
FI 001 – Mecânica Quântica I – Lista 2

01. Messiah, Cap. 8: 2, 4, 6

02. Messiah, Cap. 8: 7, 8

03. Merzbacher, Exercises 14.9, 15.2

04**. Merzbacher, Problem 3.2

05. Cohen-Tannoudji, Cap. 3: 14

06. Cohen-Tannoudji, Cap. 3: 16

Problemas adicionais:

07. Messiah, Cap. 8: 3

8. Merzbacher, Exercises 9.21, 9.22, 14.5, 15.23, 15.24, 15.25

09. Merzbacher, Problem 9.2

10. Cohen-Tannoudji, Cap. 3: 10.a, b: Virial theorem

11. Cohen-Tannoudji, Cap. 3: 17, 18, 19: density operator

12. [P 3.1, Weinberg] Consider a system with a pair of observable quantities A and B, whose
commutation relations with the Hamiltonian take the form [H,A] = iωB, [H,B] = −iωA,
where ω is some real constant. Suppose that the expectation values of A and B are known at
time t = 0. Give formulas for the expectation values of A and B as a function of time.
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13. [P 3.2, Weinberg] Consider a normalized initial state |Ψ(t = 0)〉 with a spread ∆E in energy,
defined by

∆E =

√
〈(H − 〈H〉)2〉

Calculate the probability |〈Ψ(δt)|Ψ(0)〉|2 that after a very short time δt the system is still in the
state |Ψ(t = 0)〉. Express the result in terms of ∆E, h̄ and δt, to second order in δt.

14. [P 8.5.5, Le–Bellac] Thomas–Reiche–Kuhn sum rule: Consider a particle of mass m under
the potencial V (r). The Hamiltonian of the system is given

H =
p2

2m
+ V (r).

Let |n〉 be the eigenvectors of H with eigenvalues En. Show that

[[ri, H], rj ] =
h̄2

m
δij

and then

2m

h̄2

∑
n

(En − E0)|〈n|x|0〉|2 = 1,

where r1 = x.

15. [P 8.3, Ballentine] Prove that if for some state of a two-component system one has

〈R(1)R(2)〉 = 〈R(1)〉〈R(2)〉

for all Hermitian operators R(1) and R(2), then the density operator must be of the form
ρ̂ = ρ̃(1)⊗ ρ̃(2). (As usual, the superscript 1 or 2 signifies that the operator acts on the factor
space of component 1 or 2, respectively.)

16. [P 8.6, Ballentine] Consider a two–component system that evolves under a time development
operator of the form

U(t) = U(1)(t)⊗ 1̂.

(This could describe a system with no interaction between the two components, subject to
an external perturbation that acts on component 1 but not on component 2.) Let ρ̂(t) be an
arbitrary correlated state of the two–component system evolving under the action of U(t). Prove
that the partial state of component 2,

ρ̃(2) = Tr1ρ̂(t),

is independent of t.
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17. [P 2.9, Desai] Consider the operator which corresponds to finite displacement

F (d) = e−ipd/h̄.

Show that

[x, F (d)] = dF (d).

If for a state |α〉 we define |αd〉 = F (d)|α〉, then show that the expectation values with respect
to the two states satisfy

〈x〉d = 〈x〉+ d.

18. [P 2.11, Desai] For a Hamiltonian given by

H =
p2

2m
+ V (r),

use the properties of the double commutator

[[H, exp(ik · r)] , exp(−ik · r)]

to obtain∑
n

(En − Es)|〈n| exp(ik · r)|s〉|2.

19. [P 3.3, Desai] Express x in the Schrödinger representation as an operator xH in the Heisen-
berg representation for the case of a free particle with the Hamiltonian

H =
p2

2m
.

Carry out the expansion of the exponentials in terms of the corresponding Hamiltonian. Consider
also the case where the potential has the form V (x) = λxn, where n is an integer.

20. [P 3.7, Desai] A particle of charge e is subjected to an uniform electric field E0. Show that
the expectation value of the position operator 〈r〉 satisfies

m
d2〈r〉
dt2

= eE0.
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21. A free particle of mass m moves in one-dimensional such that its initial state is given by the
wave function

ψ(x, t = 0) = ψ0(x) = A exp

(
i
p0x

h̄
− x2

2a2

)
,

where A, p0, and a are constants.

a) Determine ψ(x, t) and then calculate 〈x〉(t), 〈p〉(t), (∆x)2(t), and (∆p)2(t).

b) Determine the position xH(t) and momentum pH(t) operators in the Heisenberg picture
by (i) using the unitary transformation that relates the operators in the Schrödinger and
Heisenberg pictures; (ii) solving the corresponding Heisenberg equations of motion.

c) Repeat item (a), but now using the operators xH(t) and pH(t).
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