
FI 002 – Mecânica Quântica II – Lista 3

01. P.11.7, Baym: Estimate the ground state energy of the hydrogen atom using a three-
dimensional harmonic oscillator ground state wave function as a trial function.

02. P.8.2 e P.8.3, Merzbacher: Using scaled variables, as in Section 5.1, consider the anharmonic
oscillator Hamiltonian,

H =
1

2
p2ξ +

1

2
ξ2 + λξ4,

where λ is a real-valued parameter.

a) Estimate the ground state energy by a variational calculation using as a trial function the
ground state wave function for the harmonic oscillator

H0(ω) =
1

2
p2ξ +

1

2
ω2ξ2,

where ω is an adjustable variational parameter. Derive an equation that relates ω and λ.

b) Compute the variational estimate of the ground state energy of H for various positive
values of the strength λ.

c) In first-order perturbation theory, calculate the change in the ground-state energy of a
linear harmonic oscillator that is perturbed by a potential gx4,

H =
p2

2m
+

1

2
mω2q2 + gq4 = H0 + gq4 = H0 + V.

For small values of the coefficient, compare the result with the variational calculation above.

03. P.19.3 e P.19.4, Desai:

a) Solve the Schrödinger equation in one dimension given by

d2u

dx2
+ k2u(x) =

2m

h̄2
V (x)u(x)

using the Green’s function formalism by writing

u(x) = u0(x) +
2m

h̄2

∫
dx′G0(x− x′)V (x′)u(x′).

Show that, for the outgoing wave boundary condition, G0 is given by

G0(x− x′) =

{
i
2ke

ik(x−x′), x > x′

i
2ke
−ik(x−x′), x < x′.
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b) Using the Green’s function obtained in item (a), determine the wavefunction u(x) for
x > 0 and x < 0 for an attractive delta function potential given by

2m

h̄2
V (x) = −λδ(x).

Also, obtain the reflection R and transmission T coefficients.

c) Similar to item (b), determine the wavefunction u(x) for the potential

2m

h̄2
V (x) =

{
−V0, |x| < a,

0, |x| > a,

where V0 and a are positive constantes.

04. P.19.3, Messiah: Consider the elastic scattering from a 3-D square well of depth V0 and
radius a and determine the differential cross section within the first Born approximation. Find
an expression between V0 and a such that the Born approximation is valid.

05. P.19.3, Messiah: Consider the elastic scattering from the potential

V (r) = V0 exp(−r/a),

where V0 and a are positive constants, and determine the differential cross section and the total
cross section within the first Born approximation. Find an expression between V0 and a such
that the Born approximation is valid.

06. P.20.4, Merzbacher: Using the Bom approximation, and neglecting relativistic effects, express
the differential cross section for scattering of an electron from a spherically symmetric charge
distribution ρ(r) as the product of the Rutherford scattering cross section for a point charge and
the square of a form factor F (q),

dσ

dΩ
=

(
m

2πh̄2

)2(
4π

q2

)2

F 2(q),

where q is the transfer momentum. Obtain an expression for the form factor F (q) and then
evaluate it as a function of the momentum transfer for (a) a uniform charge distribution of radius
R, and (b) a Gaussian charge distribution with the same root-mean-square radius.
Hint.: Starting point: Eq. (13.49), Merzbacher.
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07. P.6.10, Sakurai: Consider the s-wave (l = 0) elastic scattering from a repulsive spherical
delta potential

2m

h̄2
V (r) = γδ(r − a),

where a and γ are positive constants.

a) Show that the s-wave phase shift δ0(k) is given by

δ0(k) = −ka+ tan−1
(

ka tan ka

ka+ γa tan ka

)
,

where h̄2k2 = 2mE.

b) Consider the incident particles in the low-energy limit and determine the differential cross
section. Moreover, show that the total cross section reads

σ0 = 4πa2
1

(ka)2 + (1 + γa)2
.

08. P.6.10, Sakurai: Consider the s-wave (l = 0) elastic scattering from a repulsive spherical
delta potential

2m

h̄2
V (r) = γδ(r − a),

where a and γ are positive constants.

a) Show that the s-wave phase shift δ0(k) is given by

cot δ0(k) = −ka+ γa tan ka+ ka tan2(ka)

γa tan2(ka)
.

b) Plot δ0(ka) and δ0(ka) + π for a fixed value of γa and identify a resonance for ka ≈ π.
Recall that it is also possible to identify a resonance via the behaviour of the total cross
section σ0 in terms of ka.

c) Consider that γa� 1 and γ � k and determine the position of the resonance up to order
1/γ. Recall that cot δ0(k) = 0 at the position of the resonance. Moreover, determine an
approximate expression for the resonance width

Γ =
−2

(d(cot δ0)/dE)E=ER

and notice, in particular, that the resonances become extremely sharp as γ becomes large.

3



09. P.10.3.b, Cohen: Consider a central potential

V (r) =

{
−V0, 0 < r ≤ a,

0, r > a,

where a and V0 are positive constant. Set h̄k20 = 2mV0. We shall confine ourselves to the study
of the s-wave (l = 0).

a) Bound states E < 0. Write the radial equation in the two regions 0 < r ≤ a and r > a
and consider the condition at the origin. Show that, if one sets

ρ =

√
−2mE

h̄2
and K =

√
k20 − ρ2,

then the radial function u0(r) is necessarily of the form

u0(r) =

{
A exp(−ρr), r > a
B sinKr, 0 < r ≤ a.

Write the matching conditions at r = a. Deduce from them that the only possible values
for ρ are those which satisfy the equation ρ tanKa = −K.
Plot the above equation as a function of ρa for fixed values of k0a. Indicate the number of
s-bound states as a function of the depth of the well (for fixed R) and show, in particular,
that there are no bound states if this depth is too small.
Hint: Eq. (12.7), Merzbacher.
Recall: P.12.1, Merzbacher.

b) Scattering resonances E > 0. Again write the radial equation, this time setting

k =

√
2mE

h̄2
and K ′ =

√
k20 + k2.

Show that the radial function uk,0(r) is of the form

u0(r) =

{
A sin(kr + δ0), r > a
B sinK ′r, 0 < r ≤ a.

Using the continuity conditions at r = R, show that the s-wave phase shift δ0(k) reads

δ0(k) = −ka+ tan−1
(
ka

K ′a
tanK ′a

)
.

Determine the differential and total cross sections. Plot σ0 em terms of ka for fixed values
of k0a.

4



10. P.21.1, Desai: Consider the elastic scattering from the spherical square well

V (r) =

{
V0, 0 < r ≤ a,
0, r > a,

where V0 and a are positive constants, and the energy of the incident particles is 0 < E < V0.

a) Following the procedure described in Sec. 13.6, Merzbacher, determine the parameters
βl(k), ξl(k), ∆l(k), and sl(k) and then calculate the s-wave (l = 0) and p-wave (l = 1)
phase shifts δl(k).

b) For the s-wave scattering, determine the scattering amplitude f0,k(θ) and the total cross-
section σ0. Plot the phase shift and the total cross section in terms of ka for a fixed value
of k0a, where h̄k0 =

√
2mV0.

c) For the s-wave scattering, determine the behaviour of the total cross section σ0 in the
low-energy limit.

d) For the p-wave scattering, determine the total cross-section σ1. Plot the phase shift and
the total cross section in terms of ka for a fixed value of k0a.

11. Ex.20.7, Merzbacher: Transform the matrix element (20.79),

〈k′|S|k〉 = δ(k − k′)
∞∑
l=0

2l + 1

4πk2
e2iδl(k)Pl

(
k̂ · k̂′

)
into the orbital angular momentum representation (see Exercise 17.40), and show that

〈α l′m′|S|α lm〉 = e2iδl(k)δm′,mδl′,l

verifying that e2iδl(k) are the eigenvalues of the S matrix for a rotationally invariant interaction,
in agreement with Eq. (13.75).

12. P.20.5, Merzbacher: If the nonlocal separable scattering potential

〈r′|V |r〉 = λu(r′)u(r)

is given, work out explicitly and solve the integral equation for ψ
(+)
k (r). Obtain the scattering

amplitude and discuss the Born series for this potential.
Hint: Eq. Lippmann-Schwinger and T-matrix. See also Sec.8.2.b, Gottfried.

Problemas adicionais:

13. P.8.4, Merzbacher: Using a Gaussian trial function e−λx
2

with an adjustable parameter,
make a variational estimate of the ground state energy for a particle in a Gaussian potential well,
represented by the Hamiltonian

H =
p2

2m
− V0e−αx

2

, where V0 > 0 and α > 0.
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14. P.12.15, Merzbacher: Apply the variational method to the ground state (l = 0) of a particle
moving in an attractive (Yukawa or screened Coulomb or Debye) potential

V (r) = V0
e−r/a

r/a
, (V0 > 0).

Use as a trial function

R(r) = e−γr/a

with an adjustable parameter γ. Obtain the ’ ’best” trial wave function of this form and deduce
a relation between γ and the strength parameter 2mv0a

2/h̄2. Evaluate γ and calculate an upper
bound to the energy for 2mv0a

2/h̄2 = 2.7. Show that in the limit of the Coulomb potential
(V0 → 0, a→∞, V0a finite) the correct energy and wave function for the hydrogenic atom are
obtained.

15. P.19.3, Messiah: Consider the elastic scattering from the Gaussian potential

V (r) = V0 exp(−r2/a2),

where V0 and a are positive constants, and determine the differential cross section and the total
cross section within the first Born approximation. Find an expression between V0 and a such
that the Born approximation is valid.

16. P.19.3, Messiah: Consider the elastic scattering from the Yukawa potential

V (r) = V0
1

αr
exp(−αr),

where V0 and α are positive constants, and determine the differential cross section and the total
cross section within the first Born approximation. Find an expression between V0 and α such
that the Born approximation is valid.

17. P.9.2, Baym: Consider an experiment in which slow neutrons of momentum h̄k are scattered
by a diatomic molecule; suppose that the molecule is aligned along the y axis with one atom at
y = −b and the other at y = +b, and that the neutrons are directed along z. Assume the atoms
to be infinitely heavy so that they remain fixed throughout the experiment. The potential seen
by the neutron from each atom can be adequately represented by a delta function; thus

V (r) = aδ(y − b)δ(x)δ(z) + aδ(y + b)δ(x)δ(z).

Calculate the scattering amplitude and differential cross section in the Born approximation.

18. P.20.2, Merzbacher: Use the Bom approximation to calculate the differential and total cross
sections for the elastic scattering of electrons by a hydrogen atom that is in its ground state.
Approximate the interaction between the continuum electron and the atom by the static field of
the atom and neglect exchange phenomena.
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19. Ex. 13.16, Merzbacher: Consider the elastic scattering from the spherical square well

V (r) =

{
−V0, 0 < r ≤ a,

0, r > a,

where V0 and a are positive constants.

a) Following the procedure described in Sec. 13.6, Merzbacher, determine the parameters
βl(k), ξl(k), ∆l(k), and sl(k) and then calculate the s-wave (l = 0) and p-wave (l = 1)
phase shifts δl(k).

b) For the s-wave scattering, determine the scattering amplitude f0,k(θ) and the total cross-
section σ0. Plot the phase shift and the total cross section in terms of ka for a fixed value
of k0a, where h̄k0 =

√
2mV0.

c) For the s-wave scattering, determine the behaviour of the total cross section σ0 in the
low-energy limit.

d) For the p-wave scattering, determine the total cross-section σ1. Plot the phase shift and
the total cross section in terms of ka for a fixed value of k0a.

20. P.6.1, Sakurai: The Lippmann-Schwinger formalism can also be applied to a one-dimensional
transmission-reflection problem with a finite-range potential V (x) 6= 0 for |x| < a only.

a) Suppose we have an incident wave coming from the left 〈x|ψ〉 = eikx/
√

2π. How must
we handle the singular 1/(E − H0) operator if we are to have a transmitted wave only
for x > a and a reflected wave and the original wave for x < −a? Is the E → E + iε
prescription still correct? Obtain an expression for the appropriate Green’s function and
write an integral equation for 〈x|ψ(+)〉.

b) Consider the special case of an attractive δ-function potential

V = −
(
γh̄2

2m

)
δ(x), γ > 0.

Solve the integral equation to obtain the transmission and reflection amplitudes.

c) The one-dimensional δ-function potential with γ > 0 admits one (and only one) bound
state for any value of γ. Show that the transmission and reflection amplitudes you com-
puted have bound-state poles at the expected positions when k is regarded as a complex
variable.
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21. P.8.3, Gottfried: As a 3-D analogue of the 1-D potentials studied in Sec. 4.4(c), consider

2m

h̄2
V (r) = −λδ(r − a),

where λ is a strength parameter having the dimension (length)−1 .

a) Show that the partial wave scattering amplitude is

1

ξ
eiδi(k) sin δl(k) =

gj2i (ξ)

1− iξgjl(ξ)hl(ξ)
,

where ξ = ka and g = aλ.
Hint: See identity, P.11.7.6, Arfken.

b) Show that the minimum strength required to bind a state of angular momentum l is
g = 2l+1. In the case of l = 0, show that the binding energies −η2/2ma2 are determined
by the roots ηn of 2η = g(1− e−2η), and that there is just one root if g > 1.
Hint.: See item (c), P.6.1, Sakurai.

22. Ex.4.14, Ex.13.7 and P.13.2, Merzbacher: Consider that the scattering potential has the
translation invariance property V (r + R) = V (r), where R is a constant vector.

a) If d1, d2, and d3 are the primitive translation vectors of a three-dimensional infinite
lattice whose points are at positions R = n1d1 +n2d2 +n3d3 (ni integer), show that any
simultaneous eigenfunction of all the translation operators D(R) = e−ik·R corresponding
to eigenvalues e−ik·R is of the form u(r)e−ik·r, where u(r) is an arbitrary periodic function
of r over the lattice, i.e., u(r + R) = u(r), for every R. Note that any two values of k
which produce the same eigenvalue e−ik·R differ by a a reciprocal lattice vector G, defined
by the condition G ·R = 2nπ, where n is any integer.

b) Show that in the first Born approximation, as in the exact formulation below, scattering
occurs only when the momentum transfer q (in units of h̄) equals a reciprocal lattice vector
G.

c) Prove that the scattering solutions ψ
(±)
k (r) of the integral form of the Schrödinger equation

are Bloch wave functions, since they satisfy the relation

ψ
(±)
k (r + R) = eik·Rψ

(±)
k (r).

d) Show that the scattering amplitude vanishes unless q = k−k′ is a reciprocal lattice vector
(Exercise 4.14) which satisfies the condition

q ·R = (k− k′) ·R = 2nπ,

where n is an integer. This relation is the Laue condition familiar in condensed matter
physics.
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