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Emergence of X states in a quantum impurity model
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In the present work, we demonstrate the emergence of X states in the long-time response of a locally perturbed
many-body quantum impurity model. The emergence of the double-qubit state is heralded by the lack of decay of
the response function as well as the out-of-time order correlator, signifying the trapping of excitations and hence
information in edge modes. Surprisingly, after carrying out a quantum information theory characterization, we
show that such states exhibit genuine quantum correlations.
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Introduction. Recent years have seen the rapid devel-
opment of more and more advanced quantum computing
platforms. Leading technologies are based on a variety of
physical platforms [1], such as ion traps [2], neutral atoms
[3], entangled photons [4], or superconducting circuits [5].
In the present work, by demonstrating the emergence of an
entangled double-qubit X state in an interacting quantum
many-body system, we provide an alternative way of stor-
ing and processing quantum information using localized edge
modes.

Understanding the nonequilibrium dynamics of closed,
one-dimensional quantum many-body systems is a challeng-
ing problem. Due to the inherent complexity that emerges
from the interaction between the many degrees of freedom,
general descriptions accounting for universal dynamical phe-
nomena is a rather involved problem [6–8]. Therefore, it is
paramount to investigate models that exhibit analytical, or
partially analytical, solutions, where more controllable and
in-depth studies can be developed. In this direction, quantum
impurity models have attracted significant attention in the
literature [9–18].

Here, we study the dynamical response of a quantum impu-
rity model, namely, the transverse-field quantum Ising chain
with an impurity at its edge [13]. Such an impurity gives rise
to a rich phase diagram, where new boundary phases, with
up to two localized edge states, emerge, see Fig. 1(b) below.
We show that these edge modes can be accessed through the
local control of the impurity and that they hinder the per-
fect spread of energy and information throughout the chain.
In other words, for a suitable finite-time control protocol,
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excitations can be introduced in the chain through the impurity
and a part of them gets trapped in the localized modes. After
relaxation, the state describing the remaining excitations can
take the form of two entangled qubits, also known as an X
state [19]. This opens the possibility of using this setup for
information-processing purposes.

Quantum impurity model. We start by describing the sys-
tem. We consider an interacting quantum system, namely, a
spin-1/2 chain with open boundary conditions described by
the following Hamiltonian:

H0 = −J
N−1∑
j=1

σ x
j σ

x
j+1 − Jh

N∑
j=2

σ z
j − Jhμσ z

1 , (1)

where σ
a=x,y,z
j are the Pauli matrices (two times the spin-1/2

operators) at the site j, J ≡ 1 is the exchange coupling, h >

0 is the external field magnitude, and μ �= 1 represents the
impurity at the edge. Typically, we will assume that N → ∞.

In the fermionic representation, that is, applying a standard
Jordan-Wigner transformation [20,21], the model in Eq. (1)
becomes (see Supplemental Material [22]),

H0 =
∑

i j

[
c†

i Ai jc j + 1

2
(c†

i Bi jc
†
j + H.c.)

]
, (2)

where Ai j = 2h[(1 − μ)δi1 − 1]δi j + (δi, j+1 + δi+1, j ) = Aji

and Bi j = (δi+1, j − δi, j+1) = −Bji. In this fermionic form, we
see that the impurity plays the role of a local potential at the
edge of a one-dimensional spinless p-wave superconductor
[23–25].

This model was introduced and analytically solved in
Ref. [13]. In the Supplemental Material [22], we provide the
main details of this solution. The authors of Ref. [13] have
shown that the presence of the edge impurity, μ �= 1, produces
a new localized (nontopological) mode at the edge j = 1,
beyond the well-studied topological edge mode found by Ki-
taev in the impurity-free case, μ = 1 [23]. Although slightly
different from the transverse field quantum Ising chain, the
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FIG. 1. (a) Sketch of the model in Eq. (1). The impurity (μ) is
described by the gray ball. The large red arrow represents the finite-
time control g(t ) acting at the impurity site. (b) (h, μ)-phase diagram
[13]. The different colored regions highlight the number of localized
modes close to the edge j = 1: zero in the red region, one in the light
blue region, and two in the yellow region. The two dashed black lines
indicate two values of the control parameter h, namely, h = 1/2 and
3/2, which we will use later on in order to cover all the boundary
phases.

model in Eq. (1) still undergoes a quantum phase transition
when (for J = 1) h is changed and crosses the critical value
hc ≡ 1 [13]. For values h < hc and h > hc, the system is found
in the ferromagnetic and paramagnetic phases, respectively.

We highlight that, different from the delocalized (bulk)
modes, the two localized edge modes, which hereafter we will
denote by γ1,2, only appear in specific regions of the (h, μ)-
phase diagram [see Fig. 1(b) below]. Notice that γ1,2 are two
complex fermionic modes, γ

†
i �= γi. Along the line μ = 1, we

recover a physics reminiscent of the Kitaev chain [23]: for h <

1, the mode γ1 exists (topological phase), while for h > 1 only
the delocalized modes are present (trivial phase). The mode γ1

is made up of two real (Majorana) modes, γ1 = (α + iβ )/2,
where α is well localized around j = 1 and β around j = N .
For a semi-infinite chain N → ∞, these real fermions are
practically decoupled from each other, and thus we have two
isolated Majorana fermions. For μ �= 1, the impurity effects
appear. However, the mode γ1 is still present for all μ in
the whole ferromagnetic side, reflecting its robustness against
local perturbations. Concerning the mode γ2, it can appear
in two different regions, depending on the values of (h, μ).
These two regions are h > 1 and |μ| <

√
1 − 1/h, and ∀ h

and |μ| >
√

1 + 1/h.
Figure 1(b) summarizes this information as follows: in the

light blue regions we only have one localized mode, either
γ1 or γ2, while in the yellow region we have both localized
modes. Finally, in the red region only the delocalized modes
are present. Furthermore, it is important to stress once again
that the γ1,2 modes have very different physical origins. The γ2

mode is a direct consequence of the impurity μ �= 1. Putting

it into context, this mode represents the partially separated
Andreev bound state (strongly overlapping here) widely dis-
cussed in Ref. [25], thus it is not topologically protected.
On the other hand, the γ1 mode has a topological origin and
hence it is topologically protected [23,24,26]. The real-time
dynamics of such localized edge states has been experimen-
tally investigated in Ref. [27].

In its diagonal form, the Hamiltonian in Eq. (1) reads

H0 =
∑

κ

�κγ
†
κ γκ . (3)

In the latter equation, summation over κ includes both lo-
calized γ1,2 and delocalized γk fermionic modes. The ground
state |0〉 of the Hamiltonian (1) is the fermionic vacuum of γκ ,
thus γκ |0〉 = 0 for all κ . In the Supplemental Material [22],
we provide explicit expressions for the dispersions �κ .

Local control and response function. We now turn to the
response of the system to finite-time control localized at j =
1. Assuming that the chain is initialized in the ground state |0〉
(which is a zero-temperature equilibrium state) for arbitrary
values of (h, μ), we apply an impulse g(t ) = −g0δ(t )σ z

1 at the
impurity [where δ(·) denotes the Dirac delta function].

This perturbation drives the system out of equilibrium and
injects energy. An experimentally accessible quantity [28] is
the response function

	(t, μ) = i

23

〈[
σ z

1 (t ), σ z
1 (0)

]〉
0, (4)

where σ z
1 (t ) = eiH0tσ z

1 e−iH0t is the operator σ z
1 in the Heisen-

berg representation [29] and 〈· · · 〉0 ≡ 〈0| · · · |0〉. For a
sufficiently small value of g0, the impulse is weak and the
response function (4) describes how 〈σ z

1 (t )〉 evolves [30]. In
the following, we will show that the local monitoring of the
system at the impurity provides important information about
the nonequilibrium dynamics of the considered model in its
different boundary phases.

Firstly, we consider the short-time behavior of 	(t, μ). For
very short times t 
 J−1, we expand the operator σ z

1 (t ) in
powers of Jt to obtain 	(t 
 J−1, μ) ∝ t , regardless of the
point in the (h, μ)-phase diagram. In other words, the short-
time behavior of the response function does not distinguish
the different boundary phases.

To obtain intermediate and long-time behaviors of 	(t, μ),
we use the diagonal form (3) of the Hamiltonian H0. This
allows us to perform the calculation of the expectation value
in Eq. (4), yielding

	(t, μ) =
∑
κ,κ ′

fκκ ′ sin[(�κ + �κ ′ )t]. (5)

The amplitude fκκ ′ is the probability of finding the system
in the two-particle state |κκ ′〉 = γ †

κ γ
†
κ ′ |0〉 after the previously

described perturbation. It reads: fκκ ′ = vκuκ ′ (vκuκ ′ − vκ ′uκ ),
with uκ = uk and vκ = vk for the delocalized modes and
uκ = u(
) and vκ = v(
) for γ
=1,2. These are wave functions
at the edge, j = 1, for the different modes, see Supplemental
Material [22] to find explicit expressions.

The colored curves in Fig. 2 show Eq. (5) for different
values of μ and for the values of h corresponding to the
dashed black lines in Fig. 1(b). Figures 2(a) and 2(b) depict the
results for the paramagnetic phase, h > 1. After an initially
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FIG. 2. Response function (5) for different μ and for two values of h. For very short times t 
 J−1, we can see the general t growth. In
(a)–(c), we go through the different boundary phases: (a) and (b) correspond to the paramagnetic side while (c) to the ferromagnetic one [see
Fig. 1(b)]. The dashed, dashed-dotted, and dotted black lines represent the power-law decays obtained from stationary phase approximation
(see Supplemental Material [22] for details).

linear growth, around t ≈ J−1, the response function starts to
decrease as an oscillatory function with a power-law envelope.
In the regions with only one localized mode (the γ2 mode),
a slower relaxation is observed for 	(t, μ), that is, it tends
to zero according to t−3/2. Figures 2(a) and 2(b) also show a
faster decay of 	(t, μ) along the boundaries μ = √

1 ± 1/h,
	(t, μ) ∼ t−2, although the γ2 mode is absent. Deep inside
the red region of Fig. 1(b) (no edge modes), we have a t−3

scaling for 	(t, μ).
Figure 2(c) shows the results for the ferromagnetic phase,

h < 1. In the region where only the mode γ1 is present (μ <√
1 + 1/h), the scaling behavior t−3/2 is exactly the same

as that observed in the paramagnetic region (when γ2 ex-
ists). Similarly to the paramagnetic side, the power-law decay
changes at the boundary between two different phases. Along
μ = √

1 + 1/h, a much slower decay can be observed, that
is, 	(t � J−1, μ) ∼ t−1/2. Again, the impurity effects can be
detected by the response function even when the mode γ2

(which is a direct consequence of it) is absent.
Deep inside the yellow region of Fig. 1(b), both modes

γ1,2 exist and contribute to the response function. In Fig. 2(c),
we notice their drastic effect on 	(t � J−1, μ): it no longer
decays to zero but instead oscillates indefinitely. In fact, we
obtain

	(t � J−1, μ) ∝ sin �(2)t + O(t−3/2), (6)

where �(2) is the energy of the mode γ2 (since the mode γ1

has zero energy in the large N limit). This coherent oscillation
in the long-time limit appears after the delocalized modes
undergo relaxation, and so the dynamics is effectively gov-
erned only by the two edge modes. In summary, the response
function (4) already shows that local monitoring of the system
response detects the partial trapping of excitations injected by
the local control.

The previously discussed power-law behaviors can
be obtained analytically considering the stationary phase

approximation (SPA) [31]. The Supplemental Material [22]
summarizes our results.

In Ref. [17], the authors have obtained identical results
to those shown in Fig. 2, but for another quantum impurity
model. Their model can be obtained from Eq. (1) through
Jhμσ z

1 → Jhσ z
1 + Jhμσ x

1 , i.e., introducing an extra longitu-
dinal boundary field of strength Jhμ. Despite this distinction
between the boundary terms, both models can be shown to
be dual, in the sense of the Kramers-Wannier duality [32]
(see Supplemental Material [22]). This means that the models
are connected via the transformation h → h−1 (J = 1). Thus,
the upcoming results also apply to the model considered in
Ref. [17] once we make h → h−1.

Measuring the spread of correlations. We continue the
analysis with a commonly used quantifier of information
scrambling [33,34]. The so-called out-of-time order correla-
tion (OTOC) function is given by

C(t, μ) = 1
2

〈∣∣[σ z
1 (t ), σ z

1 (0)
]∣∣2〉

0. (7)

Note that the OTOC (7) depends on the choice of operators
[35,36]. Here, we have chosen a local one to emphasize once
again that the local monitoring of the system can give relevant
information about the nonequilibrium dynamics. Although
similar to the response function (4), it has been shown that
the OTOC carries much more information about the spread of
quantum correlations, even in nonchaotic systems [15,37–43].

It is easy to see that C(t, μ) = 1 − Re{F (t, μ)}, with

F (t, μ) = 〈
σ z

1 (t )σ z
1 (0)σ z

1 (t )σ z
1 (0)

〉
0, (8)

where the out-of-time order structure becomes evident (and
Re{·} denotes the real part). In complete analogy to the re-
sponse function, the short-time behavior of the OTOC is
independent of the region in the (h, μ) diagram. In fact, one
can show that for short times t 
 J−1, the OTOC (7) grows
according to C(t 
 J−1, μ) ∝ t2, independent of μ and h.
This behavior clearly emphasizes the slow, nonexponential
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FIG. 3. OTOC in Eq. (7) for different values of μ and for two values of h. The general short-time growth t2 for t 
 J−1 is observed. Once
again, in (a)–(c) we go through the different boundary phases shown in Fig. 1(b). In (a) and (b), we show results on the paramagnetic side,
while in (c) the ferromagnetic behaviors are shown. The dashed and dashed-dotted black lines in (a) and (b) represent two power-law decays
(see Supplemental Material [22] for details).

spread of information. The impurity model (1) does not sup-
port quantum chaos.

To obtain intermediate and long-time behaviors, the
calculation of the expectation value in Eq. (7) is more
conveniently performed introducing the real (Majorana)
fermions, a j, b j , such that the spin operator at the impu-
rity site can be rewritten as σ z

1 = ia1b1, and so F (t, μ) =
〈a1(t )b1(t )a1b1a1(t )b1(t )a1b1〉0. As shown in Ref. [38], we
can cast the above expectation value in the form of the
Pfaffian of a matrix whose elements are defined by the two-
point correlation functions of the Majorana fermions a1, b1:
Grr′ (t ) = 〈r(t )r′(0)〉0, r, r′ = a1, b1. All the details about the
calculations are relegated to the Supplemental Material [22].

Figure 3 depicts the results for C(t, μ). Regardless of the
region in the (h, μ) diagram, C(t, μ) reaches a maximum
value around t ≈ J−1, and for t � J−1 it transits to another
behavior. When t � J−1, we can see how the presence of
the impurity modifies the behavior of the OTOC (7). In the
paramagnetic phase, Figs. 3(a) and 3(b) show three distinct
behaviors. First, without localized modes, C(t � J−1, μ) de-
cays to zero according to t−3, like the response function,
cf. Figs. 2(a) and 2(b), showing a complete spread of the
information as Jt → ∞.

The effects of the edge mode γ2 on the OTOC can already
be seen along the boundaries μ = √

1 ∓ 1/h for h > 1. In
Figs. 3(a) and 3(b), we observe that the information spreads
more slowly, C(t � J−1, μ) ∼ t−1, compared to the previous
situation.

Inside the regions where only mode γ2 contributes, h > 1
and μ ≶

√
1 ∓ 1/h, the OTOC is given by the blue curves in

Figs. 3(a) and 3(b). Interestingly, as time evolves, instead of
a power-law decay, the OTOC remains finite for all times. In
fact, for large t , we have

C(t � J−1, μ) ∝ 1 − (const.) cos 2�(2)t, (9)

where const. is a (h, μ)-dependent constant. Hence, C(t →
∞, μ) is governed by γ2 in the regions h > 1 and μ ≶√

1 ∓ 1/h. This long-time nonzero value of the OTOC reflects

how the localized character of the wave function of the mode
γ2 around the impurity prevents the perfect spread of the
information (and energy) throughout the chain. Similar results
have been obtained recently for other systems showing local-
ized edge modes [15,39,40,42] and for a system of interacting
electrons in one dimension [37].

Turning to the ferromagnetic side, h < 1, the results can
be found in Fig. 3(c). Due to the presence of the mode γ1

for all μ, we see that the OTOC remains finite throughout
the ferromagnetic region. For h < 1 and μ � √

1 + 1/h, γ1

is the only localized mode that contributes to the OTOC.
Since it has zero energy, C(t � J−1, μ) converges to a finite
value, see Fig. 3(c). Finally, when μ >

√
1 + 1/h and h < 1,

both modes γ1,2 are present, and so the OTOC shows an
oscillatory long-time behavior. The corresponding analytical
result reads: C(t � J−1, μ) ∝ 1 − (const.′) cos �(2)t , where
const.′ is another (h, μ)-dependent constant. The OTOC now
oscillates with frequency �(2) (half of the frequency found in
the paramagnetic phase with a single localized mode). This is
essentially the only difference from the case in which γ2 was
the only contribution.

Emergence of X states. The comparison between Figs. 2
and 3 clearly shows the complementary information pro-
vided by 	(t, μ) and C(t, μ). The nonequilibrium steady state
characterized by the response and OTOC functions unambigu-
ously exhibits the trapping of excitations in the edge modes.
The natural question arises whether the emerging state has
useful and interesting properties.

The time evolution of the system, starting from the
ground state |0〉, after the perturbation g(t ) = −g0δ(t )σ z

1 ,
is given by ρ(t ) = |�(t )〉〈�(t )|, where |�(t )〉 = (cos g01 +
i sin g0e−iH0tσ z

1 )|0〉 (see Supplemental Material [22]). Moti-
vated by the correspondence between the existence of the
modes γ1,2, the behavior of the response and OTOC func-
tions, and the decay of coherences induced by the perturbation
between states with different occupations of localized and
delocalized modes (see Supplemental Material [22]), we trace
out the delocalized modes to obtain the reduced density

L022027-4
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FIG. 4. Purity (blue), concurrence (green), and discord (red) for
the X state in Eq. (10). We used h = 0.5, so μ > 1.7321 in order to
remain in the yellow region of Fig. 1(b), and g0 = 0.5. In the inset
we show the same three quantities but for g0 = π/2.

operator ρloc(t ) = Trdelρ(t ), where Trdel denotes the partial
trace.

For the remainder of the analysis, we restrict ourselves to
the yellow region of Fig. 1(b), where both γ1,2 modes exist.
As shown in the Supplemental Material [22], ρloc(t ) then
becomes

ρloc(t ) =

⎛
⎜⎜⎜⎜⎝

ρ11 0 0 ρ14(t )

0 ρ22 ρ23(t ) 0

0 ρ∗
23(t ) ρ33 0

ρ∗
14(t ) 0 0 ρ44

⎞
⎟⎟⎟⎟⎠, (10)

when written in the basis {|n1, n2〉 =
|0, 0〉, |0, 1〉, |1, 0〉, |1, 1〉} (in this order), where n
 = 0, 1 is
the number of excitations in the localized 
 mode.

We see that ρloc(t ) is an X state [19,44–56]. This kind
of double-qubit state describes a large and important class
of entangled quantum states, ranging from pure Bell states
to Werner mixed states [19]. In the present case, the qubits
consist of combinations of states having zero, one, or two
fermionic excitation in the localized modes, namely, |0, 0〉 and
|1, 1〉 for one qubit and |0, 1〉 and |1, 0〉 for another qubit.

For the quantum impurity model (1), the X structure is a
consequence of the fact that σ z

1 |0〉 yields states with two or
zero excitation, but also couples the localized and delocalized
modes. This allows for part of the excitations to relax, hence
granting access to the four-dimensional Hilbert space spanned
by all possible occupations of the localized modes. This

X -state form of ρloc(t ) cannot exist in the other regions of the
(h, μ) diagram.

In Fig. 4 we collect information-theoretic characterizations
[57], such as purity, concurrence, and discord, of ρloc(t ) (10)
as a function of μ for fixed values of h and g0 (see Supple-
mental Material [22] for other values). For g0 
 1, the state is
approximately pure, but quantum correlations, quantified by
concurrence and discord, are still present. Interestingly, both
concurrence and discord reach a maximal value for small but
finite values of μ. At the boundary μ = √

1 + 1/h (h < 1),
the concurrence and discord are null due to the absence of the
mode γ2.

In the nonperturbative regime, g0 ∼ 1, we have a much
more interesting situation. This is because the nontrivial part
of the evolved state, sin g0e−iH0tσ z

1 |0〉, which is responsible for
quantum correlations, can dominate the trivial part, cos g0|0〉,
when sin g0 > cos g0. Thus, we expect to see an enhancement
of quantum correlations in this regime. The inset of Fig. 4
confirms it. Finally, for very large values of μ, the quantum
state becomes essentially classical.

Concluding remarks. In the present analysis, we have
shown the emergence of X states in a quantum impurity
model. This emergence is the consequence of the nonequilib-
rium response to a local perturbation, and it is heralded by the
long-time behavior of the response function and OTOC. The
state found was also shown to exhibit genuine quantum cor-
relations. In two recent experimental works [58,59], probing
the nonequilibrium dynamics of Rydberg atomic chains, the
authors were able to measure OTOC very similar to ours (7).

Finally, it is worth highlighting the similarity of our results
and the boundary time crystals (BTC) [60]. In our system,
like in BTC, while the bulk undergoes relaxation, 〈σ z

j�1(Jt �
1)〉 = σ z

j�1,eq., where σ z
j�1,eq. is the equilibrium bulk value

before the perturbation, the boundary breaks time-translation
symmetry, 〈σ z

j∼1(Jt � 1)〉 = ϕ j (t ), where ϕ j (t ) is a periodic
function of time. A more detailed analysis of the potential
emergence of BTC in impurity models is left for future work.
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