
Lista	  de	  exercícios	  4:	  

Problemas	  1-‐4:	  Questões	  1,	  2,	  3	  e	  4	  do	  Cap.	  IV	  do	  Cohen-‐Tannoudji.

Problemas	  5-‐7:	  Questões	  1,	  2,	  e	  3	  do	  Cap.	  V	  do	  Cohen-‐Tannoudji.

Problemas	  8-‐10:	  Questões	  1,	  2,	  e	  3	  do	  Cap.	  VI	  do	  Cohen-‐Tannoudji.

Problema	  11:
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Problem 4.14
(a) Assuming the potential seen by a neutron in a nucleus to be schematically represented by

a one-dimensional, in nite rigid walls potential of length 10 fm, estimate the minimum kinetic
energy of the neutron.
(b) Estimate the minimum kinetic energy of an electron bound within the nucleus described

in (a). Can an electron be con ned in a nucleus? Explain.

Solution
The energy of a particle of mass m in a one-dimensional box potential having perfectly rigid
walls is given by

En
2h2

2ma2
n2 n 1 2 3 (4.315)

where a is the size of the box.
(a) Assuming the neutron to be nonrelativistic (i.e., its energy E mnc2), the lowest

energy the neutron can have in a box of size a 10 fm is

Emin
2h2

2mna2
2 h2c2

2 mnc2 a2
2 04MeV (4.316)

where we have used the fact that the rest mass energy of a neutron is mnc2 939 57MeV and
hc 197 3MeV fm. Indeed, we see that Emin mnc2.
(b) The minimum energy of a (nonrelativistic) electron moving in a box of size a 10 fm

is given by

Emin
2h2

2mea2
2 h2c2

2 mec2 a2
3755 45MeV (4.317)

The rest mass energy of an electron is mec2 0 511MeV, so this electron is ultra-relativistic
since Emin mec2. It implies that an electron with this energy cannot be con ned within such
a nucleus.

Problem 4.15
(a) Calculate the expectation value of the operator X4 in the N -representation with respect

to the state n (i.e., n X4 n ).
(b) Use the result of (a) to calculate the energy En for a particle whose Hamiltonian is

H P2 2m 1
2m

2X2 X4.

Solution
(a) Since m 0 m m 1 we can write the expectation value of X4 as

n X4 n
m 0

n X2 m m X2 n
m 0

m X2 n
2

(4.318)

Now since

X2
h
2m

a2 a†2 aa† a†a
h
2m

a2 a†2 2a†a 1 (4.319)
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5.8 Solved Problems
Problem 5.1
(a) Show that Jx Jy h2[ j j 1 m2] 2, where Jx J 2x Jx 2 and the same

for Jy .
(b) Show that this relation is consistent with Jx Jy h 2 Jz h2m 2.

Solution
(a) First, note that Jx and Jy are zero, since

Jx
1
2
j m J j m

1
2
j m J j m 0 (5.202)

As for J2x and J2y , they are given by

J2x
1
4
J J 2 1

4
J 2 J J J J J 2 (5.203)

J 2y
1
4
J J 2 1

4
J2 J J J J J 2 (5.204)

Since J 2 J 2 0, we see that

J2x
1
4
J J J J J2y (5.205)

Using the fact that
J 2x J2y J 2 J 2z (5.206)

along with J2x J 2y , we see that

J 2x J 2y
1
2
[ J 2 J2z ] (5.207)

Now, since j m is a joint eigenstate of J 2 and Jz with eigenvalues j j 1 h2 and mh, we
can easily see that the expressions of J 2x and J2y are given by

J2x J2y
1
2
[ J 2 J 2z ]

h2

2
j j 1 m2 (5.208)

Hence Jx Jy is given by

Jx Jy J2x J 2y
h2

2
[ j j 1 m2] (5.209)

(b) Since j m (because m j j 1 j 1 j), we have

j j 1 m2 m m 1 m2 m (5.210)

from which we infer that Jx Jy h2m 2, or

Jx Jy
h
2
Jz (5.211)
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A measurement of Jx on a system initially in the state (5.268) yields a value jx h with
probability

P 1 1 2 2
7

1 1
3
7

1 0
2
7

1 1
2

2
7

(5.269)

since 1 0 1 1 0 and 1 1 1, and the values jx 0 and jx h with the
respective probabilities

P0 0 2 3
7
0 0

2
3
7

P1 1 2 2
7
1 1

2
2
7

(5.270)

Problem 5.8
Consider a particle of total angular momentum j 1. Find the matrix for the component of J
along a unit vector with arbitrary direction n. Find its eigenvalues and eigenvectors.

Solution
Since J Jx i Jy j Jzk and n sin cos i sin sin j cos k, the component
of J along n is

n J Jx sin cos Jy sin sin Jz cos (5.271)

with 0 and 0 2 ; the matrices of Jx , Jy , and Jz are given by (5.259). We can
therefore write this equation in the following matrix form:

n J
h
2

0 1 0
1 0 1
0 1 0

sin cos
h
2

0 i 0
i 0 i
0 i 0

sin sin

h
1 0 0
0 0 0
0 0 1

cos
h
2

2 cos e i sin 0
ei sin 0 e i sin
0 ei sin 2 cos

(5.272)

The diagonalization of this matrix leads to the eigenvalues 1 h, 2 0, and 3 h; the
corresponding eigenvectors are given by

1
1
2

1 cos e i

2
2
sin

1 cos ei
2

1
2

e i sin

2 cos

ei sin

(5.273)

3
1
2

1 cos e i

2
2
sin

1 cos ei
(5.274)

Problem 5.9
Consider a system which is initially in the state

1
5
Y1 1

3
5
Y10

1
5
Y11


