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Odd-frequency pair density wave in the Kitaev-Kondo lattice model
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We investigate the properties of the Kitaev-Kondo lattice model defined on a bilayer honeycomb lattice by
means of the SO(3) Majorana representation for spin-1/2 moments. We first consider the pairing of neighboring
sites for the parent Kitaev spin-liquid (KSL) Hamiltonian to render the Majorana and the spin-1/2 Hilbert
spaces perfectly equivalent to each other. As a consequence, we demonstrate that this decoupling of the Kitaev
interaction in terms of the SO(3) Majorana fermions reproduces exactly the spectrum of the KSL model alone.
Then, by considering the effect of a local Kondo coupling J in the model and decoupling it in terms of an order
parameter that physically must have a finite staggering phase, we obtain that the system undergoes a quantum
phase transition from a fractionalized Fermi liquid to a nematic triplet superconducting (SC) phase as Ji is
increased. Depending on the model parameters, this SC phase can exhibit either Dirac points, Bogoliubov-Fermi
lines, or Bogoliubov-Fermi surfaces as nodal bulk manifolds. The surface states in this latter case are also
characterized by topologically protected antichiral edge modes. The SC phase breaks time-reversal symmetry
and exhibits a coexistence of a dominant odd-frequency pairing with a small even-frequency component for
electronic excitations localized on sites of the same sublattice of the system. Finally, we show that this SC phase
is in fact a pair-density-wave state, with Cooper pairs possessing a finite center-of-mass momentum in zero

magnetic field.
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I. INTRODUCTION

Strongly correlated electronic models are at the forefront of
research in condensed matter physics, since they are known
to host novel emergent phases ranging from various types
of non-Fermi-liquid states to high-temperature superconduc-
tivity observed in many systems. Despite this fundamental
importance, solving exactly those models remains a rather
intricate task in general (except for a few important cases),
and those exact solutions provide crucial insights and moti-
vate the investigation of modified strongly correlated models
that include additional ingredients, which may describe more
accurately the experimental situation.

The Kitaev-Kondo lattice model is an important recent
example of a strongly correlated model that cannot be solved
exactly: It refers to a bilayer system with hexagonal lattices
constituted by itinerant electrons in one layer and spin-1,/2
magnetic moments in the other layer; the latter are described
in terms of Kitaev exchange-frustrated interactions [1,2].
Those two subsystems interact via a local Kondo exchange
interaction, which couples the magnetic moments of the par-
ent Kitaev spin liquid (KSL) to the spin of the conduction
electrons [3,4]. Since the density of states of the parent KSL is
linearly dependent on the energy, the Kondo interaction is thus
a perturbatively irrelevant operator in the renormalization-
group sense. As a result, the quasiparticle excitations of the
KSL and the conduction electrons stay decoupled for small
values of the Kondo interaction [5-9], forming an exotic
state known as fractionalized Fermi liquid (FL*) [10,11],
which might be eventually relevant to unveil the under-
lying mechanism of high-temperature superconductivity. In
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addition, only the conduction electrons contribute to the Fermi
surface volume in the FL* state, which leads to the violation
of Luttinger’s theorem [12].

The first attempt in the literature to address the proper-
ties of the Kitaev-Kondo lattice model has appeared only
recently [3]. By means of an Abrikosov-like mean-field anal-
ysis, those authors showed that within this approximation the
Kitaev-Kondo lattice model undergoes a first-order quantum
phase transition (QPT) from a FL* to a superconducting (SC)
phase. According to their results, this latter phase displays
Bogoliubov-point nodes in the excitation spectrum, displays
triplet pairing between nearest-neighbor sites, and is char-
acterized by the breaking of the C3 lattice symmetry with
the consequent emergence of nematic order. In addition, with
further increase of the Kondo interaction, the system might
exhibit another QPT to a conventional metallic phase featur-
ing well-defined quasiparticle excitations, commonly referred
to as a heavy Fermi liquid. Moreover, another very recent
mean-field study of this model [4], which extended the previ-
ous analysis by including all 92 possible mean-field channels,
indicated a possible existence of a QPT from the FL* to a fully
gapped nontrivial topological SC state. More specifically, in
this latter scenario, the system would initially undergo a first-
order QPT from a FL* to a topological SC phase with triplet
pairing correlations belonging to class D (which breaks time-
reversal symmetry) in the tenfold way classification scheme
of Ref. [13]. For even larger values of the Kondo interaction,
those authors found an additional second-order QPT to a time-
reversal-symmetric topological SC phase (classified as class
DIII [13]), which also displays triplet pairing correlations.

©2021 American Physical Society
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Given the increasing interest in this important topic in
recent years, we will revisit the Kitaev-Kondo lattice model
from a different perspective in this paper. Instead of using
the Abrikosov-like mean-field analysis considered in previous
works, we employ here from the SO(3) Majorana fermion
representation [14—16] in order to reproduce the exact solution
of the Kitaev model on the honeycomb lattice (a discussion
about the different representations to solve this model can
be found, e.g., in Ref. [17]). The SO(3) Majorana fermion
representation will allow us to perform an exact mapping of
the spin-1/2 Hilbert space onto the Majorana Hilbert space,
when the pairing of neighboring sites is employed along
one of the three bond directions of the honeycomb lattice.
More importantly, one can also demonstrate that this pro-
cedure leads to an alternative solution of the Kitaev model
[17], which has the advantage of avoiding unphysical states
in the model. Moreover, as will become clear shortly, it is
mathematically appealing from the point of view of the SO(3)
representation to decouple the Kondo interaction in terms of
the Coleman-Miranda-Tsvelik (CMT) order parameter that
pairs a conduction electron to a Majorana fermion, which was
first proposed in the context of heavy-fermion superconductiv-
ity [18-22]. This approach will naturally give rise to a SC state
with odd-frequency pairing [23-32], whose stability is rooted
in the description of the CMT order parameter in terms of a
staggered phase [33]. As a consequence, the center of mass
of the Cooper pairs has a finite momentum in zero magnetic
field, making the SC obtained for this model an example of
a pair-density-wave (PDW) state [34—46]. Depending on the
model parameters, the system can exhibit either Dirac points,
Bogoliubov-Fermi lines, or Bogoliubov-Fermi surfaces [47]
as the nodal manifolds of the bulk spectrum [48]. For the latter
case, the system also displays topologically protected antichi-
ral modes as surface states [49]. In addition, all SC phases
also break both the inversion and the Cs rotational symmetry
related to the interchange of bonds and spin operators.

We point out that a SC state with an odd-frequency pair-
ing component was overlooked in the mean-field approaches
performed in the previous studies of the Kitaev-Kondo lattice
model, since those works only considered the possibility of
a SC order parameter defined for fermion fields at different
sublattices. As we will demonstrate below, the odd-frequency
pairing component appears when one considers the SC order
parameter defined for fermion fields at the same sublattice in
the model. Moreover, we emphasize here that it is necessary to
take into account the staggering phase of the order parameter
associated with the pairing of the conduction electrons to
the Majorana fermions in the KSL. Due to this fact, we will
show here that the resulting SC states always have the lowest
ground-state energy in the present model.

On the experimental front, one of the motivations for study-
ing the Kitaev-Kondo lattice model was provided recently
with the observation that the Kitaev material «-RuClz un-
expectedly starts to conduct electrical current when placed
in contact with monolayer graphene [50], due to proximity
effects. In addition, one can also envision the Kitaev-Kondo
lattice heterostructure as another possible alternative platform
to the celebrated twisted bilayer graphene [51,52], in order to
investigate the effects of strong correlations on the conduction
electrons due to the proximity of a Mott insulator.

FIG. 1. Schematic representation of the bilayer honeycomb
lattice containing the spin-1/2 (upper plane) and the conduction-
electron (lower plane) degrees of freedom of the Kitaev-Kondo
lattice model. The spin-1/2 magnetic moments interact among them-
selves via the nearest-neighbor Kitaev interactions K .., which are
indicated here by x, y, and z. The conduction electrons are described
by the hopping term ¢ and chemical potential u that account for
their kinetic energy. The interaction between these two subsystems
is given by the Kondo exchange coupling J. Here, A and B stand for

the sites of two independent sublattices, whereas n; = @(1, V3),

2
n, = %(— 1, 4/3) refer to the lattice vectors.

This paper is organized as follows. In Sec. II, we describe
the Kitaev-Kondo lattice model and express the spin-1/2 mag-
netic moment operators in terms of Majorana fermions using
the SO(3) representation. Next, in Sec. III, we introduce the
mean-field order parameters used to decouple the Kitaev and
Kondo interactions. The former decoupling is done in the
spin-liquid and magnetic channels, while the latter is per-
formed in terms of the CMT order parameter. The solution
of the mean-field equations is then described in Sec. IV. In
Sec. V, we address the properties of the SC states that emerge
out of the FL* phase and present the ground-state phase
diagram of the model as a function of the electron doping,
the hopping parameter, and the Kondo interaction. Finally, in
Sec. VI, we present our conclusions. Technical details of our
mean-field calculations are left to Appendixes A and B.

II. MODEL

To begin with, we write down the Hamiltonian of the
Kitaev-Kondo lattice model as H = H; + Hx + H;, where

Ho=—t Y W] Vo +He)—pu Y ¥l Yo (1)

(j.k),o J.o

He=— )0 ) KuSiSY, @)
a=x,,Z (j,k)q

Hy=Jx Y (], 00008, 3)
j.o,0’

where H; is the tight-binding Hamiltonian of the conduction
electrons with hopping # and chemical potential x; %T,a W)
are the creation (annihilation) operators for conduction elec-
trons with spin projection o € {1, | }, which are located on the
site j of the honeycomb lattice (see Fig. 1). Hk refers to the
Hamiltonian of the parent KSL, which is described in terms
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of three frustrated exchange interactions K, (o € {x,y, z})
involving the spin-1/2 moments given by S% = $%/2. Note
that in this convention the operators S7 that will be used
throughout this paper are defined as twice the operators cor-
responding to the spin-1/2 moments; this is done to simplify
the expressions obtained below. Lastly, H; denotes the Kondo
Hamiltonian defined in terms of the local exchange coupling
Jx between the conduction-electron spin and the localized
spin-1/2 moments.

In order to map out the phase diagram of H, we make use
of the SO(3) Majorana representation for spin-1/2 moments.
It is given by [14-16]

i
§Y = _ze“ﬁycfcg, )

where ¢ are Majorana fermion operators, which, by def-
inition, obey cj,”L _
{c‘j’?,cf} = 28480z [15,20]. The SO(3) Majorana represen-
tation reproduces both the SU(2) and Clifford algebras
associated with the spin-1/2 operators. However, it is over-
complete because the dimension (dim) of the Majorana
Hilbert space Hjs for a system with, say, an even number
N of spins is dim(#,,) = 23V/2, while the dimension of the
spin Hilbert space Hy is dim(#s) = 2V. In order to explain
why there is a difference in the dimension of H,, and Hg, we
follow Ref. [16] and define the operators

= c';-‘ and the anticommutation relations

O, = icl’,‘-cﬁc;, (5)
Ty = 0;0r. ©)

First, we note that @_,- commutes with all the spin-1/2 op-
erators Sy, i.e., [(’A)j,S,‘f] = 0. Consequently, we also have
the commutation relations [’YA};{, S7]1 = 0. Due to the property

7?( = —1, one can also demonstrate that the eigenvalues of

the operators 7A;-k are simply given by Tj = %i. If we now
perform the pairing of sites along, for example, the z bonds
of the honeycomb lattice (see Fig. 1), so that the first and
second indices in the subscript of T refer, respectively, to
the sites of the A and B sublattices, we obtain that there are
2N/2 possibilities to cover the honeycomb lattice by choos-
ing different values of 7T = =i. This is essentially the ratio
dim(#H,,)/ dim(Hs) between the Majorana and spin Hilbert
space. Hence an exact mapping between the two Hilbert
spaces Hy and Hg can be achieved by choosing the same
eigenvalue of 77/{ for the set of nearest-neighbor sites (j, k),
along a z bond. Indeed, to rigorously demonstrate this proposi—
tion, we first define the number operator 7%, = f where

Jk’
= 2(c +icf) @)

are complex fermion operators for nearest-neighbor sites j
and k along a z bond. In terms of the SO(3) Majorana
fermions, the number operator reads

A

S = cg) )
The substitution of Eq. (8) into Eq. (6) yields

%(1 + icj‘

A

T = —i(=1ym e, ©)

where nj.‘k € {0, 1} are the eigenvalues of 1% . Next, we arrange
the vectors of state associated with a pair of nearest-neighbor
sites (J, k), within H,, as

s ) = (F) () ()10, 0,0). (10)

According to Eqs. (9) and (10), the Majorana
Hilbert space defined by 7Ty = —i for every pair of
nearest-neighbor sites (j, k), is spanned by the basis
{|0,0,0), |1, 1,0),|1,0, 1), 10,1, 1)}. Consequently, this
basis can be used to express the vectors of the spin-1/2 basis
{1, 1), 11, 4), 14, 1), [, 1)} for the same pair of sites (/, k).,
resulting in a bijective mapping between the two bases and,
therefore, in a perfect match between the dimensions of both
Hilbert spaces for the spin and Majorana degrees of freedom.

We can now apply these findings to the Kitaev-Kondo
lattice model. First, by inserting Egs. (4)—(6) into Eq. (2), one
obtains that the KSL Hamiltonian H g becomes [17]

Hy = Z Kx(icicz)icjci + Z K_\,(icjcz)ic;ci

(Jjk)x (j-k)y
+ Y K Ticic (an
(j-k)z

Since the operators ’YA};C are defined here just for the pair
of sites (j, k),, we get [7Af,~k,HK] = 0. Moreover, one can
also check that [7A;k, H] = [’7?;(, H;] = 0, which consequently
implies that 7} is a constant of motion of H and thus
can be substituted by its eigenvalues 7Tj = %i. By taking
into account these facts and then defining the spinor v; =
(¥j1, ¥j,)7, the terms in the definition of H become

H,

—tY W] wk+Hc>—uZw v, (12)

(J.k)

HK=ZK

tcck+ E K zcck tcck

f k)) (j k),‘
+ > K.Tqcic, (13)
(Jk)z
Jx . 4
Hy=-= ;w_,. lio - (¢j x €)1V, (14)

where we are considering 7j; = —+i (—i) for a site j in the
A (B) sublattice. As explained earlier, this choice of eigenval-
ues for the operators 77,{ allows us to establish a one-to-one
correspondence between the bases of the Majorana and spin-
1/2 Hilbert spaces. In addition, it also gives the lowest free
energy for the KSL sector of the model, when the Kondo
interaction J is set to zero [17].

III. MEAN-FIELD THEORY OF THE KITAEV-KONDO
LATTICE MODEL

As mentioned previously, the Kitaev-Kondo lattice model
given by Eqgs. (12)—(14) is not exactly solvable, and due to
this fact, we will proceed here with a mean-field analysis
of its low-energy properties. The mean-field decoupling of
the Kitaev Hamiltonian in both the spin-liquid and magnetic
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FIG. 2. (a) Behavior of the order parameter of the Kitaev model as a function of temperature for isotropic exchange interactions. (b) Energy
dispersions of the mean-field KSL Hamiltonian Hy x for the parameters obtained in Eq. (20) The dispersionless bands shown here are doubly

degenerate. The other two bands are gapless and exhibit a Dirac node at momentum K = M (

, 1). The inset shows the first Brillouin zone

of the honeycomb lattice with a path (thick green line) going through its highly symmetric p01nt§

channel yields

Hvr x = Z KX[(ic;c;t)icj:ck +ic’ ck<zc ck)
(J.k)x

—licjelficici)]
+ Z K, [(ic} ck icic; + ic’}c}ﬁ(icj-ci)

- (iC§Ci><iC§Ci)]
- Z Kx[(ic?cj:ﬁq:ci + icﬁcj(ic]‘;ci)
(J.k)x

—{iciei ievei)]

- Z Ky[(ic;cf)icici + icjtcf(ic,ici)
(j.k)y

(lCZC )(leCk>]

+ ) K. Ticic;. (15)

(Jk)z

On the one hand, the spin-liquid degrees of freedom of
this Hamiltonian refer to the bond variables uf; ,, = (icjcf),
which are the nearest-neighbor mean-field order parameters
associated with the Majorana fermion species « € {x, y, z}
along the bond (j, k). For the case of a homogeneous KSL
system, these order parameters simplify to

gy, =~ = U, (16)
g, = Uy, =W (17)
Wigy, =~y = U (18)
Wiy, =~ jy, =1 (19)

On the other hand, the fluctuations in the magnetic channel are
described by the two order parameters m; = (icic’y and m’, =
(icjc;), which correspond to the expectation values (S7) and

(Sif ) of the X and § components of the in-plane magnetization,

respectively. We will consider in what follows the variation of
m’]C and mﬁ with respect to the sublattice indices, which leads

to four order parameters m} 5, and ) p .

The mean-field solution of the Kitaev Hamiltonian in
Eq. (15) shows that m} 4 and mX(B) are zero for all tempera-
tures, which is consistent with the exact solution of this model
[1]. In contrast, the bond variables turn out to be finite as the
temperature is lowered. Indeed, the solution of the mean-field
equation for isotropic Kitaev interactions Ky = K, = K, = K
shows the existence of a critical temperature T, below which
all bond variables become nonzero [see Fig. 2(a)]. In the
T — 0 limit, they approach the constant values

w=1, u)=1, uf=—0524864,

Uy = —0.524.864. (20)

We note that this solution is equivalent to the one found in
Ref. [4] for the same model but makes use of the Kitaev
Majorana representation for the spin-1/2 moments. In this
case, four Majorana fermions were employed to represent the
spin-1/2 algebra, and a projection operator was employed to
define the physical states of the model. Moreover, as shown
in Fig. 2(b), the spectrum of the Majorana fermions obtained
from the solution in Eq. (20) exhibits two bands with gapless
excitations and two others that do not disperse. Besides, the
latter bands turn out to be doubly degenerate.

In addition, by substituting the values of the order param-
eters in Eq. (20), as well as mf,(B) =0 and mﬁ(B) =0, into
the KSL free energy and then taking its 7 — 0 limit, we find
that the mean-field ground-state energy per unit cell evaluates
to Eli,?% x = —1.5746K. It turns out that the value of EIE,?I): %
obtained by the mean-field theory using the SO(3) Majorana
spin representation is equal to the exact ground-state energy
of the KSL model found in Ref. [4].

Regarding the Kondo Hamiltonian H; written in terms
of the SO(3) Majorana fermion operators [see Eq. (14)],
it is interesting to note that this is formally identical to
the expression that appears in a model for heavy-fermion
compounds known as the Coleman-Miranda-Tsvelik (CMT)
model [19,20]. One of the main features of the latter model
is that it exhibits a triplet superconducting phase with odd-
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frequency pairing [28,53]. In the present context, motivated
by the investigation of a possible emergence of such a state
also in the Kitaev-Kondo lattice model, we will proceed by
employing here the same strategy as devised in Refs. [19,20]
for treating the Kondo interaction. Therefore we rewrite H; as

7 3J
H, :_§Z¢;(a~cj)21/fj+TKZ¢;1/fj7 2y
j J

where we have made use of the identity io - (¢; x ¢;) = (¢; -
0)> — 3/2. The second term on the right-hand side is not of
great importance in the analysis of the model, since it can
be absorbed into a redefinition of the chemical potential. On
the other hand, the instabilities of the system induced by
the Kondo interaction are described by the first term in that
equation. With that in mind, this latter Hamiltonian can be
simplified according to the mean-field decoupling

V2
Hyr. = ;w}(o Vi + V(e o)y +2 ; o
(22)
where the CMT order parameter V; is given by
_(Vir)_ S
V= (m) = -5 (@ cv)). (23)

Both components of V; have a real (R) and an imaginary (/)
amplitude, i.e., Vjo = Vg o +iVi, with o € {1, |}. In order
to further simplify some calculations, we will employ in what
follows the four-component Balian-Werthamer spinors

_ 12

v = <_iay<§/f})T)’ @9
VA

y, = (_iay(fV;)T) 25)

Next, by substituting Egs. (24) and (25) into Egs. (12) and
(22), we obtain
t

HIZ_E

> (WiT W+ He.) - % Y Wity (26)
(j.k) J

and

1 : +
Hyes = > Z{\vj [(c®1)-¢;IV; +Vle; - (0 @ DIV}
J
2
+y iF, @7
J

a®]l:<g S) Z:(% _®1>. (28)

In order to describe the spatial fluctuations in the
symmetry-broken phase, we employ the following set of
transformations [20]:

where

Vi s ey, (29)
Vi s Ty, (30)
W, s T, 31)

where 6; = Q - R;, with Q being a staggered wave vector.
These transformations do not change the form of the Hamil-
tonian Hyp g for the parent KSL and the Kondo interaction
Hyr ;. However, they change the structure of the tight-binding
Hamiltonian H, for the conduction electrons. In fact, the latter
becomes

t + _ip. T i0,T?
H=— 5 YW T T e
(J.k)

H Tz
—EZ\IJJ.T v, (32)
J

Notice that the set of transformations in Egs. (29)—(31) is
formally equivalent to writing the order parameter V; as V; =

QR (“;{'I), which despite its spinorial nature resembles the
Js
order parameter of an antiferromagnetic state.

IV. SELF-CONSISTENT SOLUTION OF THE
MEAN-FIELD EQUATIONS

Before presenting the self-consistent solution of the mean-
field equations (see Appendix A), we need to determine the
staggered wave vector Q that gives rise to the lowest ground-
state energy Elf/?% in the system. The dependence of E]E,?% on
both the Kondo interaction and Q is shown in Fig. 3. In
Fig. 3(a), one can see that the energy is nearly symmetric
with respect to the Q, axis and the staggered wave vector

Q providing the lowest ground-state energy E, ®

MEmin 1S Dear
the M point. The other two minima correspond to values that
are actually very close numerically to the first one. In fact,
the difference is of the order of 10~ in units of the Kitaev
interaction K. Since our implementation of the numerical
method for solving the coupled nonlinear equations for the
order parameters has a precision of the same order, these
three minimum energy values can be seen as equal within
numerical error. This indicates that, for densities satisfying
ne < 1, the mean-field ground-state energy displays a three-
fold degeneracy, which is lifted as n. increases and turns into
a twofold degeneracy as shown in Fig. 3(b), where the two
degenerate minima can be seen near the M and K points
for n, = 0.7. In Fig. 3(c), this twofold degeneracy eventually
disappears and, as the conduction-electron density n, varies
approximately from 0.8 to 2.0, the global minimum remains
located approximately at the same wave vector Q*, which is
both close to the K point and along the I'-K line. On the
other hand, if we fix the quantity n, and then increase the
Kondo interaction Jg in the model, the twofold degeneracy
remains for conduction-electron densities smaller than unity,
as displayed in Figs. 3(d) and 3(e); for larger densities, the
wave vector for the ground-state minimum continues to be
located at the single and unchanged wave vector Q* men-
tioned previously [see Fig. 3(f)]. We should also mention that
the symmetries of Eﬁ,?% seen in Fig. 3 depend on the way
one performs the pairing of neighboring sites in the Kitaev
Hamiltonian to define the physical Hilbert space of the spin
degrees of freedom. Because of that, Elﬁf[)% becomes rotated
by an angle of 2w /3, as the pairing of sites is interchanged
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FIG. 3. (a)—(f) Dependence of the rescaled ground-state energy Elf,?% = (Eﬁ,?; — E,f,?gmi“) /K on the wave vector Q = (Qy, Q,) within the

first Brillouin zone of the honeycomb lattice as a function of Je = Jx /K and n.. Here, E;,%’mm refers to the minimum value of the ground-state
energy. The red points mark the wave vector Q* that minimizes the energy. As can be seen from these density plots, in some cases, there is
more than one wave vector corresponding to the same minimum value of energy within numerical accuracy. Notice that the components of Q
are rescaled as Q,, = 3+/3(Q - W)/(4m), where w = x, y.

along the x, y, and z bonds. However, the mean-field solu- In Fig. 4, we display the zero-temperature dependence of
tions resulting from this process are all degenerate to each ~ the mean-field order parameters on the Kondo interaction
other. within the range 0 < n, < 1 (the latter interval was chosen
w10 wrr 00 ne o
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FIG. 4. Behavior of the order parameters of the Kitaev-Kondo lattice as a function of both the Kondo interaction Jx and the electron
doping n., when we fix the electron hopping to /K = 0.2 and Q = Q*, where Q* refers to the staggered wave vector that gives the lowest
ground-state energy. (a)—(d) The bond variables u*, u*, u™*, and u® are strongly suppressed as the system enters the symmetry-broken phase. (e)
The two components of the magnetic order parameter, 7z}, and mf‘(B), do not become finite at the same time as the QPT takes place. However,
they are both degenerate with respect to the sublattice index. For the particular solution shown here, we find mﬁ(B) = 0. (f) The real V¢, and
imaginary V; , components of the CMT order parameter are found to be degenerate to each other in the present model. We point out that the
nonmonotonic behavior of the order parameters at the transition region is due to the numerical precision of the algorithm used to solve the
mean-field equations.
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only for the sake of numerical convenience), and for the fol-
lowing choice of the wave vector, i.e., Q = Q*. It is important
to emphasize that the location of the quantum critical point
separating the FL* from the symmetry-broken phase associ-
ated with a finite CMT order parameter grows monotonically
with the electron doping n.. As also shown in Figs. 4(a)—4(d),
the bond variables u*, u”, u™*, and u* are abruptly suppressed
right after the system undergoes the QPT out of the FL* phase.

Regarding the self-consistent solutions of the magnetic
order parameters mjg(B) and mﬁ(B), we find that in the
symmetry-broken phase only the x or y component of the
in-plane magnetization assumes a finite value, which grad-
ually converges to a constant value as Jg increases. The
magnetization also turns out to be uniform, which means
that it is independent of the sublattice degree of freedom
[see Fig. 4(e)]. In the case of the self-consistent solution of
the CMT order parameter shown in Fig. 4(f), we note that,
despite the breaking of the spin symmetry of the conduction
electrons in the ordered phase, its real Vi , and imaginary V;
components with o € {1, |} remain equal to each other for
all numerical mean-field solutions obtained in this paper. We
point out that these solutions were found without assuming
any kind of constraint between Vi, and V;,. Finally, for
electron dopings such that |n.| < 1, our mean-field analysis
suggests that the QPT out of the FL* phase turns out to be
indeed discontinuous.

V. INSTABILITIES OF THE CONDUCTION-ELECTRON
SYSTEM AND GROUND-STATE PHASE DIAGRAM

In order to describe the SC properties of the present model,
we will examine the pairing self-energies of the conduc-
tion electrons, which are computed by integrating out the
Majorana degrees of freedom of the Kitaev-Kondo lattice
model. This procedure is equivalent to projecting the KSL

J

Db — 2KmIm(g,(K)g: (k)15 — 8a.) — wnllgy (K> — |g.(K)[] " Wy

Hamiltonian onto the Hilbert space of the complex fermions.
As a consequence, the effective action of the conduction elec-
trons becomes

Ser=_ D Wik io,). ik, iw,))
w, ke(BZ)/2

% [l(l)n _ t( ) — K( y lCl)n)] (lIJB(k’ ia)n)>’ ( )

where

oL Ya/p(K, iw,)
lI"A/B(k, iwy,) = <_i0y[wxz/3(_k’ —l(,()n)]T> (34)

is the Balian-Werthamer spinor in momentum-frequency
space and X (K, iw,) is the fermionic self-energy obtained
from the Kondo interaction between the KSL and the conduc-
tion electrons.

In order to evaluate the self-energy Xk (k, iw,) in the
symmetry-broken phase, we use the numerical solution of the
mean-field equations as an input, which is equivalent to setting
My gy = My, mi(s) =0, and Vg , =V}, = v. One can easily
show that ¥ (K, iw,) splits into normal, resonant-exchange,
and superconducting contributions [20,29]. As a result, we
find that the mean-field effective action describing the SC
fluctuations in the system evaluates to

Ssc= Y Y ¥ (K, —iw) AZ(K, i)Yy (K, iw,)

K, bb
+H.c., (35)

where b € {A, B} refers to the sublattice index, AZ%.(K, iw,) =
i(v2/2)ay(a -D%), and Ag‘g(k, iwy) = —Agé(k, iwy) =
i(v? /2)oy(o - D). In addition, the vectors in the expressions
of the SC order parameters are in turn given by
D' =D%2—iD’§and D = D% — iD_§, where

+

[02 + £)/2]" + folk) — f2(k)/4

@2 + g (K)[* 30)

gx(k)

4+ =

where we have used the following definitions:

gx(K) = KuP e km (38)
gk) = KuZe~km (39
2:(kK) = K@we™ ™™ 4 yfe=km 4 1) (40)

fok) = K*m[K*m} — 2Re(g,(k)gk (k)]
+ 18, (K)*|g. (K)I?, (41)

k) = 2K°m; + [g,()” + [g.(K)I*. (42)

Note that these results are for isotropic Kitaev interactions,
ie,K, =K.

(@ + K2m?)l5,(06) — g:00] + &, Wlg: ()1 — g:Wlg, ()
[02 + £&)/2]" + folk) — f2(k)/4

@? + g (K)[* G7

(

Note that the SC action in Eq. (33) breaks inversion
symmetry, since all the staggered phases Q found in the
minimization of the ground-state energy do not represent
time-reversal invariant wave vectors. Besides, this action de-
scribes a triplet state with both even- and odd-frequency
pairing correlations. The former involves sites of both the
same and different sublattices, while the latter refers only to
sites of the same sublattice. This situation bears some resem-
blance to the exactly solvable model studied in Ref. [29],
in which an octopolar Kondo coupling between jei = 3/2
localized magnetic moments and conduction electrons of a
noncentrosymmetric superconductor [54,55] gives rise to a
triplet pairing state with odd-frequency correlations for sites
of the honeycomb lattice belonging to the same sublattice.
However, in contrast to the model investigated in Ref. [29], the
SC state obtained here for the Kitaev-Kondo lattice model has
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)\ B,/ (b)

l0.25

0.20

FIG. 5. Density plot within the first Brillouin zone of the band dispersion E, (k) closest to the zero of energy in the triplet SC phase
of the Kitaev-Kondo lattice model for Jx /K = 1.5. In (a)—(d), we fix n. = 0.1 and vary the electronic hopping as t/K = 0.2, 0.4, 0.6, and
0.8. For /K > 0.6, the Dirac nodal points transform into Bogoliubov-Fermi surfaces (represented by white closed lines). In (e)—(h), we fix
n. = 0.9 and increase the electronic hopping as before. As shown in (e), the nodal structure of the system for 7/K = 0.2 is characterized by a
Bogoliubov-Fermi line. As the hopping ¢ is increased, this Bogoliubov-Fermi line will evolve into two Dirac nodal points [(f)—(h)], while for
even larger ¢ they will eventually transform into Bogoliubov-Fermi surfaces. As explained in the main text, the staggered phase Q is taken at

the wave vector minimizing the mean-field ground-state energy.

one remarkable distinct feature: It exhibits a coexistence of
both even- and odd-frequency pairing correlations for sites of
the same sublattice, although the maximum value of the odd-
frequency component of Agbc(k, iw,) turns out to be always
the dominant contribution (for more details, see Appendix
B). We point out that the simultaneous presence of odd- and
even-frequency pairing amplitudes is fundamentally related to
the underlying time-reversal symmetry breaking in the system
that mixes both components. Indeed, one can see that the
even-frequency component clearly vanishes if the magnetiza-
tion is set to zero (i.e., with the restoration of time-reversal
symmetry). Moreover, the validity of the Fermi-Dirac statis-
tics for the SC correlations is always satisfied here because
the even-frequency component of A%.(k, iw,) is odd under
parity, while the odd-frequency one is even under the same
operation.

In Fig. 5, we show the dependence of the energy dispersion
E, (K) closest to the zero-energy level, which is obtained
inside the symmetry-broken SC phase of the present model.
Depending on the conduction band filling n. and the hopping
t of the model, the SC phase can exhibit either Dirac points,
Bogoliubov-Fermi lines, or Bogoliubov-Fermi surfaces [47]
as nodal manifolds of the bulk spectrum. In fact, as shown
in Figs. 5(a)-5(d), the Dirac nodes appear in the SC state
when the band filling n. and the hopping ¢ are both small. As
the hopping is increased in this case, the Dirac nodes evolve
into Bogoliubov-Fermi surfaces. On the other hand, when the
hopping is fixed for t+ < K and the band filling n, is raised,
the Dirac nodes of E, (k) turn into a nodal Bogoliubov-Fermi
line, which crosses the entire Brillouin zone and disperses
linearly along its transversal direction [see Fig. 5(e)]. As
shown in Figs. 5(f)-5(h), this Bogoliubov-Fermi line can
evolve again into Dirac nodes by simply setting the electronic
hopping to ¢+ ~ K. As the parameter ¢ is further increased,
the Dirac nodes will eventually become Bogoliubov-Fermi

surfaces, as before. In addition, it is also evident from Fig. 5
that these SC states break the Cs point group symmetry of the
original FL* system, giving rise to a nematic superconductor.
Indeed, this can be explicitly confirmed by the evaluation of
the nearest-neighbor SC correlations along each one of the
three types of bonds of the honeycomb lattice.

In Fig. 6, we show the mean-field phase diagram of
the Kitaev-Kondo lattice model at 7 — 0 as a function of
the Kondo interaction Jix and the conduction-electron band

3.0 T 3 T
2.0 Dirac ’ Bogoliubov-Fermi
S nodal-point SC ! line SC
E * i
1.0 | . e
¢ o 00000 t*f***"’*’.f’/.
FL*

0.0 L 1 1 1
0.4 0.8 1.2 1.6

Ne

FIG. 6. Ground-state phase diagram of the Kitaev-Kondo lattice
model as a function of the Kondo interaction Jx and the conduction
band filling n.. The electronic hopping is fixed here to /K = 0.2.
The main features of this phase diagram are the emergence of both
FL* and a triplet SC phase. As explained in the main text, the SC or-
der possesses even-frequency and odd-frequency pairing correlations
and can exhibit for t <« K either Dirac points or Bogoliubov-Fermi
lines as nodal structures of the bulk spectrum. When 7 2 K, these
structures evolve into Bogoliubov-Fermi surfaces when the system
enters the SC state. The staggered phase Q is taken at the wave vector
minimizing the mean-field ground-state energy.
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FIG. 7. Surface-state dispersions in the SC phase with a
Bogoliubov-Fermi surface for a finite system with zigzag edge along
the X direction. In this case, the surface states display the presence of
antichiral modes, which copropagate in the same direction along both
parallel edges in a strip geometry. The model parameters are fixed
here as Jx /K = 1.5, n. = 0.1, and /K = 0.6. The staggered phase
Q is taken at the wave vector minimizing the mean-field ground-state
energy.

filling n., when the electronic hopping is fixed to /K = 0.2.
We focus here only on the interval of doping defined by
0 < n. < 2, since the other half of the phase diagram (i.e.,
for densities satisfying 2 < n, < 4) turns out to be a simple
reflection of the first part due to the particle-hole symmetry
with respect to half filling (i.e., n, = 2). As shown in Fig. 6,
we obtain that the Kitaev-Kondo model indeed displays a
QPT from a FL* at small Jx to a SC phase with triplet
pairing at larger Jx for all values of n.. Also according to
Fig. 6 and as already anticipated from Fig. 5, the phase di-
agram at small values of the hopping ¢ exhibits an abrupt
Lifshitz transition [56,57] (i.e., a transition associated with a
change in the nodal structure) between the gapless SC states
with the Dirac nodes and the Bogoliubov-Fermi line. As ex-
plained before, the further increase in ¢ changes this phase
diagram somewhat, such that both the Dirac nodes and the
Bogoliubov-Fermi line observed in the SC phase transform
into fully developed Bogoliubov-Fermi surfaces. Remarkably,
the SC phase associated with the latter nodal manifolds is also
characterized by topologically protected surface states having
gapless antichiral modes [49], which have the distinct feature
of copropagating in the same direction along both parallel
edges in a strip geometry (see Fig. 7), with the gapless bulk
modes formed by the Bogoliubov quasiparticles supplying the
necessary counterpropagating modes in the system.

Finally, we need to comment on how our results are con-
nected to those obtained in Refs. [3,4]. As explained earlier,
those previous works also discussed the phase diagram of the
Kitaev-Kondo lattice model on the bilayer honeycomb lattice
using different mean-field theories. In fact, their calculations
start from a representation of the spin-1/2 magnetic moments
in terms of complex (Abrikosov) fermions. By applying this
formalism, both Refs. [3,4] found that the Kitaev-Kondo lat-
tice model undergoes a first-order QPT from an FL* to a SC
state with triplet pairing, which is also in qualitative agree-
ment with our present results. However, the main difference
between those two previous works is that the SC state obtained

0.30 '
0.25 - |
ef
sy
<
0.20 |- i
0.15 ! | | !
00 04 08 12 16 20
Ne
FIG. 8. Dimensionless energy difference AE;/(I)}Z =

[E{,?%(Q =0)— Elf,?;(Q = Q*)]/K between the SC ground states
associated with the wave vector Q = 0 and the nonzero staggered
wave vector Q™ for the corresponding hybridization order parameter,
as a function of the doping n. and for fixed /K = 0.2. The order
parameter with wave vector Q* stabilizes the mean-field ground
state, which is always associated with the lowest ground-state energy
in the model.

in Ref. [3] is always gapless and topologically trivial, while
in Ref. [4] the authors obtain fully gapped SC phases as a
function of Jx, which turn out to be topologically nontrivial.
This difference stems from the way the mean-field decoupling
of both KSL and Kondo Hamiltonians is performed.
Furthermore, those previous works that analyzed the
Kitaev-Kondo lattice model assumed that the SC order pa-
rameter of the model is even in frequency and nonzero only
between conduction electrons localized on sites of different
sublattices. This should be contrasted with the approach pre-
sented in this paper, where we obtain both odd-frequency and
even-frequency components for the SC order parameter. In ad-
dition, we also consider that the hybridization order parameter
of the conduction electrons with the spin-1/2 moments—used
to decouple the Kondo interaction—acquires a nonzero stag-
gered wave vector Q* in order to stabilize the mean-field
ground state. This staggered SC state is associated with an
energy lower than the Q = 0 state (this is shown, e.g., in
Fig. 8, where we compare the ground-state energies in the
present model as a function of the doping n,). Since the finite
staggering phase Q* impacts on the SC phase obtained here
as a finite center-of-mass momentum of the Cooper pairs, this
phase turns out to be in fact a PDW state in the present system.
Lastly, we comment on the the fact that the mean-field
theory of the Kitaev-Kondo lattice model in terms of the
SO(3) Majorana representation has one limitation regarding
the regime where the Kitaev-Kondo interaction approaches
the limit r ~ Jg > K. The reason for this is because the
mean-field solution found in this case cannot describe the
heavy-Fermi-liquid phase of the model [3]. Despite this
cautionary remark, we argue here that the SO(3) Majorana
representation is expected to provide a more accurate de-
scription (compared with other mean-field approaches) of the
SC phase in the Kitaev-Kondo lattice model in the regime
t K Jg ~ K, since it takes into account both the frequency
dependence and the staggering nature of the SC order pa-
rameter. In this sense, the present SO(3) Majorana mean-field
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approach can be viewed as a complementary approach for de-
scribing an important part of the phase diagram of this system.

VI. CONCLUDING REMARKS

In summary, we have studied the Kitaev-Kondo lattice
model on the honeycomb lattice by starting from an SO(3)
Majorana representation for the localized spin-1/2 magnetic
moments to decouple the Kitaev interaction and at the same
time employing the CMT order parameter, which involves a
combination of a complex and a Majorana fermion, to de-
couple the Kondo interaction. This approach was found to
give rise to both even- and odd-frequency pairing compo-
nents between the conduction electrons on the honeycomb
lattice. In addition, the SC states that emerge in this case
have triplet pairing correlations, have nematic order, and break
time-reversal symmetry. We have also pointed out that the SC
phases obtained here are in fact PDW states that are accompa-
nied by ferromagnetic order, which persists for larger values
of electron doping and Kondo interaction.

We have shown that the QPT out of the FL* is towards
a gapless SC phase having either Dirac nodes, Bogoliubov-
Fermi lines, or Bogoliubov-Fermi surfaces. The two former
states occur for lower values of the electron hopping, while
the latter takes place when this quantity becomes comparable
to the Kitaev interaction. This result was compared with other
works that analyzed the properties of the Kitaev-Kondo lattice
model, which were based on the application of mean-field
theory in terms of Abrikosov fermions to represent the spin-
1/2 magnetic moments [3,4]. We have emphasized that the
present approach takes into account the full dependence of
the hybridization (i.e., the CMT order parameter) between
the conduction electrons and the Majorana fermions of the
KSL on the staggered wave vector Q. As a consequence,
we have found ground states in the model that minimize the
corresponding energy with respect to this wave vector. Finally,
we hope that the present evidence of PDW states with an odd-
frequency pairing component will motivate future research on
potential candidate materials that may be described by the
Kitaev-Kondo lattice model.
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APPENDIX A: MEAN-FIELD GAP EQUATIONS

The mean-field Hamiltonian for the Kitaev-Kondo lattice
can be diagonalized by the unitary transformation

Y(k) = UK)x (k), (AD)

where Y(k) = (VI (k), UL (k), ¢} (k), c5(K), ..., k) is
a 14-component spinor. The substitution of this last expression

into the mean-field Kitaev-Kondo Hamiltonian yields

14
Hyr = ) Y Ee()x R)xe (k) — NKar'u™

k (=1
— NKyu'u™ + NK.mymy, + N Kymoym,

Vi +V7)

Ly (A2)
Jx

where N refers to the number of lattice unit cells, V7 =
V2 + VR 1 V, = V + V, 1 and E;(k) are the energy dis-
persmns ‘which, due to the complexity of the Hamiltonian,
have to be evaluated numerically.

In view of the expressions in Eqs. (Al) and (A2), the
mean-field equations for the bond variables for finite Kondo
interaction evaluate to

d2
£ — / Z [UT ) Asiyy UK, nr [Ec ()],
BZ

(A3)
d’k

>@) = [UT (KA iy (KU (K
u /BZABZZ () Ao (KUK,

x np[Ee(K)], (A4)

) P’k Sy, ()

myy = — /B T Z (U MG KUK)],,

X np [Ee(k)], (A5)

where Ap; = 8712/ (3+/3a?) is the area of the Brillouin zone
and np (x) = (¥ + 1)7! is the Fermi-Dirac distribution func-
tion. In addition, in order to write down the above equations,
we have employed the following matrices:

Ogxs Dgx2 Ogx2  Ogx2
0 je~km
Auk) = 0oxs ks 0 02x2 022 ’
0218 0252 O2x2  02x2
028 D252 022 O2x2
(A6)
Ogxg  Ogx2 Dgx2 Dgx2
D2y O2x2 Dax2 0252
Ay(k) = 0 je~km ,
Oaxs  02x2 ik 0 O2x2
Oaxg D22 Dox2 0252
(AT)
Osxg  Ogx2  Ogx2 032
O2xs  Oax2  D2x2 D242
An(k) =] 0axg 0Oox2  02x2 D252 ,
0 je—km
O2xs  O2x2  O2x2 (—ieik'“l 0 )

(A8)
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Ogxg  Ogxo  Ogx2 Dgx2 0 0 —i 0
ODaxg  Oaxa D2x2 0252 2x10 22 0 0
Ay(k) =] 02xs  Daxa  02x2 0252 , MiK)=]| Opx2  Oiox2 Oox2 |, (Al2)
Orxs Onez O 0 et Y 0
2x8 2x2 2x2 —ieik'nz 0 0 0 2x10 2x2
(A9) 0 0
D210 022 0 .
O10x2 D10x2 O10x2 , —t
0 0 i 0 MzEk) =] Opx2  Oiox2 O10x2 (A13)
T K) = 2x2 2x2 0 0 Al 0 0
Mio . (AlD) . D2x10 02x2
—i 0 0
D2x2 ) D2x2 .
0 0 On the other hand, the mean-field equations for the com-
ponents of the CMT order parameter are given by
Oi0x2 Oi0x2 Oi0x2 14
o 0 (00 Vo == %% [ 4K Z[uwk)AR/,,a(k)u(k)]e,z
x (k) = o )|, (A1 Bz ABZ {7
0 0 % nplE (K], (A14)
D2x2 . D2x2
0 —i
J
where Agr (k) = ( Dt Eq)';/x’:). Besides, the off-diagonal block matrix Xg/; , refers to
5 . _((0 ® ﬂ)IR/La O4x1 (0¥ @ DIg/10 O4x1 (0 Q@ 1)Igji1,0 O4x1 ) (ALS)
Rito V2 D4x1 (0" @ DIg/10 O4x1 (0¥ ®@ 1)Ir/1.0 D4x1 (0° Q@ 1) Igi16)’
1 0
0 1
IR,T — 0 5 IR,l - _1 ) (A16)
1 0
i 0
0 i
Iy = 0 1, = ; (A17)
—i 0

Furthermore, Egs. (A1) and (A2) also allow us to write down in a compact manner the expression for the conduction-electron
density per unit cell. Indeed, we obtain

14
/Bz Agz Zl[ AU enp[E¢(K)] ALS)

(

where with ®(x) being the Heaviside step function. The physical
staggered wave vector Q of the CMT order parameter is the
< T* (D4X4) 0 one that minimizes EIE,?%
Acl) = | \Osna  T* e (A19)
DO6xs O6x6

APPENDIX B: BEHAVIOR OF THE EVEN- AND

Finally, the ground-state energy of the model per unit cell ODD-FREQUENCY COMPONENTS OF D% (k, ®)

is given by

In Fig. 9, we plot the even- and odd-frequency components
of SC correlation function D’; (k, w) defined in Eq. (36) for the
wave vector k = K at the corner of the Brillouin zone. Note
that the maximum values of the odd-frequency components
of th(k, w) always represent the largest contributions of this
correlation function. We have also checked numerically that
this behavior does not alter, as the momentum k and the
electronic filling n,. are changed.

2
£O _ / d’k
ME BZ ABZ

— Ku'u® + Kemymy, + Kymymy, + 4

ZEe(k)G[ E (k)] — Kol u™

(Vi +V7)
Jx

)

(A20)
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FIG. 9. The » dependence of the odd- and even-frequency components of the SC correlation function D%, (k, w) for the wave vector k = K,
as the electronic filling varies from n. = 0.1 (upper panels) to n. = 0.8 (lower panels).
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