
Path integrals, propagators and density matrices 
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Example 1; free particle 
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Example 2; quadratic Lagrangean 
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Mẏ2 � 1

2

c̃(t)y2
◆

G(t) = lim

N!1, ✏!0

1Z

�1

...

1Z

�1

dy1 ...dyk ...dyN�1


M

2⇡i~✏

�N/2

⇥

⇥ exp

i

~

NX

k=1


M

2

(yk � yk�1)
2

✏
� 1

2

✏ c̃k�1 y
2
k�1

�

c̃ = c + ḃ



G(t) = lim

N!1, ✏!0

1Z

�1

...

1Z

�1

dy1 ...dyk ...dyN�1


M

2⇡i~✏

�N/2

⇥

⇥ exp

i

~

NX

k=1


M

2

(yk � yk�1)
2

✏
� 1

2

✏ c̃k�1 y
2
k�1

�

⇣ =

0

BB@

y1
.
.

yN�1

1

CCA

� =
M

2i~

0

BBBB@

2 �1 . 0 0
�1 2 . 0 0
. . . . .
0 0 . 2 �1
0 0 . �1 2

1

CCCCA
+

i✏

2~

0

BBBB@

c̃1 0 . 0 0
0 c̃2 . 0 0
. . . . .
0 0 . c̃N�2 0
0 0 . 0 c̃N�1

1

CCCCA

G(t) = lim

N!1, ✏!0


M

2⇡i~✏

�N/2 Z
dN�1⇣ exp�⇣T � ⇣



� = U † �D U

Z
dN�1⇣ exp�⇣T � ⇣ =

Z
dN�1⇠ exp�⇠T �D ⇠ =

N�1Y

↵=1

r
⇡

�↵
=

⇡(N�1)/2

p
det�

G(t) = lim
N!1, ✏!0

 ✓
M

2⇡i~

◆
1

✏

1
�
2i~✏
M

�N�1
det�

!1/2

f(t) = lim
N!1, ✏!0

 
✏

✓
2i~✏
M

◆N�1

det�

!

det

2

66664

0

BBBB@

2 �1 . 0 0
�1 2 . 0 0
. . . . .
0 0 . 2 �1
0 0 . �1 2

1

CCCCA
� ✏2

M

0

BBBB@

c̃1 0 . 0 0
0 c̃2 . 0 0
. . . . .
0 0 . c̃N�2 0
0 0 . 0 c̃N�1

1

CCCCA

3

77775

✓
2i✏~
M

◆N�1

det� =

⌘ det �̃N�1 ⌘ pN�1



pj+1 =

✓
2� ✏2

M
c̃j+1

◆
pj � pj�1, j = 1, ..., N � 2

p1 = 2� (✏2c1/M) p0 = 1

pj+1 � 2pj + pj�1

✏2
=

c̃j+1pj
M

'(t) ⌘ ✏pj
d2'(t)

dt2
= � c̃(t)'(t)

M

'(0) = ✏p0 ! 0
d'(t)

dt
= ✏

✓
p1 � p0

✏

◆
= 2� ✏2c1

M
� 1 ! 1

d2f(t)

dt2
+

c̃(t)f(t)

M
= 0 f(0) = 0 df(t)/dt|t=0 = 1



K(x, t;x

0
, 0) =

s
M

2⇡i~f(t) exp
i

~Sc(x, x
0
, t)

c̃(t) = c(t) = M!2

d2f(t)

dt2
+ !2f(t) = 0

f(t) =
sin(!t)

!

For the harmonic oscillator (forced or not)   

The effects of e(t) or b(t) = b will show up only  in Sc(x,x’,t). 



Stationary phase (or semi-classical) approximation  
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Equation for an extremum; the first functional derivative 

Eigenvalue problem; the second functional derivative 
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Computing determinants; Coleman’s theorem  
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But, there is the easy way 



Imaginary time path integrals 
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