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In this Supplementary Material, we provide details on
(i) the impurity model, (ii) the OTOC calculations, (iii)
the long-time behaviors of the correlation functions, (iv)
the reduced density state for the localized edge modes,
and (v) the information characterization of our X-state.

I. MODEL

The open boundary condition spin-1/2 chain with an
edge-impurity is described by the Hamiltonian [1]

N—-1
xT x
- Z 0j05+1 —
j=1

where ¢; are the Pauli matrices at the site j and
1 defines the impurity at the edge. After applying
the Jordan-Wigner transformation [2, 3|, o + = (of +

i0Y)/2 = (=1) exp (ZTI'Z

the Hamiltonian of Eq. (1) reads

N
hY o7 — huof, (1)
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Hy = Z {chijcj + = 5 (c BU ;+He )] , (2)

ij

where Aij = 2h [(1 — ILL)(SM — 1] 51‘3' + (5i,j+1 + 5i+17j) =
Aji and Bij = (6i+1’j — 6i’j+1) = —Bji. Following [1, 2,
4, 5], the Hamiltonian (2) can be brought to the form

= Z Tyl + const., (3)

K

where ¢; = Y ujeve + vj,wﬁ represents the Bogoliubov
transformation [2]. ~, are fermionic degrees of freedom:
~1,2 for the localized modes, and ~y; for the delocalized
ones. To guarantee the correct fermionic anticommuta-
tion relations, {yl,7.} = 6w and {77, 7} = 0, the
wave functions u;, and vj, need to satisfy (in matrix no-
tation): 1 = uuT+vv™ and 0 = wvT +vu™, where 1 is the
identity matrix, 0 is the null matrix, and T denotes the
transpose operation. The inverse transformation reads
Y = Zj UjpCj + vjnc;. In what follows, we will work
with the quantities 1, = ujx — vjx and @) = Ujx + Vjk-

As discussed in the main text, the edge modes y¢=1 2
only appear in specific regions of the (h, u)-phase diagram
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(see Fig. 1(b) in the main text). For the 42 mode, these

regions are: |u| > /1+1/h for all h > 0 and |u| <
/1 —1/h for h > 1. The energy and wave functions of
this mode are,

1+ (2 —1)h?
r® = 2|y | ——~L—
|l s
WP = (=1)7h77\/(u* = 1)%h% — 1
! (n? —1)7 ’

1
¢§2) F(2) |: 2’“/} 2 + Qh(l - )53'1%2)
+2(1 = 0,00 ], (4)

where, hereafter, we use the superscript (¢) to label the
mode ¢ = 1,2. The v; mode exists in the entire region
h <1 (topological phase of the Kitaev chain [6]). For
this mode, we have

M~ 2|l (1 = KRN
[T+ 12— 1)]

2n7
1) _ —m2pN (7 — Pl B
9= I (17 - ey )

40 = _sen(u)V1— k21 +h2(u? — 1))
7 h[l + h?(p? —1)]
X [0 (1 — ) + ] 7. (5)

where sgn{-} is the sign function. Notice that in the limit
N = 00, T Y 5 0.
Finally, for the delocalized modes ., we have

I, = 2\/1 + h? — 2hcosk,
2 singk+ h(p? —1)sin(j — 1)k

Vo = N V14122 —1)2 + 2h(u2 — 1) cosk’
ik = Fik [ — 21, + 2h(1 — )11
+2(1 = 6;1)%j-1,k) - (6)

In the continuum limit, we can take k € [0, 7] as usual
[1]. We see that the system gap closes at h = 1, inde-
pendently of p, where the system undergoes a quantum
phase transition [3].
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TABLE I. Asymptotic behaviors of the response function, Eq. (4), and the OTOC, Eq. (7), for the different boundary phases

of the model in Eq. (1).

A. Majorana representation

The model of Eq. (1) can be rewritten in terms of Ma-
jorana fermions. As discussed in the main text, this rep-
resentation is useful for the calculation of the OTOC.

Decomposing the spinless fermionic operators ¢; in the

basis, c} = 2~ & ;ibj

Majorana fermions, a = b7 = 1, {a;,a;:} = {b;, b} =

and ¢; =

, where a; and b; are

<

26, and {a;,b;;} = 0, the Hamiltonian of Eq. (2) is
recast as
N N-1
Ho = ihublal + ithjaj —1 Z bjaj+1 -+ const.. (7)
j=2 j=1

In particular, when p = 0, we can see that the Majorana
fermion a1 totally decouples from the rest of the chain,
[a1, Ho] = 0, and thus it becomes a Majorana zero mode.

Another Majorana representation for the model (1) can
be obtained by defining the new real fermions as fol-
lows: n4,; = z(cj —¢j) and np 1 = (c;r + ¢;), where
Na; =n8; =1 {naj,na;} = {nsj s} = 20;; and
{naj,np,} = 0. Using this new basis, the Hamiltonian
(1) reads now

N—-1 N

h™ Hy = —ipnp,ona,1—i Z 1B,j0Aj+1—ih ! ZUA,jUB,j,

Jj=1 Jj=1

(8)
where the const. term was ignored. The right-hand side
of the above equation is exactly the Hamiltonian con-
sidered in [7] (see its Eq. (4)) once we make h=t — h
and identify 1p o as the ancilla Majorana fermion defined

there.

II. OTOC CALCULATION

Here, we are interested in the OTOC,

1

Ct,w) = 57 (1), o7 (O)]1)o,

= 1 Re{F(t,)},

where F'(t, u) = (0§ (t)o§(0)o%(t)c$(0))o and Re{- - - } de-
notes the real part. Using the first Majorana represen-
tation discussed earlier, we can rewrite of = ia;b; so
that

F(t,/,l,) = <a1 (t)bl (t)alblal(t)bl (t)a1b1>0.

The above OTOC can be calculated applying Wick’s the-
orem since a1 and by are linear combinations of 7, and
~vf. However, as shown in reference [8], this expectation
value can be cast in the form of a Pfaffian of a matrix

M(1),

(10)

F(t, p) = PH{M(1)}.

For our case,

A(0) B(t) 1+ A(0) B(t)
M(t) = —BT(t) A(0) B(—t) 1+ .A(0)
-1+ A0) —-BT(-t) A(0) B(t) ’
-BT(t) -1+ A(0) —BT(t) A(0)
(12)
where we defined the 2 x 2 matrices
A(t) _ (_GOb(t) Gag(t)> , (13)
_ Gaa(t) Gab(t)
B(t) = (Gba(t) be(t)> . (14)

Here, G, (t) = (r(t)r'(0))o, where r, 7' = a1,b1, and 1 is

the 2 x 2 identity matrix. Notice that A(t) = —AT(¢t).
Since, like the determinant, the Pfaffian is invariant

under the addition of rows and columns, we obtain

F(t, ) = PE{M(1)}, (15)
where
A0)  B(t) 1 0
~ | =BT() A0) 0 1
M) -1 0 0 B(t) + BT (-t)
0 -1 —BY(t) - B(-t) 0
(16)

and O is the 2 x 2 null matrix. Performing the calculation,
we find [8]



271C(t, 1) = (Re{Gra()})? + (Re{Gan()})? + (Re{Gaa (1)})? + (Re{Gin (1)}
—2[Re{Ga (1) FRe{Gan(t)} — Re{Gaa(t) FRe{Gr(6)}] [Re{G2,(0)}
+Re{ Gap (1) PRe{Gra (1)} — Im{ G (1) Hm{Gia (1)}
—Re{ Gaa () }Re{Gu (1)} + Im{Gaa () Him{Gun (1)} (17)

where Im{-} denotes the imaginary part.
The two-point Majorana correlation functions in the
above expression, G, (t), are given by

Gab (t) =1 Z ¢nwme_irﬁt7

Gba(t) = [Gab(_t)]*a
Gaa(t) = Z ¢i67ir‘nt7

K

Gup(t) =Y wpre ", (18)

K

where the above summations include both the delocalized
and the localized modes, and we used the notation 1, =

V.-

III. STATIONARY PHASE APPROXIMATION
(SPA)

The long-time power-law behaviors observed for the
response function and the OTOC (see Figs. 2 and 3 in the
main text) can be understood by applying the stationary
phase approximation (SPA) [9].

A. Response function (¢, u)

In the limit N — oo, the summation over the bulk
modes in Eq. (5) is converted to an integral. In the
red region of Fig. 1(b), where we only have delocalized
modes, the response function is given by

q)(t7 /L) = /Oﬂ' dkdk’lfkk/ sin[(l"k + Pk/)t}. (19)

The long-time limit (¢t > J=!) of ®(t,u) is ob-
tained by performing the integration of fig sin[(Ty +
Ty )t] expanded near the extreme points of T +
Ty {(0,0),(0,7), (m,0), (7, m)} [see Eq. (6)]. Expand-
ing around the points {(0,0), (w7, m)} gives us frp ~
k2k"?(k* — k'*), which produces a decay faster than ¢=3.
If we expand fyx around (0,7) (or, equivalently, around
(m,0)), we obtain frr ~ k?(k’ — m)2. This leads to,
Dt > J ) ~ (t*?’/z)2 = ¢73, which agrees with the
numerical calculation of Eq. (5), see Fig. 2(a, b) in the
main text.

When only one of the localized modes 7, 2 is present
(and far from the boundaries), besides the contribu-
tion in Eq. (19), we also have the term [ dk (fre +

(

fer)sin[(Ty, + TE)t]. For the latter, obviously, the ex-
treme points are k = 0, 7, and both of them give the same
result, fre ~ k? (when expanded around k = 7, we have
done a 7-translation). Thus, ®(t > J~' pu) ~ t73/2.
At the boundaries, h > 1 and pu = /1F1/h, fer
behaves as fyr ~ k? around (0,m). Then, ®(t >
J ) ~ t73/2¢t=1/2 = t=2_ However, at the bound-
ary u = /14 1/h and h < 1, the mode ~; contributes,
making fr¢—1 ~ 1 around k = m. This produces the
slower decay seen in Fig. 2(c), ®(t > J~ ', u) ~t~1/2,

B. OTOC C(t, )

As we saw in the Sec. II, to calculate C(¢, u) we need
to know the two-point Majorana correlation functions,
G (1), see Eq. (17). The long-time behavior of G, (t)
can be extracted from the SPA discussed above. In the
red region of Fig. 1(b) (only delocalized modes), from
Eq. (6) we obtain vy, ¢ ~ k around k& = 0. Thus,
Grpr(t > J71) ~ t73/2 (see Eq. (18)). This leads to
C(t > J7 1 u) ~ t73. At the boundaries h > 1 and
w=/1F1/h, Yp,dp ~ 1 (for u = /1 —1/h we have
expanded around k = 0 while for 4 = /14 1/h around
k = 7). Then, G, (t > J~') ~ t71/2, which produces
Clt>J ) ~t=h

In table I we summarize all the results for the asymp-
totic behaviors of ®(t, 1) and C(t, u).

IV. REDUCED STATE FOR THE LOCALIZED
MODES

For the system initially prepared in its ground state
|0) within the yellow region of Fig. 1(b) (where both
71,2 edge modes are present), we turn on the impulsive
perturbation —god(t)of. The system state at time ¢ > 0
will be given by

[T (1)) = e oM exp {—i /0 t dt’cSH(t’)} |0), (20)

where dH(t) = —god(t)oi(t), with of(t) =
etotgze=illot = and T is the time ordering operator.
Using the Dirac delta function property,

|W(t)) = (cos gol + isin goe_iHOtaf) |0), (21)



where it was considered that Hy|0) = 0. Thus, the sys-
tem density operator reads,

p(t) = [W () (¥ (D),
.sin 2¢gg

— cos? go (10)(0]) — i

(I0){0lofet ™),

2 ‘
+Z.SII12 9o (671H0t0f|0> <0‘) ’

. 0 — i '
+sin? go (e~ "°'07|0) (0|05 e oY) (22)

The density operator p(t), being the state of the full
system, provides the time evolution of any average value,
in particular, the local magnetization of the impurity,
given by (o%(t)). However, (c%(t)) can also be obtained
from the response function (4) in the perturbative regime
and, as shown in Fig.2(c) of the main text, its long-time
behavior has persistent oscillations when the two local-
ized modes are present. Next, we show that this is a
signature of the X-state in the reduced density operator
of the localized modes and that couplings (in the sense
of non-diagonal matrix elements of p(t)) introduced by
the perturbation between the edge and bulk modes with
different number of excitations in the later ones decay in
the long-time limit. To see this, we express (oj(t)) as
follows,

(05 (1)) = Tr{p(t)o7},
=Y (lo(®)ln) (0|0 |n), (23)

n,n’

where |n) and |n’) are two Fock states: |n) = |n1,n2) ®

J

4

|1, va, -+ ), being |n1,ng) (with ne=1 2 = 0,1) the local-
ized edge modes part and |vy,vg, -+ ) (with v; =0, 1) the
delocalized modes part. Because o7 creates zero or two
Vs excitations (o = 2c}cj — 1), the non-zero terms in
the above expression are terms where |n) and |n') differ
by zero or two excitations. These excitations can occupy
edge or bulk modes. However, in the long-time limit,
t > J~1, not all of those terms will survive due to the
presence of high oscillatory factors. For instance, let us
analyze the matrix elements (kk’| ® (0,0[p(t)|1,0) @ |k”),
where |k) = 7,1|0d> and |kE') = 7};7};,|0d>, being |04) the
delocalized fermionic vacuum, v; = 0. The last term of
Eq. (22) gives us (the others are zero),

z

(kk'| © (0,0]p(t)[1,0) @ |K") ~ e~ " TetTr =Tt (94)

Thus, the sum over all states like this in Eq. (23), is a
sum of high oscillatory terms, which goes to zero when
t > J~1. Therefore, the only surviving coherences in the
long-time limit are those corresponding to Fock states
with equal number of excitations in the bulk modes. In
the long-time limit, the relevant content of p(t) is hence
concentrated in the subspace spanned by the states with
0, 1 and 2 excitations in the edge modes, i.e., in the
reduced density operator obtained by

Ploc(t) = Traer p(t),
= Z (vi,v9, - |p(®)|v1,v2, - -+ ). (25)

V1,V2, "
After performing the above calculation, we find

Ploc(t) = p11]0,0)(0,0] + p22|0, 1)(0, 1| + p33|1,0)(1, O] + paa|1, 1){1, 1],
+p14()]0,0) (1, 1] + p14(#)[1,1)(0, 0] + p33(¢)[1,0)(0, 1| + p23(t)]0, 1)(1,0]. (26)

In the matrix representation this reads,

Pt 0 0 pua(t)
0 p22  pas(t) 0 (27)
0 p33(t)  pss 0
Pia(t) 0 0 pas

Plor:(t) =

where

pr1 = cos® go +sin’ go | [Y1>+ Y [Talk, k)|,
kk! (k#£k)

(

pa2 = SiHQQOZWS(k)\Q,
k

P33 = SiHQQOZ|T4(k)\2,
!

pas = sin® go| 5%,

. sin 2
p1a(t) = TE (T1 sin? go — @ 290> ,
pas(t) = sin® go Y T (k)i (k). (28)
k



The functions T; in the above expressions are
Ti=-1+2) o, (29)
k
To(k, k') = 2e et )ty (
Ts(k) = 2¢~ {Tstt [U(Q)uk - vku(z)] ;o (
Ty(k) = 9¢—iTk+T )t [v(l)uk - vku(l)} , (32)
(

T, = 2 i@+t [vm)u(l) _ v(l)u@)} 33)

Notice that T; is time-independent.

V. PURITY, ENTANGLEMENT AND DISCORD

The purity is obtained as usual from Trioepd . (¢), with
Ploc(t) given by Eq. (10). The entanglement measure is

given by the concurrence, 0 < C'(pioc(t)) < 1, which can
be obtained in terms of the matrix elements of the X-
state as follows [10]

C(proc(t)) =

max{0, 2(|p14(t)| — v/P22P33), 2(|p23(t)| — \/P11paa)}-
(34)

Finally, the discord is obtained following Refs. [11, 12].
In Figs. 1 and 2 we show the results for these three quan-
tities assuming different i values.
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FIG. 1. Purity, concurrence and discord for the X-state in Eq. (9).
need to satisfy u > /14 1/h. Here we take go = 0.5.
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FIG. 2. Purity, concurrence and discord for the X-state in Eq. (9).
need to satisfy u > y/1+ 1/h. Here we take go = 7/2.
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