥(0)|O(t)|¥(0))

orif p(0) =) pg|¥(0))(¥(0)

(01) = tr{p(0)0() }



S-R approach

Full Schrédinger L O0V(q,qr) L0 0
equation ih ot =M\ 2 Zh@q’ Zh@qk

Schrodinger picture W (t)) = o 1HE/ ﬁ|\p(0)>
Or  At) =D pul W) (T(E)| = e H/Mp(0)e /7
/]

Then B2 = [ p(0)]



Propagator method
Reduced dynamics of a sub-system

(O(q,p)) = trrs{p(t)O} = trs{[trrp(t)]O} = trs{p(t)O}
where p(t) = trrp(t)

Coordinate representation
plz, R,y,Q,t) = ////d:cdydR’dQ K(z,R,t;2',R/,0)
xK*(y,Q,t;9/,Q",0) x p(2',R',y',Q’,0)

Propagator K(z,R,t;2',R',0) = <g;7 R |6—73Ht/ﬁ

az’,R’>
Initial condition ﬁ(fla Ry, Q, 0) = <5’7/a R/’ﬁ(o)‘yla Ql>

separability p(x' Ry, Q" 0) = ps(2’,y',0) pr(R', Q',0)



Propagator method
Reduced density operator evolution

p(z,y,t) ://daf’dy’J(x,y,t;x’,y’,O) p(z',y',0)
Super-propagator
T(x,y,t;2",9y',0) /// R’dQ’dR K(z,R,t;2',R’,0)

«K*(y, R, t:9/, Q. 0) p (R’,Q',O)}.

For an isolated system

J(z,y,t;2",y',0) = Ko(z,t;2",0) K;(y,t; 9, 0)



