
Implementation of the propagator method 
 

Path integral representation 
 
 For the full propagator 
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Super-propagator 
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Minimal model 

Forced harmonic oscillator action 



 averaged over   

 Resulting super-propagator   

J (x, y, t;x

0
, y

0
, 0) =

x

Z

x

0

y

Z

y

0

Dx(t

0
)Dy(t

0
)exp

i

~

n

˜

S0[x(t
0
)]� ˜

S0[y(t
0
)]�

�
t

Z

0

⌧

Z

0

d⌧d�[x(⌧)� y(⌧)]↵

I

(⌧ � �)[x(�) + y(�)]

o

⇥

⇥exp� 1

~

t

Z

0

⌧

Z

0

d⌧d�[x(⌧)� y(⌧)]↵

R

(⌧ � �)[x(�)� y(�)]

o



Time kernels 

For ohmic dissipation 
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Under the previous choice of the spectral function  the 
final super-propagator is 
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Quantum master equations 
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The equilibrium reduced density operator 

Full operator 

Path integral representation 

Euclidean (imaginary time ) action of the complete system 

Reduced density operator of the system 



Final form 

Prefactor 

Effective euclidean action 

Imaginary time kernel 

Ohmic dissipation 



Non-linear model 

F [x(t0), y(t0)] = TrR
⇣
⇢RU

†
RI [y(t

0)]URI [x(t
0)]
⌘

URI(t) = T exp� i

~

tZ

0

dt0HRI(t
0
)

i~dURI(t)

dt
= HRI(t)URI(t)

URI(t) = e

�iHRt/~ T exp� i

~

tZ

0

dt

0
˜HI [x(t

0
)]

H̃I [x(t
0)] ⌘ e

iHRt/~HI [x(t
0)]e�iHRt/~

HRI = HR +HI(x(t
0))

T exp� i

~

tZ

0

dt

0
˜HI [x(t

0
)] ⇡ 1� i

~

tZ

0

dt

0
˜HI [x(t

0
)]� 1

~2

tZ

0

dt

0
t0Z

0

dt

00
˜HI [x(t

0
)]

˜HI [x(t
00
)]

where 

In the interaction picture 

where 



F [x(t

0
), y(t

0
)] = exp� 1

~2

tZ

0

dt

0
t0Z

0

dt

00
⇣D

˜HI [x(t
0
)]

˜HI [x(t
00
)]

E
+

+

D
˜HI [y(t

00
)]

˜HI [y(t
0
)]

E
�

D
˜HI [y(t

0
)]

˜HI [x(t
00
)]

E
�
D
˜HI [y(t

00
)]

˜HI [x(t
0
)]

E⌘

F [x(t0), y(t0)] ⇡ 1� 1

~2

tZ

0

dt

0
t0Z

0

dt

00
⇣D

H̃I [x(t
0)]H̃I [x(t

00)]
E
+

+
D
H̃I [y(t

00)]H̃I [y(t
0)]
E
�

D
H̃I [y(t

0)]H̃I [x(t
00)]

E
�
D
H̃I [y(t

00)]H̃I [x(t
0)]
E⌘

hRk(t
0)Rk0(t00)i = 0 k0 = �k

↵k(t
0 � t00) ⌘ hRk(t

0)R�k(t
00)i

↵k(t
0 � t00) =

~
⇡

1Z

�1

d!Im�k(!)
e�i!(t0�t00)

1� e�!~�

D
H̃I [x(t

0)]H̃I [x(t
00)]

E
=

1

2

X

k

{C�k[x(t
0)]Ck[x(t

00)] +

+Ck[x(t
0)]C�k[x(t

00)]}↵k(t
0 � t

00)

and 

Reexponentiating: 

where 

Using that                                    except for                 when 



F [x(t

0
), y(t

0
)] = exp� 1

~2

tZ

0

dt

0
t0Z

0

dt

00

⇥
(
X

k

k�k↵k(t
0 � t

00
) [cos k(x(t

0
)� x(t

00
))� cos k(y(t

0
)� x(t

00
))] +

+

X

k

k�k↵
⇤
k(t

0 � t

00
) [cos k(y(t

0
)� y(t

00
))� cos k(y(t

00
)� x(t

0
))]

)

Im�k(�!) = �Im�k(!)

↵k(t
0 � t00) = ↵(R)

k (t0 � t00) + i↵(I)
k (t0 � t00)

↵(R)
k (t0 � t00) =

~
⇡

1Z

0

d!Im�k(!) cos!(t
0 � t00) coth(~�!/2)

↵(I)
k (t0 � t00) = �~

⇡

1Z

0

d!Im�k(!) sin!(t
0 � t00)

the influence functional reads  

Using that                                               we can write                   

where 

and 

Im�k(!) ⇡ f(k)!✓(⌦� !)If when                 we use ! ! 0



F [x(t

0
), y(t

0
)] = exp� 1

~2

tZ

0

dt

0
t0Z

0

dt

00
X

k

k�k↵
(R)
k (t

0 � t

00
)⇥

[cos k(x(t

0
)� x(t

00
))� cos k(y(t

0
)� x(t

00
)) + cos k(y(t

0
)� y(t

00
))� cos k(y(t

00
)� x(t

0
))]

⇥ exp

i

2~
X

k

k�kf(k)k

tZ

0

dt

0
sin k(y(t

0
)� x(t

0
)) (ẋ(t
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0
) + ẏ(t
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Collision model 
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