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How to estimate ground state energies via path integrals  
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Saddle point approximation  
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Harmonic oscillator 

The classical solution 
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Euclidean energy 
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3 main steps 

a) Action of N excursions = NB where  

b) Determinant of N excursions  

c) Integrating over the centers of the excursions   
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The zero eigenvalue problem 

Then                                                                   is a normalized eigenfunction  
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Variation along this direction 

Integral already performed 

And finally, 
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Appropriate solution for the Euclidean action : the bounce 

Then 

From which 

Analysis of the zero mode shows us that there must be a negative 
eigenvalue in the second variation problem. 

Analytic extension in function space 
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Along an appropriate contour z  



ImI =

1+i1Z

1

dzp
2⇡~

exp�SE(1)

~ exp�S
00

E (1)

2~ (z � 1)

2

=

|S 00

E (1)|�1/2

2

exp�SE(1)

~

Im

Z
Dq(⌧) exp�SE [q(⌧)]

~ =

=

1

2NR

 
B

2⇡M~

!1/2

~�
�����

1

det

0
[�M@2

⌧ + V 00
(qc)]

�����

1/2

exp�B

~

Integral acquires an imaginary part 

which can be rewritten as 

Im

Z
Dq(⌧) exp�SE [q(⌧)]

~ =

~�
NR

ImK

�����
1

det[�M@2
⌧ +M!2

)]

�����

1/2

exp�B

~
But as 



� =

 
B

2⇡M~

!1/2 �����
det[�M@2

⌧ +M!2
]

det

0
[�M@2

⌧ + V 00
(qc)]

�����

1/2

exp�B

~

ImK =
1

2

 
B

2⇡M~

!1/2 �����
det[�M@2

⌧ +M!2]

det0[�M@2
⌧ + V 00(qc)]

�����

1/2


