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01. P.1.8, Schwabl: Number operator.
A system of N interacting particles is described by the Hamiltonian

I 1 .
H =Y (ilTlj)ala; + 5 3 (ijlVIkDalafaa.
i,j i,5.k,l

(a) For a system of N interacting bosons, show that the Hamiltonian H commutes with the
total particle-number operator N = )" a;[ai.

(b) For a system of N interacting fermions, show that [H, N] = 0.

Hint: Identity [AB,CD] = [A,C|BD + A[B,C|D + C[A, D|B + CA[B, D] and the equivalent
in terms of anticommutators.

P.02. P.1.2, Miranda: Boson coherent states:

For the one-dimensional harmonic oscillator, the so-called coherent states |¢) are defined as the
eigenvectors of the non-Hermitian lowering operator a, (see, e.g., Sec. 10.7 from Merzbacher for
a review)

alg) =9l¢),  ¢eC.
;

Similarly, one can also define coherent states for bosons. Let us consider boson operators a]
and a; that, respectively, creates and annihilates a particle in the single-particle state |i), with
i =1,2,.... A boson coherent state is defined as

a;|p) = i|P), ¢ €C, i=1,2,....

(a) It is interesting to expand a boson coherent state in the occupation number representation,

0y = > Clna,na,...)nainy ...,

ni,na,...

where the vectors

\nlnz...>: |0>,

with |0) being the vacuum state, form an orthonormal basis for the Fock space. Show that
the coefficients C(nq, no,...) are given by

()™ (¢2)"




(b) Show that a boson coherent state assumes the form

|¢) = exp(Z ¢ial)|0).

(c) Show that the action of the creation operator aj on a boson coherent state is given by
n 0
a|lp) = .
[16) = 5-10)

(d) Show that the overlap between two boson coherent states |¢) and |6) = exp(}_, 91-a;r)|0> is
given by

(0)¢) = exp(Z 0; ;).

(e) Show that the closure relation assumes the form

1
T

/ Hdei dTme; e 2 %1% |g) (g = 1, (1)

where 1 is the unit operator in the Fock space. The closure relation (1) indicates that,
indeed, the boson coherent states form an overcomplete basis for the Fock space.

(f) For a given operator A, show that

TrA = Z (ning ... |[Aning ...) = %/ HdRed)idIIn¢i€72i¢:¢i<¢|A|¢>'

n1,n2,...

(g) Consider an operator A(a!,a;) that is expand in terms of the creation and annihilation
operators and that is in normal order. Show that the matrix element between two boson
coherent states |¢) and |6) assumes the form

* *0;
($lA(al,a:)|0) = A (g7, 0) 2P0
Obs.: It is possible to introduce coherent states for fermion operators. In this case, the eigenval-

ues of the annihilation operators are not complex numbers, but Grassmann numbers. For more
details, see, e.g., Sec. 4.1 from Altland and Simons and Sec. 1.5 from Negele and Orland.



03. P.1.4, Mahan: Diagonalization of a bosonic Hamiltonian.
Consider a system of bosons described by the Hamiltonian

H:EOaTa—i—F(a—l—aT),

where Ey and F are constants and a and a' are boson operators. The Hamiltonian H can be
diagonalized with the aid of the transformation

H=e¢He™® and Sz)\(a—aT),
where )\ is a constant.
(a) Show that A\ = \* in order that H is Hermitian.

(b) Determine H with the aid of the Baker-Hausdorff identity and show that only a few terms
of the series are finite.

(c) Determine the constant A in terms of the Ey and F in order to reduce H to a diagonal
form. Also, determine the ground state energy Egg in terms of Ey and F'.

(d) Show that the ground state of the Hamiltonian is a boson coherent state |¢), where

alg) = ¢|¢).

P.04. P.1.3, Mahan: Canonical transformation for bosons I.
Consider a system of bosons described by the Hamiltonian

H=-ecala+ %A (aTaJr + aa) ,

where ¢ and A are constants and @ and a' are boson operators.

(a) Show that the Hamiltonian H can be written as
L N4 LA (afal
H:E0+§e(aa+aa)+§A(aa + aa) (2)

and determine the constant Fj in terms of the parameter e.

(b) Express the boson operator a in terms of new bosons operators b and b',
a = ub+ vb' and a’ = ub" + vb, (3)

where u and v are real constants. Determine the condition that the constants u and v should
satisfy in order that the new boson operators b and b' satisfy the commutation algebra of
bosons. Such a condition indicates that the relation (3) is a canonical transformation. Note
also that such condition allows us to write u = cosh & and v = sinh €.

(c) Substitute the transformation (3) into the Hamiltonian (2) and determine the constants u
and v in terms of € and A such that H is now diagonal.



(d) Determine the condition that ground state of the system |¥y) should satisfy. Determine the
ground state energy Egg and the energy w of the boson b in terms of € and A.

(e) Show also that |¥() can be written as
aafaf
[Wo) = e ]0),

where |0) is the vacuum state for the boson q, i.e., al0) = 0, and « is a constant to be
determined.

P.05. P.1.6, Miranda: Canonical transformation for bosons II.
A system of bosons is described by the following Hamiltonian

H=c¢(a'a+0bb) + A (a'b" + ba),
where € and A are constants and a and b are boson operators.
(a) Consider the transformation

¢ = ua+vbl
d' = wva+ub, (4)

where u and v are real constants. Determine the condition that the constants » and v should
satisfy in order that the new operators ¢ and d satisfy the commutation algebra of bosons.
Such a condition indicates that the relation (4) is indeed a canonical transformation. Note
also that this condition allows us to write u = cosh ¢ and v = sinh €.

(b) Show that the Hamiltonian H can be written as
H=FEy+e(a’a+bb") +A(a'b' + ba) (5)

and determine the constant Fj in terms of the parameter e.

(c) Determine the inverse of the transformation (4). Substitute the inverse transformation into
the Hamiltonian (5) and determine the constants u and v in terms of € and A such that H
is now diagonal.

(d) Determine the condition that ground state of the system |¥y) should satisfy. Also, determine
the ground state energy Egs and the energies w, = wy = w of the new bosons ¢ and d in
terms of € and A.



(e) Show that the canonical transformation (4) and the Hamiltonian (5) can be written in a
matrix form,

UV=Ud and H=Ey,+oho,

where U and h are 2 x 2 matrices, and

o=( ) wa w=( )

Determine the matrix U in terms of the coefficients © and v and the matrix h in terms of
the parameters € and A.

(f) Determine the coefficients \; of the expansion of the 2 x 2 matrix h in terms of the identity
matrix 1 and the Pauli matrices o1, 02, and o3, i.e., h = \gl1 + Z§:1 NiO;.

(g) Show that the matrix U satisfy the relation Ufo3U = 03 — Ufos = 03UL.

For further details about the diagonalization of bosonic Hamiltonians, see
J. H. P. Colpa, Physica A 93, 327 (1978).

P.06. P.1.5, Miranda and P.3.2, Coleman: Canonical transformation for fermions.
A system of fermions is described by the following Hamiltonian

H=c¢(a'a+bb) + A (a'b" + ba),
where € and A are constants and a and b are fermion operators.
(a) Consider the transformation

¢ = wua+ bl
d' = —va+ubl, (6)

where u and v are real constants. Determine the condition that the constants u and v
should satisfy in order that the new operators ¢ and d satisfy the anticommutation algebra
of fermions. Such a condition indicates that the relation (4) is indeed a canonical transfor-
mation. Note also that this condition allows us to write © = cos& and v = sin¢.

(b) Show that the Hamiltonian H can be written as
H=Ey+e(ala+bb)+A(a'd! + ba) (7)

and determine the constant Ey in terms of the parameter e.

(c) Determine the inverse of the transformation (6). Substitute the inverse transformation into
the Hamiltonian (7) and determine the constants w and v in terms of ¢ and A such that H
is now diagonal.



(d) Determine the condition that ground state of the system |¥y) should satisfy. Also, determine
the ground state energy E¢s and the energies w, = wy = w of the new fermions ¢ and d in
terms of € and A.

(e) Show that the inverse of the canonical transformation (6) and the Hamiltonian (7) can be
written in a matrix form (Nambu spinor formulation),

UV=U® and H=E;+®ho,

where U and h are 2 x 2 matrices, and the Nambu spinors are defined as

@:(;> and \p:(da)

Determine the matrix U in terms of the coefficients © and v and the matrix h in terms of
the parameters ¢ and A. Also, determine the coefficients )\; of the expansion of the 2 x 2
matrix h in terms of the identity matrix 1 and the Pauli matrices o1, o2, and o3.

(f) Show that the matrix U is unitary, i.e., the canonical transformation (6) is unitary.

(g) Show that
H = Ey+ V'UhU'® = E, + UTh'®.

Determine the matrix h' in terms of ¢, A, and the coefficients u and v and verify that h’ is
diagonal once the conditions determined in item (c) are satisfied.

For further details about the diagonalization of bosonic Hamiltonians, see
J. H. P. Colpa, Physica A 93, 327 (1978).

07. P.1.6, Mahan: Tight-binding model .
Consider a system of N, = N free spinless electrons hopping on the sites of a square lattice and
described by the tight-binding model

H=—t Z (cjcj + c;fci) = —tz (C}‘Ci+§ + cj+5ci) ,
(4,9 0,0
where ¢ is the nearest-neighbor hopping energy, cg and ¢; respectively creates and destroys an

electron on site 7 of the square lattice, and § = aZ and ag are the nearest-neighbor vectors with
a being the lattice spacing.

(a) Show that the fermion operators CL and ¢y, defined via the Fourier transform
t_ 1 —ikR;
G TN > e ‘e
s’ keBZ

where Ng = N is the number of sites of the square lattice and R; is a vector of the square
lattice, obey fermion anticommutation algebra.



(b) Show that the Hamiltonian H can be diagonalized with the aid of the above Fourier trans-
form, i.e.,

H = Z ekchk,
k

and determine the energy €y of the electrons.
Hint: Identity >, e” R Ri = N6y o.

P.08. P.1.6, Mahan: Tight-binding model for graphene.

Graphene is a single atomic layer of carbon arranged in a two-dimensional honeycomb lattice. The
primitive vectors of the underline triangular lattice are a; = a(v/3,0) and a; = av/3/2(—1,V/3),
where the carbon-carbon distance a = 0.142nm, and the hexagonal unit cell [see dashed lines
in the Fig. below] has two carbon atoms. In this atomic arrangement, the carbon atoms are
connected by strong covalent o-bonds, derived from the sp? hybridization of the atomic orbitals.
The remaining p, orbitals (perpendicular to the plane) have a weak overlap and form a narrow
band, the so-called m-band, which crosses the Fermi level.

Consider that the kinetic energy of the m-electrons on the honeycomb lattice is described by the
tight-binding model

H= Z (EA(ZIG@' + EBb;rbi) + tzz (aIbHT + bL_Tai) 7 (8)

where a; and b; are electron operators respectively associated with (triangular) sublattices A and
B, t is the nearest-neighbor hopping amplitude, €4 and e are on-site energies of the sublattices
A and B, respectively, and the index 7 indicates the nearest-neighbor vectors 71, 75, and T3.
[For more details, see, e.g., Goerbig, Rev. Mod Phys. 83, 1193 (2011) and Kotov et al., Rev.
Mod. Phys. 84, 1067 (2012)].



(@)

Show that, after a Fourier transformation,

T —iq-R; T_ 1 —iq-R;
a, = 1/2 Z el aJr and b, = —7 Z e bfv
NA”" qeBz Ng "~ qeBz

where the number of sites of the sublattices A and B are Ny = Ny = N, the Hamiltonian
(8) assumes the form

_ ot €A Tq Gq
Hg(aqb‘*)(%’; 63)(%)’ ¥
with v = > exp(ik - 7).
The Hamiltonian (9) can be diagonalized with the aid of the following transformation
aq = ul;cq + vqd and bg = vl;cq — Uqd, (10)

where the coefficients uq and vq are complex quantities. Determine the condition that
the coefficients uq and vq should satisfy in order that the operators ¢ and d satisfy the
anticommutation algebra of fermions.

Instead of the Hamiltonian (9), let us consider a general 2 x 2 fermionic Hamiltonian,
3
H= Z (lehqq)q’ (I)Il = (a:fl bjl) ) hq = )‘O,ql + Z )‘i»qo'i» (11)
i=1

with 1 being the identity matrix and o1, o2, and o3 being the Pauli matrices. Show that
the Hamiltonian (11) can be diagonalized by the canonical transformation (10) once the
coefficients ugq and vq are given by

‘“q|2> |Uq|2 = % (1 + ;\3((71)) ) qu:-r; =5 (AI(Q) + Z5‘2((1)) )

with Ay ( (@)/v/A3(q) + A3(q) + A2(q). Determine the energies w.(q) and wa(q) of
the fermlons c and c in terms of the coefficients \;(q).
Hint: It is useful to employ the matrix formalism discussed in Problem 06.

Considering €4 = ep = 0, determine the energies w.(q) and wq(q) of the m-electrons in
graphene. Expand the dispersion relation in the vicinity of the K and K’ points of the first
Brioullin zone, show that w. 4(K 4+ q) ~ f+vpg, and determine the Fermi-velocity v in
terms of t and a. Here,

71 =a(0,1), To = g(—\/g, -1), T3 = %(\/g, 1),
KK = 2 (41,0)
BN CIVET) R



09. P.2.x, Altland and Simons: Su-Shrieffer-Heeger (SSH) model for polyacetylene.

Polyacetylene consists of bonded CH groups forming an isomeric long chain polymer. According
to molecular orbital theory, the carbon atoms are expected to be sp? hybridized suggesting a
planar configuration of the molecule. An unpaired electron is expected to occupy a single 7-
orbital which is oriented perpendicular to the plane. The weak overlap of the m-orbitals delocalize
the electrons into a narrow conduction band. According to the nearly free electron theory, one
might expect the half-filled conduction band of a polyacetylene chain to be metallic. However,
the energy of a half-filled band of a one-dimensional system can always be lowered by imposing a
periodic lattice distortion known as the Peierls instability. The aim of this problem is to explore

such instability.

(a) At its simplest level, the conduction band of the polyacetylene chain can be modelled by a
simple Hamiltonian (SSH model), where the hopping matrix elements of the electrons are
modulated by the lattice distortion of the atoms. Taking the displacement for the atomic
sites to be u,,, and treating their dynamics as classical, the effective Hamiltonian takes the
form

(a)

N N

H= _t; (1 + un) [cimcn-i-lo + hC] + ; % (un-i-l - U’n)2 )
where, for simplicity, the boundary conditions are taken to be periodic, and summation
over the spins ¢ is assumed. The first term describes the hopping of electrons between
neighbouring sites with a matrix element modulated by the periodic distortion of the bond-
length. The last term represents the associated increase in the elastic energy. Taking the
lattice distortion to be periodic, u,, = (—1)"«, the Hamiltonian assumes the form

N
H=—t Z 14+ (-1)"a) [cjwcnﬂo + h.c.] +

n=1

Nkga?
5

Considering the number of sites to be even, diagonalize the Hamiltonian. Show that the
Peierls distortion of the lattice opens a gap in the spectrum at the Fermi level of the half-
filled system.

Hint: The Hamiltonian is most easily diagonalized by distinguishing the two sites of the
sublattice, i.e., doubling the size of the elementary unit cell.

(b) By estimating the total electronic energy of the half filled band (which is just the sum over
the eigenvalues of the first part, i.e., >, ex ~ [ dk €;) and its elastic energy, show that
the one-dimensional system is always unstable towards the Peierls distortion. To complete

this calculation, you will need the approximate formula fl/jQ dk\/l -1 —a2)sin2k ~

2+ (a1 — b1 Ina?)a? + O(a?Ina?), where a; and by are (unspecified) numerical constants.




10. P.1.16, Mahan: Spin-wave theory for a Heisenberg ferromagnet.
Consider a ferromagnetic system of N localized spins S described by the Heisenberg model

H=-J)_8;-8;,
(.3
where S; is a spin operator associated with a spin S localized at site ¢ of the lattice, the
exchange constant J > 0, and (i, j) indicates that the sum is restricted to nearest-neighbor

sites. The ferromagnetic Heisenberg model can be studied with the aid of the so-called the
Holstein-Primakoff transformation,

St =(25—-a)"?a;, ST =dl 29-n)"*, 57 =8—n,,

where SF =S¥ +iSY and 7; = a}a;.

(a) Show that the commutation relations for the spin operators,

[Sf,Sf] =6;;5;, (7,85 = =8 ;S [S;L,S;] = 26;;57,

)
are satisfied by the above bosonic representation.
(b) Express the Heisenberg Hamiltonian in terms of the boson operators a;.

(c) At low temperatures, the Hamiltonian derived in item (b) can be simplified since n; =
(fh;) < 2S. Derive an approximate expression for the Hamiltonian up to second order in
terms of the boson operators a; (harmonic approximation).

(d) Show that the approximate Hamiltonian derived in item (c) can be diagonalized via a Fourier
transformation, i.e.,

H=Fy+ ZwkaLak,
k

and determine the constant Ej and the energy wy of the bosons aj (magnons). Determine
the ground-state of the system |¥g) and the ground-state energy Fgs.

10



P.11. P.3.1, Miranda: Spin-wave theory for a Heisenberg antiferromagnet.
Consider a antiferromagnetic system of IV localized spins S described by the Heisenberg model

H=J)S;-8;, (12)
)

where S; is a spin operator associated with a spin S localized at site ¢ of a bipartite lattice (e.g.,
a square lattice), the exchange constant J > 0, and (i, j) indicates that the sum is restricted to
nearest-neighbor sites. Similarly to the ferromagnetic system, the Heisenberg model (12) can be
studied with the aid of the Holstein-Primakoff transformation.

(@)

Let us consider the (semiclassical) Néel state as a reference state, where the spins S of the
A sublattice points in the 4z direction while the ones of the B sublattice points in the —z
direction. It is interesting to introduce two Holstein-Primakoff transformations, one for each
sublattice,
1/2 B 1/2
S;”A = (25’ — a;[ai> a;, A= ag (25 — aZa,-) , Fa=85- agai,
(13)

Stz =} (25 - blbi)lm, Sip = (25- bjbi)l/Q bi, Sip=—S+blb,

where Sii = S¥ +iS} and a; and b; are two independent set of boson operators. For the
A sublattice, show that the algebra of the spin operators,

[S7, 8] = 857, (7,57 =65, (S, 8] = 26,57,
is satisfied by the bosonic representation (13).

With the aid of the representation (13), express the Hamiltonian (12) up to quadratic order
in the boson operators a; and b;.

Show that, after a Fourier transformation,

1 —iq-R; 1 —iqR
aI =7 g e " 1a:rl and b;-f =7 E e 4 16:21,
N N
q€EBZ B q€BZ

where the number of sites of the sublattices A and B are N4 = Ng = N, the Hamiltonian
(12) assumes the form

H:Eﬁ%j(agb*q)(il 7101)(5_2)' (14)

Here v = (1/2) > 5 exp(—ik-9d), with the index ¢ indicating the z nearest-neighbor vectors
d (e.g., for the square lattice, z = 4, since § = +ai, +ag, with a being the lattice spacing).

11



(d) Diagonalize the Hamiltonian (14) with the aid of a canonical transformation and show that
the energy of the excitations (spin waves) are given by

wq =2J5%(1 — 73)1/2,
while the ground state energy assumes the form

Egs = —2NzJS(S+1)+ 2752 3 (1-42)"2.
qeBZ

Consider a cubic lattice (z = 6), and expand wq for small ga, where a is the lattice spacing,
and compare the result with the equivalent for a ferromagnet.

(e) Determine the deviation of the maximum value of the sublattice magnetization,
AS; = NS — (Wo| Y S7,1%0),
i€a

with a = A, B, for the ground state |¥).
It is not necessary to calculate the sum, express AS? as the ground state energy E¢s.

(f) Consider a three-dimensional system at low temperatures and determine the behaviour of
the specific heat with the temperature T'. In this case, it is interesting to replace the sum
by a continuous integral.

12. P.1.3, Fetter and Walecka:
Given a homogeneous system of spin-zero particles interacting through a potential V' (r):

(a) Show that the expectation value of the Hamiltonian in the noninteracting ground state is

B _ 1 N - 1)V(0) ~ ! V(0) h V( )—/d3 V(r)ear
N a7 R gn , where q) = rV(r)e
and V(0) means V(q = 0).

(b) Assume V(r) is central and spin independent. If V(Jry — ra]) < 0 for all |r; — r2| and
J d3r|V(r)| < oo, prove that the system will collapse.
Hint: Start from E()/N as a function of density.

(c) Show that the second-order contribution to the ground state energy is

E® __N—l/ *q V(a)]* _ n/ Pq |V(q)]?
(2m)3 h?q2/m’

@2m) r2q2/m 2

N 2V

Hint: see pg. 31, Fetter.

12



P.13. P.1.4, Fetter and Walecka:
Show that the second-order contribution to the ground state energy of an electron gas is given

3 [d° 01— k)6(1 —
€ =——= Tq/ d3k:/ d3pw7
87 4 Jik+al>1 Ip+al>1 a’+q-(k+p)

b _ 3 @ 3 3 0(1 —k)o(1 —p)
€5 = = 5 d’k d°p TP .
167 7° Jik+q>1 Ip+al>1 (@+k+p)a®>+q- (k+p)]

Hint: see pg. 31, Fetter.

14. P.1.6, Fetter and Walecka:
Consider a polarized electron gas in which N, and N_ denote the number of electrons with
spin-up and spin-down, respectively.

(a) Find the ground-state energy to first order in the interaction potential as a function of
N = N; + N_ and the polarization ( = (N — N_)/N.

(b) Prove that the ferromagnetic state ({ = 1) represents a lower energy than the unmagnetized
state (¢ = 0) if ry > (27/5)(97/4)1/3(21/3 + 1) = 5.45. Explain why this is so.

(c) Show that 9%(E/N)/d¢?|c~o becomes negative for rs > (372/2)%/% = 6.03.

(d) Discuss the physical significance of the two critical densities. What happens for
5.45 < rg < 6.037
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