Damped harmonic oscillator
Reduced density operator as a function of time
pla,y,t) = / /d:v’dy’ J(@,y.t;2',y',0) p(a’, y', 0)

Super-propagator

j(az,y,t;az’,y’,O):///dR’dQ’dR{K(m,R,t;az',R’,O)
<K (3, R, 9/, Q' 0) pr(R', Q,0)}.
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With boundary condition J(x,y,0752",y,0) = 0(x — 2")o(y — v/)

Under the previous choice of the spectral function the
final super-propagator is
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Applications

Damped harmonic oscillator
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Initial state




Super- J(a,' st/ 0) = | [ Da@)Dy(t) expy Sla(r).y(r))x
propagator
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where  Sz(r), y(r)] = / L(e,&,y.9)dr — My / (2 — yg)dt’
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0

T

. / / drdolz(r) — y(r)lcosv(r — o)a(o) — y(o)] dr do



Stationary paths
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New variables q(1) = 2(7) —;—y(r) and §(1) = (1) —y(7)

Then

4e() = (sinwt) " {ge"" sinwr + ¢'sinw(t —7) e 7,

e(T) = (sinwt) " {&e " sinwr + ' sinw(t — ) fe?”

Solutions

wE\/wS—VQ it wo>7 and wEi\/WQ—wg if wo <7



New variations q(7) = q(7) — qe(7) §(r) = &(1) — &e(T)
Super-propagator

J(q,6,t;,4',¢',0) = exp { ;56} exp —;{A(t)g2 + B(t)&€ + C(t)g’Q}x
xG(q,€,t;¢',€,0)
with  Se = K(t)[g€ + ¢'¢'] — L(t)d'€ — N(t)q&' — Mr[q€ — ¢'¢
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C,(t) = v //sin w(t — 1) cosv(T — o) sinw(t — o) 7T dr do
0 0
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Prefactor of the form N / oU exp — % Ul MU exp —AU

where Ul = (c’jl,...,ch,él,...,éN)
and oU = dgy...dGndE;...dEN
0 p
We have defined ./4:(2) M:<p 7“)
| 1 . 1 1
Using that N/5Uexp—§U MU exp —AU = \/mexpifl/\/l A
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And AM~tA =0, wehave

T(0:€,4:0,€,0) = G(t) exp 1 { [K(1) — Mgt + [K (1) + Mrlq'€ -

~L()q'€ = N(t)a€' | exp —% {Ae? + Bgg + c(v)g” ]



Now, using [o“(q,ﬁ,t) = //dq’dﬁ’j(q,fat; q’,ﬁ,,O) ﬁ(q’,f’,())

and J(¢,¢,t;¢',¢,0) = G(t) exp %{[K(t) — M~)g€ + [K(t) + M~]¢'E —
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We have for the initial condition
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pla,&:t) = G(t)\/mg;(t) exp —20;@) (q — o(t))”

exp —F(£)&? exp %D(q,p, t)§

With the following time dependent functions
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General results

. . i 1 \Y? 1 )
Time evolution plx,x,t) = (27“;2 (t)) exp — 202(1) (x — x0(1))
Center of the wavepacket ro(t) = ML sinwt e~

w
Width at equilibrium

h [ hv [ 1 2vv
02 (00) = —/ dv coth T\ T3 2 ; 2\
0 (w§ —v?)” +4v%v )

Fluctuation-dissipation 72(00) = h / h dv coth 2X”(u)
theorem TJ0 2l




Behavior of the width at zero temperature for any
value of the damping constant

h Y
9 - —
7(o0) = 5 — (@) (a=2)
1ia2 ( — %tan_1 1ia2> se a<l
fla) =
\/ﬁiln Zf\/ivgzj se a>1

Finite damping always reduces the width



If wo > 7Y Au(t)a Bl/(t)7 and Cl/(t) X 5(” - w())
t
Proportionality f g(A) (t) = — 27T / dr sin? woT,
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0
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V(x)

Initial state

~ z? ( + mg)*

v(x) =P1(x) + Y2(x) =N eXp —7—5 Fexp——

Study of the interference between two wave packets



Initial density operator

/O<x/7 yla O) — pl('x/ay/a O) + 102($/7y/7 O) + pint<xlvy/7 O)

Time evolution plz,t) = p1(x,t) + pa(x,t) + pine(x,t)

Linearity of the time evolution

Pint(x,2,1) = /dw’dy’J(:v,w,t;x’,y’,O)ﬁmt(:c’,y’,O)

Without damping  pint(x, 1) = 21/ p1(x, t)pa(x, t) cos ¢(z, t)

2
T
Where Pint(x,t = nm/wy + 7/2wy) = cos (ggx> exp — 3

I =11 + 15 + 21/ 1115 cos gb(.ﬁlj,t)



Damped case

Pint (2,8) = 29/71 (2, D)/ 7 (2, ) cos o, 1) exp — (1

Attenuation factor |exp —f(t) ~ exp —I'tl where f(t)

~ qiadgr(9)

The time dependent
functions are
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Attenuation factor

Decoherence rate

exp —f(t) = exp —1I't

( 2NET

if v <w
high temperatures (xk < 1) Q?VkaTZ2 : ! ’
| TFwe 24 it v > w
[I' = <
1 ¢ ¢ ( >>1)<(N’}/ if’}/<<CUO
ow temperatures 2 :
| w temperatur K N;—f; T
N = 2 /402 is also the average number of energy
= T

Kk = hwo/kT

quanta initially in the system

is an inverse dimensionless temperature




Interpretation

Initial state of the universe when
~ 0
the environment is at zero temperature [P1) > o) + [1:2)} @ 10)

Final equilibrium state state of the universe  |¢¢) = |¢,) ® |N)

State of the universe after one . .
quantum of energy is delivered |b1) = |1.) @ (1) + |1g) @ |0)
to the bath

Partial trace over the states
of the environment

p = trlg)(é1] = [¥:) (=] + [tho) (dol



Interpretation for finite temperatures

Time evolution of the occupation ny = —Any — An(wo)(n1 — ng)

numbers at finite temperature Nno = Anq + An(wo)(n | — n2)
1

Ey—Ey~hw Ao (r/N)7t nlwo)=—5

ekaB—T—l

Solution M1 — ng X exp —[2n(wgy) + 1] At

1 T
Decoherence time 7,7 X
¢ 271(&)0) + 1 N
which at high hwg

temperatures is



Pointer basis

Pointer states |P;)

Environment states { ‘ E,L( ) > }

Observable state to be ) = Z a;|;i) @|¢> = O;|v;)

measured

Initial apparatus state | Ag) = |Fy) ® |Ep)

where ’EO> — !Eél)> & |E82)> & ...

Then [¥) = |[¢) ® |Po) ® |Eo) = Y ai(|¢s) ® |Po) ® |Eo))

1

evolvesto |V (t)) = Zai(|§0i> R |P;) ® |E;))

1

and psp = rrp = Z i |i) (wil © | Pi)( P



Internal decoherence

AT

2
Estimate from the master equation 7p ~~ " (A—x) where

Ar = h/\/2MkgT is the de Broglie thermal wavelength

2
1 (o Fuog
: : 1 /e fwo
But the exact solution gives 7p = Y ( 5) (eXP T )

(1 hw o 2 .
S kT (E) it kpT > hwo which depends on the initial
= 9 , preparation off-diagonal
& (%) exp 9 if kpT < hwy.  distance§

. hiuw -
For the purity Trp*(z,y,t) ~1—4 (exp k—; — 1) ~t
B

A
and then Te = | €XP = _ 1 /4’7
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