PHYSICAL REVIEW B 114, 014206 (2026)

Signatures of infinite randomness in transport properties of strongly disordered spin chains
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We study the spin transport properties of some disordered spin chains with a special focus on the distribution
of the frequency-dependent spin conductivity. In the cases of interest here, the systems are governed by an
effectively infinite disorder at low energies. A hallmark of this behavior is the wide discrepancy between the
average and the typical values of some physical quantities, which are described by extremely broad distributions.
We show that such is also the case of the spin conductivity, whose average value is metallic but whose typical one,
the physically relevant quantity, is insulating. This solves the apparent contradiction between the prediction of
a spin metallic phase of the spin-1/2 disordered XX chain and its known localized behavior (after a mapping
to free fermions). Our results are based on analytical and numerical implementations of a strong-disorder
renormalization group as well as exact diagonalization studies. We present our analyses in very general terms,
valid for systems of any spin S value, but the cases of § = 1/2 and 1 are studied in greater detail.

DOLI: 10.1103/8791-qncz

I. INTRODUCTION

In one-dimensional spin systems, the interplay of quantum
fluctuations and disorder leads to distinctive behavior [1-3].
Broadly speaking, in a wide class of systems and regimes,
which include the spin-1/2 Heisenberg and XXZ models, the
effective disorder grows without limit at increasingly lower
energies and longer length scales. This unique feature allows
for unprecedented detail and precision in their theoretical
description, which is characterized by many universal fea-
tures, for a broad range of initial bare coupling constant
distributions. For example, thermodynamic properties can be
obtained exactly at low temperatures 7': the specific heat and
the magnetic susceptibility behave as ¢y (T) ~ | In T |~0+1/¥)
and Tx(T) ~ |InT|~"/¥, where v is a universal exponent.
The most striking signature of this infinite randomness fixed
point (IRFP) [4], however, is the extremely broad distribution
of some physical quantities. For example, the spin correla-
tion function in the ground state, C(x) = (S(0)S(x)), shows
a power-law decay in its arithmetic average value C,, ~ x~2,
whereas its geometric average (typical) value is a stretched ex-
ponential Cyyp, ~ e VAE [4-6]. All of these results stem from
a rather simple approximate physical picture of the ground
state and the low-energy excitations. According to this picture,
the ground state consists of a collection of singlets formed by
spins at random positions and arbitrarily large distances [4],
the so-called “random singlet phase.” The low-energy exci-
tations amount to breaking the most weakly bound random
singlets. All of these results were obtained through a strong
disorder renormalization group (SDRG) method, which leads
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to exact results when the flow of the effective disorder is
governed by an IRFP [1,2].

Dynamical properties of several random spin S chains
(with S = 1/2 and 1) have also been studied with the SDRG
[7,8]. In particular, the dynamical spin correlation function
and the frequency-dependent spin conductivity of these chains
have been analyzed in the low-frequency and long-wavelength
limits. A surprising result of this analysis was the observation
of a spin-metallic phase (i.e., with a diverging spin conduc-
tivity in the thermodynamic limit) for all the random singlet
phases of these systems. As is well known, single-particle
states are always localized in one dimension in the presence of
uncorrelated disorder [9,10], but interaction effects may well
lead to a metallic behavior. An intriguing feature, however,
is the fact that one model found to be a spin metal is the
spin-1/2 XX chain [7,8]. This system can be mapped into
a free-fermion system with a Wigner-Jordan transformation,
which would seem to contradict the localized nature of single-
particle states in one dimension. The equivalent free-fermion
model has off-diagonal disorder only, which translates into
particle-hole (chiral) symmetry. In this case, the localization
properties of the state at E = 0, w};hzo (x), reflect the additional
symmetry and are anomalous. More specifically, its envelope
is a stretched exponential IﬂEphzo(x) ~ ¢V*/¥ in contrast to the
exponentially localized behavior found in the generic situation
Y (x) ~ e*% [11,12]. This anomaly has led to a great deal
of confusion in the literature, with claims of a putative ex-
tended nature of the state [13,14]. These have been dismissed,
however, since they were largely based on a definition of
the localization length & that assumes incorrectly an expo-
nentially localized state wg};o(x) ~ e/, only to conclude
that £ — oo.
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This calls into question the diverging low-frequency spin
conductivity found with the SDRG. A clue is the nature of
the distribution of DC conductance g in one dimension, which
is known to be extremely large not only in the usual case of
localization [15—-17] but also for the particle-hole symmetric
free-fermion model of interest here [18,19]. In the latter case
and for a system of length L, it has a broad distribution
with the average conductance behaving as g, ~ L~'/?, the
standard deviation as Ag ~ L™/ while the typical (geomet-

ric average) decays as gyp ~ e VL, Therefore, the average

DC conductivity diverges with the system size as o,y ~ v/L,
its standard deviation goes like Ao ~ L34, and its typical

value is strongly suppressed, oiyp ~ Le"VE, reflecting the
anomalous localization of the single-particle state. In other
words, the distribution is strongly non-self-averaging with
both Ag/g.y = Ao /o4 — 00 and gay/&iyp = Oay/Otyp —> OO
as L — oo. Note that this DC behavior can be captured
within the SDRG [20]. The Drude weight of the fermionic
model (which translates into the spin stiffness of the XX
chain) confirms these conclusions [21]. Since the results for
the frequency-dependent conductivity were obtained for its
average value, it is important to revisit this question from the
perspective of the full distribution.

In this work, we show results for the zero-temperature
frequency-dependent spin conductivity of spin-S random
chains in their random singlet phases. We pay particular at-
tention to their distributions in general and to their average,
variance, and typical values in particular. The distribution
is shown to become increasingly broader as the frequency
decreases. As a result, although the average spin conductiv-
ity diverges logarithmically as @ — 0 in the thermodynamic
limit, its geometric average, which we take to be representa-
tive of its typical value, vanishes with decreasing frequency
as expected from the DC behavior. This applies both to the
random singlet phase of the spin-1/2 XXZ model and the
two random singlet phases of the SU(2)-symmetric spin-1
chain [22]. In addition, our analytical results suggest that the
same behavior should be expected for a much broader class of
systems, i.e., any rotationally invariant spin-S chain governed
by an IRFP [23].

Our analysis is based, for the most part, on an SDRG
treatment, but we also show exact diagonalization results for
the spin-1/2 XX chain, where the free-fermion mapping al-
lows for an exact numerical treatment [24]. We develop the
necessary SDRG tools in a form that is valid for any spin-S
Hamiltonian with a conserved total magnetization in a given
direction (taken to be the z-direction), although our main focus
is on the particular cases of § = 1/2 and 1. We thus generalize
to any S the tools previously formulated for S = 1/2 and 1
[7,8]. Our implementation of the SDRG combines analytical
calculations and numerical simulations.

This paper is organized as follows. In Sec. II, we introduce
the class of spin models we are going to study, devoting
special attention to conserved quantities, in particular the z
component of the angular momentum. We review the SDRG
technique and the thermodynamic properties of the spin
chains studied here in Sec. III. The derivation of the current
renormalization is addressed in detail in Sec. IV. We present
analytical results for the average and the standard deviation

of the conductivity distribution in Sec. V. The numerical
SDRG flow is presented in Sec. VI, where the distributions of
conductivity are probed for both anisotropic spin-1/2 chains
and bilinear-biquadratic spin-1 chains. Finally, in Sec. VII we
summarize our findings and propose future directions.

II. MODEL

We consider the most general random one-dimensional
SU(2)-symmetric spin-S model with nearest-neighbor inter-
actions,

HSV® — Z Zj(k)(s SJ-H) 1)

j k=1

where J;k) are independent random variables, and S; are the
usual spin operators. The sum over k runs from 1 to 2S5 [23],
resulting in 2§ possible linearly independent terms. In the
particular case of spin-1/2, we allow for anisotropy in the z
direction, yielding the so-called XXZ model, whose Hamilto-
nian is given by

XXZ J_ X
H ZJ J J+1 S§S}+1) +A4; S/S§+1] @

with the random variables JjL >0and —1/2 < A; < 1 ob-
tained from independent distributions. We use units such
that 7 = 1.

To analyze the transport properties, the first step is to
identify the constants of the motion. Given the symmetry of
the Hamiltonian in Eq. (1) under global rotations, the three
components of the total angular momentum are conserved. As
for Eq. (2), the SO(2) symmetry group of rotations around the
z axis guarantees that only the z component of the total angular
momentum is conserved. Moreover, since these Hamiltonians
are independent of time, the energy is also conserved. In this
work, we focus on spin transport only, leaving heat transport
for future work.

To unify the approach for both kinds of systems, we focus
on the z component of spin, whose density isn; = }IS} where
a is the lattice spacing. A consequence of the above symme-
tries is the local conservation of the spin current (density),
described by the continuity equation
on; + 0,7, =0 3)

ot N
Here, 7; represents the current flowing from site j to j + 1,

and d,7; is a short-hand notation for the lattice derivative

Tjp1—Tj on;
0,7; = -=_—*. Using the Heisenberg equation of motion, —*

is related to the commutator of n; with the Hamiltonian,
yielding
oct; =i[n;, H]. @

By writing the Hamiltonians in Egs. (1) and (2) generically
asH =), Hj 1, Eq. (4) can be solved for the current oper-
ator on a given bond,

=i[S3, Hj j11],
= —i[S541. Hjjn1]. ®)

014206-2



SIGNATURES OF INFINITE RANDOMNESS IN ...

PHYSICAL REVIEW B 114, 014206 (2026)

The two equivalent ways of writing (5) can be easily ver-
ified by subtracting one from the other and noticing that
[S5 + 85,1, Hj j+11 = 0, given the SO(2) symmetry of all the
models con31dered here. We will take advantage of these two
equivalent forms to simplify the calculations in the next sec-
tions. The total current is found by summing over all sites,
T=) 7

The commutators in Eq. (5) can be explicitly calculated for
both Egs. (1) and (2). For the spin 1/2 case [7,8], we find

JJ_

T = (S+Sj+1 S7ST) (6)
For the generic SU(2)-symmetric class of spin-S Hamiltonians
in Eq. (1), it is convenient to rewrite the dot product operators
(Sj - S;+1)k in terms of irreducible spherical tensors, whose
simple commutation relations with S% make the calculations
dramatically easier [23]. We do not take this route here, as
the explicit form of 7; is unnecessary for the future sections.
However, we devote particular attention to the S =1 case,
which is analyzed in greater detail later on. In this case, going
back to Eq. (1), we call J; = J;]), D; = J;2), and we write the
Hamiltonian as

=1 =3 1U;S; - Sj1 + Di(S; - S141)]. (N
J
This case is simple enough for the commutator in Eq. (5)

to be computed without introducing the spherical tensors. A
straightforward calculation then yields

Tjs: j(5+ 1 =SS
+i7j[(51+5;+1 7S;L+1)Sj'sj+l_H‘C.]' ®)

The approach we take to analyze the transport is to im-
plement an SDRG procedure, which allows us to numerically
calculate the conductivity distribution while computing its
average and standard deviation analytically. This distribution
ultimately determines the insulating or metallic character of
the disordered chain. Before addressing the transport proper-
ties, we review in the next section the SDRG procedure for
these systems, as well as their SDRG flow.

III. THE SDRG METHOD

To analyze the transport properties, we implement the
SDRG approach to the models defined in Egs. (1) and (2).
For future reference, we will briefly review how the method
works, especially as applied to the systems of interest here.

The basic SDRG step consists of replacing the most
strongly coupled pairs of sites by their lowest-lying multiplet
while renormalizing the neighboring couplings. For each bond
(J, j + 1), there is an associated local gap between its ground
state and the first excited state; see Fig. 1. Let us assume, for
concreteness, that the largest local gap of the chain, called
2, is formed by the pair of sites 2 and 3, and that this bond
is much stronger than the neighboring ones. Throughout this
section, we split the Hamiltonian into two parts, i.e., H =
H() +V, with

Hy=Hy3, V =H,+Hzga, 9

S, S, S, S
.1.2'3.

singlet / \g #0

l~14=l1+lg+13 1*[1+(1*(1)72 l;—lg-t—glz

' : . .

Sh T1,4 Sy S T1 g T3 Sy

FIG. 1. Schematic real-space renormalization of the spin chain
and its effect on the current operator for arbitrary spins S;. We assume
that the largest local gap comes from sites 2 and 3. There are two
types of processes, depending on the total angular momentum of the
ground state of the most strongly coupled pair. If the ground state is
a singlet, the two sites are removed from the chain, leading to an
effective current operator between sites 1 and 4 (%, 4), which are
separated by [, 4. If the ground state is not a singlet, an effective
spin § is added to mimic the ground-state multiplet. The current
operators 7 3 are renormalized and the distance between spins 2 and
3 is distributed among /; and J5. In the cases studied in detail in this
work, § = S, implying ¢ = 1/2 and the distance I, getting distributed
equally.

indicating that the bonds connected to sites 2 and 3 are small
perturbations to the strongly coupled pair. The bonds not
connected to sites 2 and 3 do not change to leading order in
perturbation theory, and are thus ignored in the decimation
step.

In the spin-1/2 XXZ case [Eq. (2)], 2 = Jj(l + Ay)/2.
The pair of spins 2 and 3 is then frozen in its singlet ground
state. A new coupling between spins 1 and 4 is found in
second-order perturbation theory, originating in virtual exci-
tations of the frozen singlet [4], and is given by

- Jitt Jit
J]L4 — - 1v3 — 1v3 . (10)
1+ 4y 22
On the other hand, the anisotropy renormalizes as
~ (14 Ay)
A14=A1AgTz. (11)

For the spin-1 case [Eq. (7)], the decimation rules are richer,
as the local ground state can be either a singlet, a triplet, or
a quintuplet. These possibilities are represented in Fig. 2(b).
For this analysis, it proves convenient to define polar variables

(rj,6;) in the (J;, D) plane: r; = | /J7? 4+ D% and tan 6; = 7

The different local ground states of spins 2 and 3 are then
determined by the value of the angle 6,. For —37/4 < 6, <
arctan =z, the two spins are locked in a singlet ground state.
The nelghbormg couplings are renormalized in second-order
perturbation theory according to [22,25]

7= 4(i —D/2)(Js —D3/2)  D\Ds (12)

. 3(J, — 3D,) 9(J — D)’
Dr=— D105 (13)
YT 9, =Dy

It arctan z < 6, < /2, then the local ground state is instead
a triplet, the pair of spins is replaced by an effective spin-1 de-
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FIG. 2. Phase diagram of (a) random spin-1/2 (XXZ) and (b) ran-
dom spin-1 chains. The blue and red regions correspond to mesonic
(mRSP) and baryonic (bRSP) random singlet phases, respectively.
The gray regions are outside the scope of this work. (c) For the
mRSP, the ground state consists of singlets formed by pairs of spins
located at random positions. The singlets can be formed by spins
arbitrarily far apart. Typically, long singlets are weakly bound and
are the first ones to be broken at temperatures comparable to their
effective coupling (dashed line). (d) For spin-1 chains, there is also a
bRSP in which the ground state consists of singlets formed by spin
trios (or with higher multiples of 3).

gree of freedom, and the adjacent couplings are renormalized
according to

- Ji Dj

szzj—l—TJ, (14)
- D;

Dj=—7. (15)

In this work, we do not consider flows in the region of the
phase diagram that require decimations where 5 < 6, < o
when the pair of spins 2 and 3 is replaced by an effective spin-
2 degree of freedom. In this case, the SDRG generates spins of
all sizes S > 1 [23], and the technique used below to compute
the transport properties needs to be generalized.

We now review the flow of both the spin-1/2 XXZ and the
spin-1 models. From the structure of the SDRG transforma-
tions, it is obvious that the ground state consists of a collection
of singlets formed by spins at arbitrary distances, a so-called
random singlet phase (RSP) [4,26]. The ground-state struc-
tures of the models studied here are shown in Figs. 2(c) and
2(d).

We consider the spin-1/2 XXZ model with random J; and
fixed A. In this case, the anisotropy is an irrelevant perturba-
tion around the A = 0 point, whose basin of attraction extends
from—1/2to 1, as depicted in Fig. 2(a) [4]. Asymptotically, the
energy scale 2 is determined, therefore, only by the values
of in. The Heisenberg point A; = 1, Vi, is special in that it
exhibits an enlarged SU(2)-symmetry, which is preserved by
the SDRG flow. As a consequence, A; remains equal to one
throughout the flow, as can be checked from Eq. (11). In either
case, the ground state is a collection of random singlet pairs,
as shown schematically in Fig. 2(c).

The SDRG flow of the spin-1 chain, Eq. (16), is more
easily analyzed by working in polar variables. In this case,

the Hamiltonian is rewritten as

HS=' = " rj[cos 0;(S; - Sj41) + sin0;(S; - S;1)°]. (16)

J

In this paper, we focus only on initial bare distributions with
uniform angles 6; = 6y, Vj, whereas r; is assumed to be ran-
dom with a sufficiently broad distribution. The ground state
and thermodynamic properties are determined by the initial
angle 6). When —3m /4 < 6y < /4 [see the blue sector of
Fig. 2(b)], the ground state consists of a collection of random
singlets formed by pairs of spins, a structure identical to the
spin-1/2 case Fig. 2(c). The low-energy excitations consist of
free spins-1 found by thermally breaking such singlets. The
ground state and low-energy excitations are SU(3)-symmetric,
an emergent symmetry not present in the bare Hamiltonian
[22]. This is a consequence of a generic feature of SO(N)
random spin chains, which exhibit enlarged SU(N) symmet-
ric random-singlet ground states [27,28]. Because the singlet
pairs can be viewed as bound states of SU(3)-symmetric
quarks and antiquarks, in analogy with hadronic physics, we
call this phase mesonic. On the other hand, for 7 /4 < 6y <
7 /2 [the red sector in Fig. 2(b)], the ground state consists of
a collection of singlets formed by integer multiples of three
spins, as shown schematically in Fig. 2(d). Again, the ground
and low-lying excited states formed by breaking the singlets
are SU(3)-symmetric. This phase is referred to as baryonic,
as the singlet trios can be seen as bound states of three SU(3)
quarks, here realized as spins-1 [22]. Even though the initial
angle 6; is assumed to be the same for all bonds, as the
SDRG proceeds, the angles also become disordered. At low
energies, however, the distribution of 6; flows back to a §
function, and the angles tend to a unique fixed point value.
These are the angular fixed points [22,23]. Also importantly,
at low energies, the flows of 6 and » decouple from each other.

The SDRG flow of the SU(2)-symmetric spin S > 1 sys-
tems of Eq. (1) has been studied in Ref. [23]. As mentioned
before, generic SU(2)-symmetric spin-S chains have 2§ in-
dependent couplings per bond. Similarly to the S =1 case,
the SDRG rules are simplified when recast in terms of radial
and angular variables. A collection of angular fixed-points
are found [23], a generalization of the ones found for the
spin-1 case. For the generic SDRG rules, we refer the reader to
Ref. [23]. When the spin sizes do not grow under the SDRG
flow, different types of random singlet phases are found for
S > 1, which are all fairly similar to the mesonic spin-1 phase
described above.

For both the XXZ spin-1/2 and the spin-1 case [in fact,
for all the SU(2)-invariant models], if the initial disorder
is strong enough, the effective disorder strength, measured
by the ratio of the standard deviation to the average of the
renormalized distribution, grows without bounds under the
SDRG transformations [1,4]. The SDRG method becomes,
therefore, asymptotically exact, and the physics is governed
by an infinite randomness fixed point (IRFP). The RSPs are
distinguished by the tunneling exponent v, which governs the
activated dynamical scaling of the energy with the length of
excitations [4]: In(2) ~ —LY. In the models of our interest,
Y = 1/k, where k is the minimal number of spins forming
singlets in that phase, thus, k = 2 for the XXZ and mesonic
phase and k£ = 3 for the baryonic phase (see Fig. 2). Physical
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observables, such as specific heat and magnetic susceptibility,
are determined by . For instance, the magnetic susceptibility
reads x ~ TTog 777+

For transport properties, besides the coupling distribution,
it is also necessary to follow how the bond lengths flow. Given
the structure of the SDRG flow, it is generically clear that if a
pair of sites j and j + 1 is removed (singlet decimations), the
length [; is renormalized as

L=l +1+1. a7
For first-order decimations, in which the pair j and j + 1
is replaced by a new effective spin, the new lengths are

Loy =11 + 315, (18)

liv1 = Lis1 + 31, (19)

i.e., we assume the length of the decimated bond /; is equally
split between its neighbors. For a schematic representation of
the SDRG step, see Fig. 1. Generically, the characterization of
the SDRG flow involves the joint distribution of couplings and
lengths. These distributions remain correlated to each other,
even asymptotically [4]. This feature has important conse-
quences for transport properties, and we will come back to
it in Secs. IV and V. After revising the SDRG scheme, we
are now ready to address the transport properties of the spin
chains.

IV. CURRENT RENORMALIZATION

In the spirit of the SDRG, we need to work out the renor-
malization of the current operator when a given pair of sites
is decimated, following the decimation steps described in
Sec. III. This was first done for S = 1/2 and 1 in Refs. [7,8].
We repeat this procedure here with three goals in mind. First,
we want to generalize it to higher-spin Hamiltonians. Sec-
ond, we will use a slightly different technique which is more
flexible and also generalizable to other transport properties.
Finally, this approach will allow us to reach an important
conclusion: the current retains its form under renormalization
[see, e.g., Egs. (6) and (8)] with the difference that the cou-
pling constants are the same ones as those that appear in the
renormalized Hamiltonian [Egs. (10), (11), (12), and (13)].

We start by focusing on the 7 = 0 Kubo formula for the
frequency-dependent spin conductivity in its Lehmann repre-
sentation [7,8]

a(a))zw—lLZ

m

2
§(w—Eyn),  (20)

ZIIRA)
J

where (m|>_ j 7;|0) is the matrix element of the total current
operator between the many-body ground state |0) and excited
states |m) with energy E,, (measured with respect to the
ground state), and L is the system size.

The SDRG decimation contains, as any renormalization-
group procedure, two elements: (i) a truncation of the Hilbert
space (elimination of some high-energy states), and (ii) a
change of the truncated Hamiltonian (a “renormalization”)
that incorporates into it some information from the eliminated
states. This renormalization is performed in order to retain,
up to some desired accuracy, the form of the low-energy

spectrum in the truncated Hilbert space. Analogously, when
focusing on some physical operator such as the current, it
should also suffer a renormalization so that, after truncation,
the operator retains the same action in the truncated Hilbert
space as it had before (again, up to the desired accuracy).
Thus, we should determine how the current operator is renor-
malized at each SDRG decimation step. In order to do this,
we again assume that the decimated, strongest local gap is
between sites 2 and 3. The current operator across the four
sites considered here can be written as

T4 =01+ bty + i3, 21

where [; is the length of the jth bond. These lengths are
equal to 1 in the original chain but, as will be shown later,
renormalized current operators add algebraically just like the
bond lengths under the SDRG flow. Therefore, we need to use
the form in Eq. (21) if we want to follow the current renormal-
ization. The other current operators t;, with j # 1, 2, 3 are not
affected by the decimation step.

The renormalized current has contributions from each term
of Eq. (21), leading to an effective current between sites 1 and
4 given by

Ta=hTH + bt + ki, 22)

where we define %; as the contribution of 7; to the renor-
malized 7 4. It is important to note that each of these three
contributions must be written in terms of the degrees of free-
dom in the truncated Hilbert space. Therefore, in this case,
none of them can involve the spins 2 and 3. The details of the
calculations of these contributions are shown in Appendix A.
Here, we only summarize the results.

Let us consider the case in which the ground state of the
strongest coupled spin pair is a singlet (see Fig. 1). Hj4
represents the effective Hamiltonian connecting sites 1 and 4
after the first SDRG step (remember that sites 2 and 3 were
removed from the chain). Note that A 1.4 1s written in terms of
the renormalized coupling constants [e.g., as in Eqs. (12) and
(13)]. In this case, the three contributions %; (j =1, 2, 3) are
all equal (see Appendix A) and can be conveniently written as
a commutator involving only objects that live in the truncated
Hilbert space [cf. Eq. (5)]

T =% =% =[S}, 4] (23)
= —i[$5. 4. (24)

The renormalized current operator has retained its form but it
now involves the effective couplings present in the renormal-
ized Hamiltonian H; 4. From Egs. (23) and (22) we obtain, in
general,

flu=0+hL+h)E =01 (25)

Note how the lengths that multiply the current operator are
renormalized in the same way as the bond lengths themselves,
as given in Eq. (17). This result is quite general and valid
for any spin-S Hamiltonian (with a conserved total S%). For
the XXZ spin-1/2 model, the decimation procedure has been
previously derived in Refs. [7,8], and

jJ_
X7 = i%(sfS; —S78hH), (26)
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with Ji}; given in Eq. (10). As to the spin-1 chain,

J
o = TSy -8

+ i%[(sfs; — S80S -S4 —Hel  (27)
Notice that, as anticipated, Egs. (26) and (27) retain the func-
tional forms of Egs. (6) and (8).
When the ground state of the strongest coupled pair is not
a singlet but rather a spin § multiplet (see Fig. 1), the SDRG
step involves, as mentioned before, removing sites 2 and 3
and replacing them with an effective site with spin S. Here,
S represents the ground-state multiplet of the spin pair. The
renormalized Hamiltonian after the SDRG step can be written
as H1,4 = 1-71,(2@ + 151(2,3),4, where we use (2, 3) to denote the
effective spin-S. The calculation in Appendix A shows that

Tia =L+ - 9hlti + (3 + gh)t, (28)
with

T =[S}, Hi.3)]. (29)
Ty = —i[S5, Hos)4), (30)

where

SE+ 1D+ 88 +1)— S5(S34+ 1)
g= -~ . 31
285+ 1)

For the cases considered in this work, S, = S35 implying that
g=1/2. Once again, 7; and 73 retain their original form
and are conveniently written as commutators involving only
objects in the truncated Hilbert space. Moreover, this result is
also valid for any spin-S Hamiltonian (with a conserved total
S9). Particularizing to S = 1,

Ji o x .
7=l = iEI(Sf“S‘ — 578

D N - ~
+iZ[(S/5 -5, 898 -8 ~Hel (32

where S is the spin operator in the ground multiplet § and
Ji and D, are given in Egs. (14) and (15) (%3 follows analo-
gously).

The decimation process is depicted in Fig. 1. By iterating
the above procedure, it becomes clear that, as the energy scale
is lowered from 2 to €2,

DT ijl}f,-, 33)
j

with the sum on the right-hand side restricted to the nondeci-
mated sites and the length scales /; and operators ; calculated
at the RG scale 2 after sequentially applying Eqgs. (17), and
(23), for second-order decimations, or Egs. (18), (19), (29),
and (30), for first-order decimations.

We now address how the Kubo formula is used in conjunc-
tion with the SDRG procedure. To find o (w), one runs the
SDRG until the cutoff energy scale 2 = w, where the Kubo
formula becomes

1 iy : 8
o) = JZ‘(MZIJ-%HO) 8(w — Ep), (34)
m J

where E,, are the excitation energies in the renormalized
spectrum. The decimations now occur at bonds with E, ~ w.
When applied to these bonds, the current operators %; connect
the ground multiplets to some of these excited-state multiplets
(see Appendix C), thus contributing to the conductivity o ()
at scale w. The only task left is to compute the matrix element
of the current operators in Eq. (34) between the ground and
excited multiplets of the decimated bonds. As this is relevant
for the conductivity distribution, we leave this calculation for
the next section.

V. FEATURES OF THE CONDUCTIVITY DISTRIBUTION

In this section, we obtain analytical expressions for the
average and standard deviation of the spin conductivity
distribution. This distribution will be confronted against a
numerical implementation of the SDRG method and a nu-
merical exact diagonalization in the next section. Our main
result is that, while both the average and standard deviation
decrease throughout the SDRG flow, the average decreases
faster, implying that the distribution broadens indefinitely. In
other words, the infinite randomness fixed point is reflected in
the conductivity distribution as well, which becomes arbitrar-
ily broad. This is not surprising, as the DC conductivity (or
conductance) distribution of one-dimensional disordered non-
interacting quantum particles is known to be extremely broad
[15,16]. As a consequence, at low energies, the average does
not give a reliable indicator of the phase of the system. Rather,
one should look at the typical or the geometric average of the
conductivity as the correct diagnostic tool [15]. In addition,
since, as we will show, the conductivity distribution can be
obtained directly from the universal fixed-point distributions
of couplings, it is also universal.

The first step of the calculation is to compute the matrix
elements in the Kubo formula, Eq. (34). For that, we have to
highlight some important ingredients. First, generically, after
the initial transient, the system flows towards a fixed point
completely described by one set of random couplings. For the
XXZ case, these variables are Ji- as the A j flow to zero at
the RSP considered here, with the exception of the SU(2)-
symmetric point A; = 1, which is described by a single set
of couplings from the beginning. As for the SU(2)-symmetric
spin-S chains, the angular fixed points (in the S = 1 case, there
is only one angle 6 = 6gp) fix the ratio of distinct couplings
and the distribution of couplings can again be described by a
single parameter [23]. Let us call this generic coupling K.

Second, we point out that the S, spin current is one com-
ponent of a vector in spin space (the other components being
the S, and S, spin currents). In fact, it is the zeroth compo-
nent of a rank-1 irreducible spherical tensor. Thus, from the
Wigner-Eckart theorem [29,30], its only nonvanishing matrix
elements are between states whose total spins differ by 1. In
other words, if the ground state in the matrix elements of
Eq. (20) has spin S, then only excited states with spin § 4 1
will contribute. For a singlet ground state, only the triplet is
accessed.

We can now proceed to the matrix element calculation.
The local two-site gaps AE; 5, separating the ground-state

multiplet of spin S from the excited states of § & 1 of the pair
(j, j + 1) are obviously proportional to the coupling K;. If
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the proportionality constant is oz ., then AE;5 , = a5 K.
As shown in Appendix C, the matrix elements of t; are pro-
portional to the local gaps AE; 5 , and can be parametrized as
Bs.+ n@ [because of the § function in Eq. (34)] with

Bs.ear = (S, MIS3|S £ 1, M). (35)

In Appendix C, we list the values of Ss + ». Note that while
the gaps are independent of M, the z component of the angular
momentum of the states involved, the matrix elements do
depend on this value. We list here the S5 ) relevant for
the cases we focus on. For the XXZ case, we only need
Bo.+o = % [7.8] (since § =0, only S+1=1 is accessed,
and M = 0). For the spin-1 chain, the relevant values are
Biio= % and 4,41 = 3, when the different M states

of spin-1 ground multiplet are connected to components of
the S = 2 quintuplet. Finally, 81 _0 = Bo.+.0 =
spin-1 ground multiplet is excited to the singlet or the ground

singlet is excited to the triplet (by necessity M = 0). Plugging
the matrix elements back into the Kubo formula,

\/g when the

N
w
c@ =7 0 Y Bwd@—asK).  (30)

=1 §Mik=+

Now, since the couplings K; are random variables, the con-
ductivity will vary from one disorder realization to the other.
Let us call Q(o) the conductivity probability distribution (we
omit the w-dependence in order to simplify the notation). The
distribution Q(o) is found by integrating over all possible
values of /; and K; with weights given by the joint probability
distribution of couplings and bond lengths P(Kj, [;|w) (with
cutoff Q = w) ! [4],

N(w)
Q(a):/ [ dtidk;Pk;. 1j1w)

j=1

N(w)
w 2 2
x8|lo—— DB B —agK)) |,
=1 S Mk=+

(37

where we assumed a chain of length L, and N(w) is the
number of nondecimated spins at the scale w, which asymp-
totically goes like

N() ~ LT, (38)

where ', = In(2p/w) and 2 is the initial cutoff. We also
used the fact that correlations between random variables on
different bonds are absent asymptotically.

The expression for the conductivity distribution Q(o),
Eq. (37), includes two & functions, one to relate a particular
value of o to the random couplings (we call it “outside” §),
while the other one connects the couplings at particular sites

'Strictly speaking, P(Jy, [y, ...J.,Ip) # [1;, P, 1). This is be-
cause the lengths are correlated as they sum to L. We are neglecting
these correlations as they lead only to subleading corrections [20].

to the frequency w (“inside” & function). The “outside” §
function presents no challenge, as its integral representation

+o00
8(x) = / ;Z—ie"“ (39)

comes in handy. The expression for Q(o ) becomes

+o0 ‘ N(w)
0(c) = / = piho ]‘[ dl;dK;P(K;, lj|»)
j=1

oo 2T
ilw
xexp[— lez Z ﬁ;kyMB(a)—agykKj)}
S.M k==
(40)
+00 d)\ .
= [ Seriamre. (1)
oo 2m

where
o) = /dldKP(K,l|a))

A
xexp[—le Z ﬁg,k’MS(a)—agykK)}.

§.M k=%
(42)

We now focus on the mean and variance of o. To obtain
the asymptotic scaling behavior and in the spirit of the SDRG,
factors of order 1 like ﬂSg oy and og ;. will be ignored in
the following. In the next ééction, we implement the SDRG
method numerically and keep all the numerical prefactors.

Within this approximation,
IA® ,
Q) = | dIdKP(K, l|w)exp _Tl S(w—K)|[. (43)

The average conductivity and its variance can be directly
related to the derivatives of Q calculated at A = 0,

(o) = / doQ(o)o = iN(a))dQ(M : (44)
dr o
B dO(\) 2 d2om)
Varo = N(w)[(w AO) — d)@ A0:|- (45)

The derivatives can be explicitly expressed as

aow| e > B
o |, =-7 /dll /dKP(K,l|w)8(a) K),
(46)
rom| o 4 2
2 L = —E/dll /dKP(K,l|a))8 (w — K).
(47)

The squared § function in Eq. (47) seems troubling, but
here we note an important feature of the conductivity distribu-
tion. In general, for finite-sized isolated localized systems, the
Kubo formula in Eq. (20) leads to ill-controlled distributions
since it consists of a nondense set of isolated § functions.
Therefore, to obtain physically acceptable results, some sort
of averaging or broadening must be introduced [31-33]. Sup-
pose, for simplicity, that the sum in Eq. (36) contains only one
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(a) or. b AQ(o)
1
A ;
A
I | ! O.Fw
1
(c) or,, A A
,_/ O—F

w

f
2
A(2 tan*%%)%ﬂn)

FIG. 3. Two choices for broadening the inside § function in
Eq. (37): it is replaced by (a) a box or by (c) a Lorentzian, both with
width A and centered in I'q. (b), (d) The corresponding distribution
Q(o) generated by this particular decimation. For the box choice,
only 0 =0, 1/A are present in the distribution. The peak in 0 does
not allow for the calculation of typical values. For the Lorentzian
choice, this is not an issue.

term, i.e., a single § function. If we use a box-type representa-
tion with a broadening A, as in Fig. 3(a), the distribution Q(o )
will consist of two two § functions, as shown in Fig. 3(b). On
the other hand, a Lorentzian representation of the § function,
as in Fig. 3(c), will smooth out the features of Q(c), see
Fig. 3(d). In general, Q(o) encodes the information of the
image of the function or,.

In real systems, inelastic processes extrinsic to our model
(coming, e.g., from phonons or external leads) will broaden
these § functions and regularize the distribution (see, e.g.,
Ref. [34]). We will consider several possibilities for the broad-
ened § function in our numerical calculations, as explained in
the next section.

For the analytical discussion that follows, we will sim-
ply impose one of the § functions, which will, unavoidably,
lead to powers of §(0) for the higher moments of the con-
ductivity distribution. For 8%, for instance, we make the
replacement

8*(w — K) — C8(0)8(w — K), (48)

bearing in mind that an object like §(0) should be understood
as a distribution with a finite w-dependent width determined
by intrinsically inelastic scattering processes. For the follow-
ing derivations, the precise analytical form of §(0) is not
needed. For a Lorentzian, for instance, it is proportional to
the inverse of the decay rate of the state. In Appendix D, by
using the form of the broadened 82, we show that, indeed, this
replacement is justified, leading to the proper scaling behav-
ior. The constant C in Eq. (48), in fact, depends on the choice
of the regularized & function. For a Lorentzian distribution,
we show in Appendix D that C = 1/2 (for a box, in contrast,
Cc=1).

The average and variance are then found by combining
Egs. (46) and (47) with (44) and (45), using also the form

of N(w) from Eq. (38):
(o)

w

= v (o (49)

2

()
vMo=i£aﬁﬂmmwﬂm—«ﬂuﬁ (50)

with
", = /dl " P(w, l|w), 51

being the average of [, with [ the length of the singlets
decimated at the energy scale w.

It is convenient to work with log-variables ¢ = 1n(§) and
r, = ln(%) [4]. Then, the fixed-point distribution can be
written as

¢

PU. 1w) = R/ l/TE).  (52)

1+
oly, ¥

1
in terms of the scaling function R(¢ /Ty, /T ), where we
1

made use of the scaling of lengths [ as ~I"); [4,35,36]. The
1

prefactor e* / a)[‘;r ¥ is associated with the Jacobian after the

change of variables. For J = w, which implies { = 0, Eq. (52)

becomes

P(w,l|w) =

R(0.1/T.). (53)

1
ol ¥

The distribution P(w, /|w) has been calculated explicitly for
the spin-1/2 XX model in Ref. [37]. Its explicit form is not
needed, however, as the value of ([")|, can be easily calcu-
lated

1 1
/a’l I"P(w, l|o) =/dl I" ~R(0,1/T)
144
oly, 7
n_q n_q
r. reo o
= /dyy” R(0,y) = 0",
w w
(54)

where (y") is independent of w. For our purposes, we need

P =0 T8 0P, (55)
o =0 T8 %), (56)
Keeping only the leading terms in Egs. (49) and (50),
() ~T8 (57)
Var o ~ %5(0)r§ - (58)

We will later compare these results with numerical cal-
culations. For that, scaling with different system sizes will
be important. From the general form of activated dynamical
scaling T',, ~ LY, we find that the average conductivity obeys
the following scaling:

@) _(To)*"
s () 2

which, for ¢ = 1/2, agrees with Ref. [8].
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We now need to discuss what choice we make for §(0) ~
1/b, where b is the energy scale characterizing the broadening
of the localized states, in order to make sense of Eq. (58). We
are going to choose b ~ w or w§(0) ~ const. Note that with
this choice, a finite factor wd(0) ~ const will appear in all
higher moments of the distributions, a fact that can be traced
back to the argument of the exponential in Eq. (43). If the
extrinsic processes lead to a different broadening behavior,
the regularization has to be changed accordingly, but, as we
argue next, this would not be achieved by simply choosing
s # 1 in our treatment. If we choose b ~ »® with s < 1, the
contribution in Eq. (58) would be dominated by the second
term on the right-hand side of Eq. (50) at low frequencies.
This is inconsistent, however, since it would lead to a negative
variance. Obviously, this would simply reflect an improper
choice of the broadening scheme. On the other hand, if we use
b ~ o’, with s > 1, the variance will diverge as a power law
of the frequency, which, through the scaling with length L ~

1

'), leads to a conductivity variance exponentially divergent
with size, which is nonphysical. Again, the phenomenolog-
ical §-function regularization would have to be changed.
It should be noted that a linewidth that is linear in fre-
quency is common in metals (Landau damping) and has been
used before in studies of metallic dissipation of disordered
systems [38,39].

With this choice for b, the ratio of the standard deviation to
the average is

sdie) it

{o) VL

This ratio diverges when w — 0 (I', = o0) indicating that
the distributions become infinitely broad and the average be-
havior may not be the best indicator of transport properties.
One argument in favor of the above choice for b is the
following. In the XXZ case, where ¢ = 1/2, we find

(60)

(o) ~ Ty, (61)
/2
std o ~ ﬁ (62)

If we now use the known energy-length scaling ', ~ +/L, we
recover the correct DC behavior obtained from the Landauer
formalism mentioned in the Introduction [18,19],

(o) ~ L, (63)
std o ~ L34, (64)

We mention that both of these results can be straightforwardly
extracted from a previous SDRG treatment of this problem
[20]. Although this is no rigorous proof, it strongly suggests
the appropriateness of our choice of broadening ansatz.

In the next section, we calculate the conductivity distribu-
tion numerically and show that, indeed, the average value is
much larger than the typical one in the thermodynamic limit:
whereas the former points to a metallic behavior [8], the latter
predicts that the system is actually an insulator.

VI. NUMERICAL RESULTS

In this section, we numerically implement the SDRG pro-
cedure for both spin-1/2 and spin-1 cases and compare it with
the exact numerical diagonalization of the XX model. The
SDRG steps are performed numerically and the energy cutoff
Q is progressively lowered, until it reaches the frequency w
of interest. From Eq. (36), we see that the conductivity at
frequency w receives contributions from excitation energies
of order w. These correspond to breaking bonds decimated
precisely when the cutoff 2 = w. To obtain those contribu-
tions, we compute the corresponding term in Eq. (36). After
appropriately discretizing the frequency w axis, we build a
histogram of o (w) from several disorder realizations. From
this we get the average and typical values of the conductivity
o (w), as well as its full distribution, at each frequency w.

To implement this procedure, a choice must be made of
how to regularize the § function in Eq. (36) (the “inside” §
function), in close analogy to what was done in the analytical
calculations. The simplest possible choice, a uniform box,
generates a finite fraction of o’s that are identically zero if
the sum over § functions has zero support in some frequency
range (see Fig. 3 and the discussion there). As we will see, this
inevitably happens at sufficiently low energy scales. This is in-
convenient for, e.g., the calculation of the geometric average,
which is then identically zero. This can be avoided, however,
with the use of a smooth function, e.g., a Lorentzian. Thus,
when the local gap is equal to the running cutoff in Eq. (36),
ag K = Q, we could use

b/m
(0 — Q)2+ b’

where, as discussed in Sec. V, b = Aw, where A is a constant.
However, due to the multiplicative structure of renormaliza-
tions in second-order perturbation theory, it is much more
natural to work with a logarithmic running energy scale I'y, =
ln(%), rather than with w itself [4]. This leads us to consider
using instead

Sw—Q) = (65)

A/m

8T, —Ig) = ,
( )= e A

(66)

where ' = ln(%). To see how to switch from Eq. (65) to
Eq. (66), note that, for any representation of the § function,
8(Ty —'g) = wd(w — Q). Now, for a sufficiently small A,
only the region I',, & I'q matters. In that case,

In <9)‘% 2 = ol (67)
w

0]

|Fw_FQ|:

Starting from Eq. (65), changing the representation of the &
function from w to I',,, and using this approximation, we ar-
rive at Eq. (66). This shows that the choice of the logarithmic
scale § function with a constant, frequency-independent A is
fully compatible with the “inside” é function of Sec. V.

An inconvenience of a symmetric Lorentzian, however, is
the fact that it has finite support at negative values of the
strictly positive argument I',,. We therefore used a modified
Lorentzian form 6™(I",, — '), which, while having all the
required properties of a §-function representation, has zero
support for negative values of its argument. The explicit form
of this modified Lorentzian is given in Appendix E.
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FIG. 4. Average [solid lines, o,,(®)] and typical [dashed lines,
oyp(@)] conductivities of the spin-1/2 XX chain for different system
sizes L as functions of ', = In % Both axes are rescaled by L~!/?
so that o, (w) collapses onto a universal curve, as discussed in
the text. The behavior for I',,/L'/? < 1.4 indicates that the average
conductivity o,,(w) diverges at small frequencies (I', — 00) in the
thermodynamic limit. The ratio of typical to average conductivities
Oyp(w)/0ay (w) for a fixed frequency, on the other hand, vanishes with
increasing system size, indicating an insulating behavior. We chose
the Lorentzian broadening parameter to be A = 0.4; see Fig. 3.

In our numerical simulations, we verified that the results
do not change for sufficiently small values of A. We indicate
the value of A chosen for each plot in its respective caption.

A. XXZ chains

We start by discussing the systems described by Eq. (2), the
XXZ chains [7,8]. We studied systems with sizes ranging from
L=2"=512to L =2"=16384 with the SDRG method.
We will also show, for comparison, exact diagonalization
results for L =2 = 128. The random couplings J;" were
drawn from a uniform distribution ranging from 0 to 2y = 1.
We chose A; =0 because this is an irrelevant coupling for
—1/2 < Aj <1 [4]. Indeed, we verified that, starting with
finite 0 < A; < 1 values, the anisotropy does flow to zero,
and our results are the same asymptotically. For each L, we av-
eraged over 1.2 x 10° disorder realizations. This yields very
small error bars, which are not shown for clarity.

The results are shown in Fig. 4, after appropriate scaling
with the system size [using ¥ = 1/2 in Eq. (§9)], in agree-
ment with previous results [8]. As expected, for I',,/L'/? <
1.4, the scaled average conductivity o,y (w)/L!/? increases lin-
early with I",,/L'/2. This linear dependence implies a metallic
conductivity in the thermodynamic limit (note that I, — oo
as w — 0), as noticed in Ref. [8]. The downturn in the region
I',/L'/? > 1.4 represents the regime in which the finite size of
the system begins to be “felt.” Note that the limits @ — 0 and
L — oo do not commute. The average value, however, is not a
good indicator of the system’s behavior, since the conductivity
has an extremely broad distribution, as will be shown. This
is brought to light when we look at the typical value of the
conductivity

thp(w) = O'geo(a)) = exp {Ino (w)). (68)

Q(lno)
12
1.0/
- /A[L=0.10
08 ~Tu/AL=0.18
-T/AL=0.28
06, ~Tu/\L=054
-T/\L=0.80
0.4
0.2
Ino

) -2 0 2

FIG. 5. Conductivity distribution Q(Inc) of the spin-1/2 XX
chain for different frequency values, obtained by implementing the
SDRG method numerically. We keep the system size fixed at L =
2048. As the frequency w decreases (and I',, = In % increases),
the distribution becomes increasingly broader, explaining the large
separation between the typical and the average conductivities. We
chose the Lorentzian broadening parameter to be A = 0.4; see Fig. 3.

The numerical results for oy, (w) are also shown in Fig. 4
for comparison, with the same rescaling of the average con-
ductivity. It is clear that, for a fixed frequency w, the ratio
0 (w)yp/0 (@)ay — 0 as L — oo. This behavior holds for fre-
quencies well below the finite-size peak of o (w)ay. This leads
us to conclude that the true conductivity of a typical sample is
that of an insulator, not a metal. As is common in situations
where a physical quantity is strongly non-self-averaging, the
apparent “metallic” behavior suggested by the average con-
ductivity is a consequence of rare events in which a sample
has atypically large values. The same phenomenon is seen,
e.g., in the system’s spin-spin correlation function, whose
average value decays as a power law of the distance, whereas
its typical value is a stretched exponential [4].

To corroborate this, we numerically obtained the full con-
ductivity distribution. This is shown in Fig. 5, where we
plot Q(logo) for L = 2048 and different frequency values.
It is clear that, as the frequency decreases, the distributions
become extremely broad on the log scale while their peaks
eventually shift towards lower values of o (w). This explains
the large separation between average and typical values. We
conclude that the physically relevant quantity to determine the
transport properties is, therefore, oy (@), not oay(w).

We now compare the results of the SDRG method with
exact diagonalization results. For the exact diagonalization,
we make use of the Jordan-Wigner transformation [24], which
maps the spin-1/2 XX chain into a noninteracting fermionic
problem. We note that this exact mapping is only possible for
the S = 1/2 case and the fermions are noninteracting only
when A; = 0. We first express the Hamiltonian in Eq. (2)
in the fermionic basis obtained from this transformation and
then obtain the corresponding eigenvectors using a numerical
eigensolver. Technical details and tricks to deal with numer-
ical instabilities due to the exceedingly small finite-size gap
can be found in Ref. [5]. The eigenvectors are used to compute
the conductivity, with the current operator of Eq. (20) written
in terms of fermions.
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FIG. 6. Exact diagonalization results for the conductivities of
the XX spin-1/2 chain, with system size L = 128, averaged over
10° different realizations. (a) Average [0, (w)] and typical [oyp(@)]
conductivities (solid and dashed lines, respectively), obtained from
the boxlike and the Lorentzian representations of the & function.
The broadening parameter is A = 0.4. The typical value of the for-
mer rapidly collapses to zero. (b) Distributions of the conductivity
Q(In o) for various values of frequency w.

The average and typical values of o(w) are shown in
Fig. 6(a) as a function of frequency for both the boxlike and
Lorentzian representations of the § function. For the average,
both choices of § lead to very similar results, as expected
from the discussion in Sec. V. The typical value collapses to
zero for the box § function as I', increases. This reflects the
values of o (w) = 0 generated by this choice of the §-function
representation (see the discussion following Fig. 3). There is
good agreement between the numerical results of Fig. 6(a) and
the SDRG results of Fig. 4. The distribution of o () is shown
in Fig. 6(b). The distributions broaden and their peaks shift to
the left in a fashion very similar to the SDRG results of Fig. 5.

B. Spin-1 chains

We also studied numerically, using the SDRG, the spin
conductivity of the SU(2)-symmetric spin-1 chain, described
by Eq. (7). As demonstrated in Ref. [22] and briefly reviewed
in Sec. III, this system exhibits two phases depending on the
initial angle 6; = 6y, Vj, taken to be uniform throughout the
chain. We show two sets of results that are representative
of the two phases. We choose 6y = Fx /4, corresponding to
the mesonic and baryonic random-singlet phases, respectively.
The corresponding SDRG flows were extensively studied in
Ref. [22] and shown to tend towards a universal IRFP. Here,

Tavayp/ VL
0.08+
0.06+
0.04+

0.02¢

2/3
Tay ,lyp/ L /

0.07;
0.06;

- L=2049
0.05¢ - L=4095
0.04 - L=8190

- L=16383
0.03

0.02;
001¢

FIG. 7. Average [0.(«), solid] and typical [oy,(w), dashed]
scaled spin conductivities of the § = 1 model, obtained by a numeri-
cal implementation of the SDRG method. The initial distribution has
a fixed angle 6; = 6, and random r; (see text). (a) Mesonic phase:
The initial angle is 6y = —m /4. The behavior is very similar to the
spin-1/2 XXZ chain of Fig. 4. (b) Baryonic phase: The initial angle is
6y = m /4. The scaling factors of (o) and I, in the baryonic phase are
L?? and L'73, respectively, in contrast to L'/ in the mesonic phase.
The broadening parameter is A = 0.4.

for 0y = —m /4 we use P(r) ~ r~'/2, while for 6, = 7 /4 we

use P(r) to be a uniform distribution in the range 0 < r; <
+/2. In both cases, we use system sizes from L = 29 =512
to L =2!3 =8192. We averaged over 120000 disorder re-
alizations. We calculated the average and typical (geometric
average) values of o(w). Once again, the error bars are too
small and are omitted for clarity.

The results for the average [0, (w)] and typical [oyp(w)]
spin conductivities are shown for the mesonic phase in
Fig. 7(a) and for the baryonic phase in Fig. 7(b). Note how
we must use different scalings depending on the phase, in
agreement with Eq. (59). Indeed, whereas the results in the
mesonic phase, like in the spin-1/2 XXZ chain, require scaling
with ¥ = 1/2, in the baryonic phase ¢ = 1/3 must be used
[22], as discussed in Sec. V. Once this is done, the average
conductivity of both sets falls onto a universal curve.

The behavior in the mesonic phase is very similar to the
XXZ chains. The linear dependence of o,,(w) with ', to the
left of the finite-size peak points to a diverging spin conduc-
tivity as @ — 0 in the thermodynamic limit. The region to the
right of the peak reflects the fact that the limits L — oo and
@ — 0 do not commute when computing o (w, L). Similar to
the spin-1/2 case, the typical spin conductivity oy, (w) points
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FIG. 8. Distribution of Ino(w) for different frequency values
o [, = In(Ry/w)], obtained by implementing the SDRG method
numerically in the (a) mesonic and (b) baryonic phases of random
spin-1 chains. As the frequency decreases, the distribution broadens
by several orders of magnitude. These wide distributions lead to very
different values of the average and the typical spin conductivity. The
broadening parameter is A = 0.4.

to an insulating behavior. For a fixed frequency w, the ratio
oyp(w)/0a(w) decreases with the system size, also in close
analogy to the spin-1/2 case.

The results for the baryonic phase are qualitatively simi-
lar. Note, however, the larger finite-size effects. This reflects
the slower approach to the asymptotic regime of the bary-
onic phase, which can be understood as follows. Unlike
in the mesonic phase, where only second-order decima-
tions are present asymptotically, in the baryonic phase both
first- and second-order steps persist at all energy scales; see
Egs. (12)—(15). Whereas second-order steps are very effec-
tive at lowering the energy scale (due to its multiplicative
form), first-order decimations are fairly ineffective, as they
only renormalize the couplings by a prefactor of order 1.
As a result, the distribution of couplings flows more slowly
toward the IRFP. This is closely tied to the smaller value
of ¥ = 1/3, as compared to the mesonic phase ¥ = 1/2.
As a consequence of this slow approach to asymptotics, the
contrast between a metallic o, (@) and an insulating oy (w)
is less marked than in the mesonic phase. Nevertheless, all
the indications are that the same behavior also holds in the
baryonic phase.

We also looked at the conductivity distributions, as shown
in Fig. 8. In both phases, the distributions become increasingly

broader as the frequency decreases, although this tendency is
less sharp in the baryonic phase. Again, this is to be expected
from the slower approach to asymptotics in the latter case.
Nevertheless, the clear tendency to ever broader distributions
in both cases is consistent with the sharp distinction between
the typical and average values.

We conclude that, both in the spin-1/2 and the spin-1
disordered chains studied here, the signature of the IRFP is
conspicuously reflected in the conductivity behavior. As a re-
sult of this, the true transport characteristics are only captured
by the geometric average or typical value of the conductivity.

VII. CONCLUSIONS

By calculating the average conductivity of the XX chain,
Eq. (44), it was concluded in Ref. [8] that this system exhibits
metallic behavior. This was based on the average conductivity
having a logarithm divergence, (o) ~ ln(%), as the frequency
goes to zero. In this work, we showed that the distribution of
o broadens significantly, so that the average is no longer a
good indicator of the transport properties, which led us to look
at the typical conductivity instead. The value of the typical
conductivity collapses to zero in the @ — 0 limit, as can be
seen from Fig. 4, which indicates an insulating behavior. This
result agrees with the expectation since the XX model can
be mapped into a spinless free-fermion chain, whose solu-
tion is known to be localized, albeit anomalously [20]. The
discrepancy between the average and typical behaviors can
already be seen at the early stages of the SDRG as the region
in which the conductivity is self-averaging is very small. The
o distributions plotted in log scale in Fig. 5 clearly present a
very wide broadening, with a width spanning several decades
in linear scale. This feature is reflected in the behavior of
quantities calculated in the small frequency limit, which is
reached in later stages of the SDRG flow.

For the S = 1 model, a similar analysis indicates that the
typical value approaches zero as the system size is increased,
also indicating an insulating behavior. The average conduc-
tivity is again not a good indicator of the phase, as the
distribution of conductivity broadens without limit. A distinc-
tion between the spin-1/2 and spin-1 chains is that the latter
exhibits two RSPs with distinct scaling behaviors [22]. The
different phases are tuned by the angle between bilinear and
biquadratic exchange couplings, and their scaling behaviors
are reflected in the scaling of the average conductivity, as
given in Eq. (59), which is governed by the tunneling expo-
nent: ¢ = 1/2 in the mesonic phase while ¥ = 1/3 in the
baryonic one.

Even though the numerical results we showed are for § =
1/2 and 1 systems, the framework derived in this work can be
readily implemented for generic SU(2) invariant spin-S chains
in regions of the phase diagram in which the spin size does
not grow at low energies. Based on our analytical results, we
conclude that the RSPs of all such chains are spin insulators.
We leave the case in which the spin sizes can also flow under
the SDRG for future work.

Although the SDRG procedure here was constructed ex-
plicitly for spin transport, the derivations of Sec. IV can be
readily generalized to other conserved quantities. In partic-
ular, the average conductivity was calculated in the metallic
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phase of the disordered metal-superconductor transition [34].
Quite possibly, the same distinction between average and typi-
cal values applies to that case as well. We leave for future work
the analysis of the behavior of other quantities, in particular,
for the class of systems here considered, the energy current.
An open question is whether the distributions of all con-
served quantities broaden similarly to the spin conductivity
or whether their flow is significantly distinct.

ACKNOWLEDGMENTS

L.EC.F. acknowledges financial support from Fapesp
through Grant No. 2015/01966-1. V.L.Q. acknowledges fi-
nancial support from the National High Magnetic Field
Laboratory through NSF Grant No. DMR-1157490, where
this project was started, CNPq (Grant No. 311565/2023-9),
FAPESP via Process No. 2024/09202-0, and the hospitality of
the Aspen Center for Physics, supported by National Science
Foundation Grant No. PHY-1607611. J.C.G. acknowledges
financial support from Coordenacdo de Aperfeicoamento de
Pessoal de Nivel Superior-Brasil (CAPES)-Finance Code
001. J.A.H. acknowledges financial support from FAPESP
and CNPq. J.A.H. thanks IIT Madras for a visiting posi-
tion under the IoE program, which facilitated the completion
of this research work. E.M. acknowledges financial support
from CNPq (Grant No. 309584/2021-3) and FAPESP, process
no. 2022/15453-0. VL.Q. and E.M. also acknowledge the
FAPESP Grant No. 2021/14335-0 for support in May and
June 2023.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: DERIVATION OF THE
RENORMALIZATION OF THE CURRENT OPERATOR

In this appendix, we give a proof of the expressions used
for the renormalized spin current. Some of these expressions
have appeared before for small spin sizes [7,8] but our results
generalize them to any value of spin-S. We assume only the
SO(2) symmetry of rotations around one axis, here taken to
be the z-axis, see Eqs. (1) and (2). For this, the commutator
form of the current operator in Eq. (5) is crucial, as are the
techniques developed for generic spin-S in Ref. [23].

The process of computing the SDRG-based perturbative
effects to the current operator starts from correcting the eigen-
states of the pair of spins to be decimated (in this case, spins
on sites 2 and 3). Let us call S¢ the spin of the ground-state
multiplet, which can be a singlet, S¢ = 0, or a higher angular
momentum Sg # 0. In what follows, we represent the states
as |Sg, M), corresponding to a shorthand notation, since the
problem to be solved involves actually the four sites 1, 2, 3,
and 4. For example, the complete description of a state | (?)
involves four quantum numbers, | = |my, my;Sg, M),
where mj, my are the quantum numbers coming from the

eigenvalues of S and S, respectively. Up to second order in
V, defined in Eq. (9), the corrected eigenstate of H = Hy + V
reads [29]

IS6M)cor = [¥ @) + (¥ D) + [y P), (A1)
where
1y @) = |Sg, M), (A2)
S M'|\V|Sg, M
poy= Y SEEEe g )
SotSa M’ (S, ")
@)y = Z (", M"|V|S', M")
5505 oo DESa. SVAE(Sg. S)
X (S, M'|V|Sg, M)|S", M") + - - . (A4)

We have defined AE(Sg, S) = Es, — Es, the unperturbed
energy difference between the multiplets of total angular
momentum S and S. The unperturbed energies come from
diagonalizing H of Eq. (9). Besides the second-order correc-
tion shown in Eq. (A4), there are two more terms, but they
do not contribute to the final result, as shown in Appendix B.
Higher-order corrections [ ">2)) to the state lead to sublead-
ing contributions and can be neglected.

It is significantly more convenient, in many of the deriva-
tions, to work with operators, instead of states. We define the
following resolvent operator [40]:

|S/1M/><S/’M/| PS’
R= ). AE(SG.S) 2 AE(Sg, )’
S'#SG M ’ S'£SG ’

(A5)

where Ps is a projector onto the multiplet of total angular
momentum S of the pair of spins 2 and 3. We emphasize that
R involves only sites 2 and 3 and therefore commutes with any
operator acting on sites 1 and 4. The corrected states can be
written in a compact way as [40]

[y ) = IS¢, M), (A6)
lyD) = RV|Sg, M), (A7)
| @) = RVRV|Sg, M). (A8)

The various contributions to the renormalized currents
come from matrix elements of t; (i = 1, 2, 3) between various
combinations of the states in Egs. (A6), (A7), and (AS8). The
latter are given by operators acting on |Sg, M). To manipulate
only operators, we will, in what follows, bracket all of them
with Ps,, the projector onto the sup-space of |Sg, M).

We now determine the leading power of the local gap Q2
of each contribution to the renormalized spin currents. First,
note that R ~ O(Q71), & ~ O('), and T3 "~ o). Using
this and depending on whether S¢ = 0 or Sg # 0, we can
construct Table I. This table will guide the calculations in what
follows.

1. Renormalization of 7; 3

Let us focus on 71, keeping in mind that the renormaliza-
tion of 73 follows from similar steps by symmetry. To zeroth
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TABLE I. Summary of the current renormalizations of a given
SDRG step, listing the leading nonzero contributions for each term.
When the ground state of the pair of spins at sites 2 and 3 is a singlet
(S¢ = 0), the first finite corrections leading to %, ;3 and %, go as é
and are, in fact, all equal. For S # 0, the corrections % 53 ~ o).
Even though %, corrections come from correcting the state in higher
order when compared to 7 3, the contributions are of the same order

since T, itself is proportional to €2.

S =0
T3 WOl 51 @) + (Ol 5y D) ~ 0(5)
) YPNnly@) + (Y Oln|y@) ~ 0(5) =T33
So#0
713 (Ol 319 @) ~ 0(2%)
) WOl + (Y D|n|p@) ~ 0(Q°0) = 75

order [see Eq. (A6)], we need
T = Ps, 11 Ps,
= iPs,[S%, Hi2 Py,

= i[S}, Ps,;H12Ps, ], (A9)

where we used the fact that Ps, acts only on sites 2 and 3
and therefore commutes with S; and S4. In general, in all the
following derivations, it will be very convenient to write the
local current operators in terms of commutators.

If the ground state is a singlet (Sg = 0), PoH 2P is zero.
This can be seen most easily by writing the Hamiltonian in
terms of irreducible spherical tensors [23]. Then, H;, and
Hj 4 involve irreducible spherical tensors of rank 1 or above of
spins S, and S3, respectively. In fact, when the Hamiltonians
are just bilinear, like the XXZ or the Heisenberg cases, the
irreducible spherical operators are the spin components them-
selves, which are of rank 1. From the Wigner-Eckart theorem,
the projection of tensors of rank 1 or above onto a singlet state
is zero [29]. Therefore, this contribution vanishes.

If the local ground state carries finite angular momentum
S¢ # 0, Ps,H\,Ps,, is the renormalized Hamiltonian (obtained
in first-order perturbation theory) that connects the spin 1
to the new effective spin S(,3) representing the ground pair
multiplet S¢,

Hi 23y = Ps,Hy 1Ps,. (A10)
Thus,
fl = l[ST, Hl,(23)].

For ground states of finite angular momentum, this is the final
result. The renormalization of 73 follows from similar steps,

%y = —i[S5, Aoy (A12)

If the local ground state of sites 2 and 3 is a singlet, we
need to go to higher order. The leading-order terms come from
matrix elements between either the bra or the ket corrected to
first order in perturbation theory, Eq. (A7), and the zeroth-
order multiplet states, Eq. (A6) (for guidance, see the first line
of Table I). Thus, we need

T = PhBWRt Py + PhyT1RV P,.

(Al1)

(A13)

Since [S%, H3 4] = 0, we rewrite t; as

T =[S, V] (A14)
asV = H), + Hz 4. We then get
T = i(RVR[S}, V]Py + PS5, V]RV Py),
= iPV[R, S{|VPy +iPy[S], VRV |P,. (A15)
Since [R, $7] =0,
T =i[S{, RVRVP]
= i[S, Hy 4], (A16)
where
H 4 = P,VRVP, (A17)

is a closed-form generic expression for the renormalized
Hamiltonian and its couplings constants after decimating a
singlet pair, valid for any Hamiltonian, and extensively used
before in studying disordered spin systems. The renormal-
ization rules for the coupling constants in the case of any
SU(2)-symmetric spin-S Hamiltonian were given in Ref. [23].
Finally, we find

T = i[85, Hy4). (A18)

The calculation of the renormalized 73 for singlet ground
states follows similarly, resulting in

T = —i[S, Hy 4] (A19)

Since the SDRG step keeps all the underlying symmetries [in
this case, SO(2)],2[Sf + 8%, Hy 4] = 0, and we conclude that,
for singlet ground states,

T3 = —i[Si,[‘?]A] = i[SiaHlA] = 7. (A20)

Equations (A11), (A12), and (A20) give two of the three
contributions to the renormalized spin current, for any value
of S¢. The route we followed in the derivation makes manifest
an important result: the current retains its form, but with
coupling constants that are precisely those in the renormalized
Hamiltonian. This will be shown to hold also in the case of the
last contribution, 7, in the next subsection. We stress how the
commutator form of the current operator in Eq. (5) was central
to this proof.

A byproduct of this result is that we can now read the lead-
ing order in €2 of the renormalized current off the order of the
renormalized Hamiltonian. In particular, note the following
contrast between the renormalized current from decimations
of singlets and from finite angular momentum multiplets. In a
singlet decimation, the couplings in the effective Hamiltonian
H are of order Q~', and so is the renormalized current (as
expected since the correction of the bra or ket is in first-order
perturbation theory). For decimations with Sg # 0 ground
multiplets, the effective couplings are O(R°), which is also
reflected in the renormalized currents (see Table I).

’In fact, SU(2) invariance is kept for the class of Hamiltonians
invariant under any rotation, but the SO(2) symmetry is sufficient
for this calculation.
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2. Renormalization of ,

The aim of this subsection is to find the renormalization of
7p. The operator 7, is given in Eq. (5),

T, = iS5, Ha3]. (A21)

In general, the matrix elements of the operator 7, which acts
only on the spins 2 and 3, can be easily calculated on the basis
of their total angular momentum. When sandwiched between
any two projectors on S, §” multiplets, it yields

PstyPsy = iPs[Sy;, Ho3]Ps
= i(Ey — E5)PsSy. Py

= —i AE(S, S')PsS»,Ps. (A22)

Notice that, when computed between ground and excited
states, the matrix element is proportional to €2.

The task now is to find the renormalized t,. We will keep
the discussion generic, valid for both singlet and nonsinglet
ground states of the decimated pair, and make the proper
distinctions when necessary.

The zeroth-order correction is always zero, since

=0
&\ = Ps, 1P, = 0,

since, from Eq. (A22), AE =0 when S = 5" = Sg.
The contribution to next order comes from correcting the
bra or ket to first order [see Eq. (A7)], that is,

(A23)

7y = Ps,VRT:Ps, + Ps,TuRV Ps,. (A24)

The following operator identities are useful:
Rty Ps, = i(1 — Ps,)S. Py, (A25)
Ps;taR = —iPs;S:(1 — Ps,). (A26)

They can be easily proven by using the explicit form of the
resolvent operator, Eq. (AS), and Eq. (A22). Using these iden-
tities, %2(” becomes

T = iPs, V(1 — Ps,)Sy.Ps, — iP5, Sp.(1 — Ps,)V Ps,,
= i(Ps, [V, $5]Psy + [PsoSiPsss PssVPss]),  (A27)

where we have used PSZG = Py,
If the pair ground state is a singlet, P)V Py = 0 and the
second commutator is zero. As for the first one,

Po[V, S5|Py = Po[H, 2, S5]Po
= —Py[H12, Si|P

= —[PH 2P, Si] =0, (A28)

where we used, at each step, respectively, [H3g4,S55] =0,
[Hi2, 87+ 851 =0, [S5, P] = 0, and finally that the projec-
tion of H;» (and H3 4) onto a singlet ground state is zero, as
already discussed in the previous subsection. We conclude,
therefore, that for singlet ground states, ¥, vanishes.

As for nonsinglet ground states, we can repeat the steps
in Eq. (A28) except for the last one and write for the first
commutator of Eq. (A27), using Eq. (A10),

iP5y [V, S5]Ps; = —i[Ps,Hi1.2Ps;, S5],

= —i[A) 23, 55 (A29)

The second term of Eq. (A27) involves P S5Ps,;, the pro-
jection of the S5 spin onto the ground-state multiplet. With
the help of the projection theorem [29], a corollary of the
Wigner-Eckart theorem [41], this can be written as

PSGSEPSG = gS‘(Z23)7 (A30)
with the Landé g-factor
Sc (S 1)+ 8208 +1)— S3(5; + 1
¢ 68+ 1)+ 85(S+1) — S3(83 + ). (A3D)

286(S¢ + 1)

Note that when S, = S3, g = 1/2, as expected by symmetry.
The second term of Eq. (A27) then becomes

i[Ps;S5Psg Ps,V Ps, | = ig[ 853, Hi.23) + Hizs)a
= ig[S’fB), 1:11,(23)] + ig[SfB)’ 1"7(23),4]
= —ig[S], Hi.23)] +i8[S5s), Hizya)-
(A32)
Adding the contributions from Eqgs. (A29) and (A32),
B =i(1 — @S5, Hi o] — ig]S5. Hasal-

This is the final result for nonsinglet ground states. The con-
tributions of different terms in the Hamiltonian are weighted
by the corresponding Landé factors.

For singlet ground states, the leading finite term requires
second-order corrections. Thus, we must consider

(A33)

22) = RVRORV Ry, (A34)

which comes from both bra and ket corrections to first order
[see Eq. (A7)] and

%) = RTRVRV PR, (A35)

#2) = RVRVRT, P, (A36)

which correspond to a matrix element between a ket or a
bra correction to second order [Eq. (A8)] and an unperturbed

. o ~(2) . .
state, respectively. The contribution %,7; can be written in
terms of the commutator form of 7, as

22 = iPy(VR[S5, Hoz — Eo|RV ) Py. (A37)

We introduced the constant Ey in the commutator for later
convenience. Expanding the commutator and using (H 3 —
Eo)R =R(Hyp — Ep) =Fh — 1,

22 =iPo[VRS;(Py — 1)V —V(Py — DSSRV|Py.  (A38)
Recalling that Py)V Py = 0, fz(za) is further simplified to
22 = —iPy(VRS;V — VSRV )P,
= —iP)V[R, 3]V P. (A39)

We leave this result for now and focus on the contributions
fz(zh) and %2(26) from Egs. (A35) and (A36). We now particu-
larize Egs. (A25) and (A26) to the case when Sg = 0. Using
PyS»,Py = 0, a consequence of the Wigner-Eckart theorem,

those identities become

R‘QP() = iSzZP(), (A40)

PytoR = —iPySy,. (A41)
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Then, summing Egs. (A35) and (A36),
2% + 2 = (AR)VRV Py + PyVRV (R12Py)
= —i(PoS5VRV Py — PyVRV S3Py)

= —iP[S5, VRV]P,. (A42)

The commutator can be decomposed as
[S3, VRV] =[S5, VIRV + VR[S5, V] + V[S5. R]V. (A43)

When sandwiched with Py, the third term on the right-hand
side cancels out with the fz(za) from Eq. (A39). Using [S5, V] =
ity, the first two terms give

7 + 52 = P(niRV + VRT)Py = 71, (A44)
where we used Eq. (A13). In summary, the contribution 7, has
been shown to be the same as that of 7;. The explicit form of
7, was found in the previous subsection.

The summary of the results of this appendix is the fol-
lowing. We showed that when the local ground state of the
two-site problem is a singlet, the renormalizations of 7 , 3 are
all identical and given by

t =% ="%=IiS,Hu.] (A45)
with 1:11,4 connecting sites 1 to 4, after sites 2 and 3 have been
removed. When the pair ground state is, instead, a multiplet of
finite angular momentum, sites 1 and 4 are connected to a new
effective spin S»3) that replaces spins 2 and 3 and mimics the
ground-state multiplet of the pair. The renormalized currents
are

7= i[S5, Ay, (A46)
B =i(1 — 9[S5, Hi.o3 ] — ig[S5. Hasyal. (A47)
# = —i[S5. Hoya). (A48)

Recall that g is defined in Eq. (A31). This is the net result of
a single SDRG step. The totality of these results confirms the
remark already made about the renormalized currents: they
retain their form, but with the same coupling constants as in
the renormalized Hamiltonian, as the commutator form makes
explicit. The prefactors g and 1 — g, which appear to modify
the coupling constants, can actually be ascribed to a change of
the effective length of the new bonds

haoyn=h+0-2h, (A49)
losa=gh+1 (A50)

so that the total current
T=) I (AS1)

gets contributions from the current itself and the lengths. This
choice is immaterial in one dimension, but less so in higher
dimensions, due to the less trivial connectivity. Finally, as
already mentioned, g = 1/2 in the particular cases we focused
on in this paper, but it need not be so in general.

APPENDIX B: VANISHING SECOND-ORDER
CORRECTIONS TO THE STATES

In this Appendix, we list the second-order perturbation
contributions to the states that were not written in Eq. (A4)
and show that they give vanishing contributions to the renor-
malization of the current operator when S = 0. Recall that
these second-order corrections are required only in the current
renormalization of 1, and only when the ground state of the
decimated pair is a singlet, S¢ = 0 (see Table I). Besides the
contributions in Eq. (A4), there exist also the following terms
to second-order in V:

|v?) = —R*VP\VP|Sg =0, M = 0), (BD)
[y®) = LR VR*V|SG = 0, M = 0). (B2)

The state |1ﬂ§2)) is identically zero because, as we have
seen, PyV Py = 0. The state |1ﬂ}()2)) is not zero, but it does not
contribute to the current renormalization. This state enters into
the matrix elements of 7, between |1/f;2)) and the unperturbed
states in (A2). Let us call this extra contribution 815,

81 = — R (RVRVP) + (RVR*VP)1,P).  (B3)

From Eq. (A23), Pyt Py = 0, and this operator vanishes.

APPENDIX C: MATRIX ELEMENTS OF THE CURRENT
OPERATOR

In this Appendix, we calculate the matrix elements of the
spin current operator t,. We will use the variables S and S’ to
denote the total angular momentum values of the decimated
spin pair S, and S3. Generically, the matrix elements read

(S'M'|12|S, M) = i(S", M'|[S5, Ha3]IS, M),
=iAE(S, S)S', M'|S5|S, M), (CI)

with AE(S, S) the energy difference between the states of
total angular momentum S and §'.

The remaining task is to calculate (S', M’|S5|S, M). For
completeness, this will be done in two distinct ways. First,
for the spin-1 chain, we use the eigenstates of the spin-1
problem to derive the matrix elements explicitly, as this is
the case of main interest in this manuscript (the spin-1/2 case
has been derived before [8]). Then, we derive expressions for
generic SU(2)-symmetric chains, using the tools developed in
Ref. [23].

1. Matrix elements for the spin-1 case

In this subsection, we derive the matrix elements using the
eigenstates of the total angular momentum operators of the
two-site problem. We denote by S the total angular momentum
and by M its z component. The nine eigenstates of the two-site
problem written in terms of eigenvalues of the z-components
of the individual spins are the following:

1
S§=0M=0)=—(1,-1)—-10,0 -1, 1)), (C2
I ) ﬁ(l ) —10,0) + | ), (C2)
1
S=1,M=1)=—(0,1) - [1,0)), C3
| ) ﬁ(l ) —11,0)) (C3)
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1
S=1,M=0)=—(-1,1)—[1,-1)), c4
| ) ﬁ(l ) =1 ) (C4)

1
S=1,M=-1)=—(]-1,0) — 0, —1)), C5
| ) ﬁ(l )= ) (C35)
IS=2,M=2)=11,1), (Co)
1

S=2,M=1)=—(0,1) +[1,0)), c7

| ) ﬁ(l ) +11,0)) (&)

1

§S=2,M=0)=—(-1,1)+2/0,0) + |1, —1)), (C8

| ) ﬁ(l ) +210,0) + | ), (C8)

|S=2,M=—1>=L(|0,—1>—|—1,0>), (€9)

V2

IS=2,M=-2) = |—1,—1). (C10)

The matrix elements of S5 and S5 follow immediately from
these states. Using the notation from the main text, Bz .., =
(5. MIS5IS £ 1, M),

. 2
Bi.—.0 = Bo.+0 = (1, 015510, 0) = \/; (C1D)
1
Bi+.0 = (1,053]2,0) = 7 (C12)
1
ﬁl;hl = (17 1|S§|27 1) = 57 (C13)
1
Bi+—1 = (1, —11$5]2, —1) = 7 (C14)

2. Matrix elements for generic SU(2) Hamiltonians

In the generic SU(2)-symmetric case, we first define

f($:83: 88, MM') = (5,83; 8", M'|S515,83; S, M).  (C15)

Since S5 is the zeroth component of a rank-1 irreducible
spherical tensor, it follows from the Wigner-Eckart theorem
that M' =M,S" =S+ 1, and
s+ (1,0;S,M|1,S;S", M)

V28 + 1

x (8283, 8'1[85 18253, S). (C16)
where (1, 0;S, M|1, S;S’, M) is a Clebsch-Gordan coefficient
and (5,83, 8'|1S5115283, S) is the so-called reduced matrix el-
ement [30], which is independent of M and M’. We are using
the notation of Ref. [30] for the Clebsch-Gordan coefficient,
according to which (Jy, My;J, M»|J1, J2;J, M) denotes the
sum of angular momenta J; and J, to form the total angular
momentum J, with the accompanying z-components M, M,
and M, respectively. The 2-site reduced matrix element can be

recast in terms of the reduced matrix element (S,||S5|]S>) that
involves only the site 2 [30],

(8253, S'1| 8515253, §) = (—1)»+5+5H
x [(28 + 1)(2S" + 1)]'/?

S S S5

(C17)

[(8283; 88", MM') = Sy (—1

The object within braces is a Wigner 6 symbol [30]. The
remaining reduced matrix element (S,||S5[|S2) is simply

evaluated by using the Wigner-Eckart theorem to compute
the expectation value of S5 in [S,, M) and solving for
(S211551152),

A28 + 1(S2, M>|S51S2, M>)

Sal|S31S2) = = G5y D11, s 82, bn)
= /$:(S, + 1)(2S; + 1), (C18)
where we used
(1,0:8,. Mol S350, M) = ———2 (C19)
V8 (S +1)
(82, M3|S51S2, Ma) = M. (C20)

Plugging (C18) into (C17) and taking the result into (C16),
F(S285, 88", MM') = 8y gy (—1)555+5+!
x [$2(S2 + )28, + D12
’ Sz S’ S3

where we defined

8(S, 8" M) =+2S+1(1,0; S, M|1,S;S', M)

JSH1I-2, §=5+1,
—Js M s =85—1.

Equation (C21) is the final result for generic spin-S chains.
The coefficient 8 defined in the main text in Eq. (35) depends,
in the general case, on the spins S, and S3 that are decimated.
This is why, in this appendix, we will switch to an unam-
biguous notation and write it as Bs + y(S2, S3). We keep the
previous lighter notation in the rest of the paper in each of
the particular cases of s = 1/2 or 1 because it gives rise to no
ambiguity. It is then given by

Bs,+.m(S2,83) = f(85283; 8 £ 15, MM).

(C22)

(C23)

It is straightforward to show that the particular cases of s =
1/2 and 1 given in Eqs. (C11)—(C14) are recovered from these
general formulas.

APPENDIX D: TREATING POWERS OF THE BROADENED
3§ FUNCTION

The goal of this Appendix is to justify the treatment of
terms involving powers of the §-function. We will show that
the choice of keeping one of the §’s as “§ sharp” while broad-
ening the other ones produces the leading term in w for small
w, which justifies our treatment. The reasoning is analogous
to the Sommerfeld expansion for fermionic systems, in which
the derivative of the Fermi-Dirac distribution becomes con-
centrated around the Fermi surface at low temperatures. The
idea is to treat powers of the Lorentzian as kernels sharply
concentrated around x = a, with a width of order b. The nth
power of the Lorentzian is thus

b" 1

K, —a)= ——F————. D1
Mm@ = (D1)
We will focus on the small-b limit. We assume that

a>0, a>b>0. (D2)
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The peak at x = a is, therefore, far from the boundary at x =
0. For concreteness, we will first consider the case of n =2
and later generalize to n > 2.

1. The n = 2 case

Consider the integral

5= / dx f(0)Kap(x — ),
0

where f(x) is a test function. Making the change of variables
x = a+ bt,and using a/b > 1, we can replace the lower limit
by —oo,

(D3)

1 oodt fla—+bt)

L = 3 I rTanreen (D4)
Now we expand f in powers of bt,
b2 2
fla+bt) = fa)+btf'(a)+ —f”( )+ (D5)

Since the kernel is even, the term propomonal to bt vanishes.
Moreover,

/00 dt /"O t2dt 7w D6)
o (L1222 o422 27
Thus,
f(a) i
D7
x5 ot f (@) + - D7)
Equivalently, we can write
1 b
Kpyx—a)~ —3x—a)+—8"x—a)+---. (DY)
2b 4

The main features of this result are as follows: (i) the leading
term is proportional to 1/b as stated in the main text; and (ii)
the other contributions in powers of b involve derivatives of
£(x). In the main text, f(x) = e ¥*x>¥~! with x = I'q and
a =T,. These derivative terms are subleading in the small-b
expansion and do not contribute at small w. (iii) By comparing
(D8) with the replacement CS(0)é6(x — a) made in the main
text, we conclude that C = 1/2. This prefactor is nonuniversal
and depends on the choice of K; ;. For the box representation,
for instance, a simple calculation shows that C = 1.

2. Generalization ton > 2

Proceeding with the same steps as before, we define
1 o bt
L~ / ar L@+
npn—1 oo (1 + t2)n
Again, expanding and using that the kernel is even, all odd

powers of ¢ integrate to zero. The small-b expansion has the
leading terms

D9)

) [f( PR @+ }
>~ — a N
"2 (n) 0! 2(2n
(D10)
This translates into the following form of the kernel:
rn—1) 1
Ky p(x —a) ~ Qﬁﬁ(){ —a)
7""10(n) b
C'(n-2
(n—3) — §'x—a)+---. (DID)

47"~ (n) b3

A smL (x — x0)

A

iy X

FIG. 9. The modified Lorentzian §"*(x — x,) used as the delta
function representation in the numerical results, Eq. (E1). For x < xo,
it grows as (x/x;)?, starting from zero. The decay for x > x, is the
same as that of an ordinary Lorentzian.

We find that the leading term is proportional to 1/5"~!, justi-
fying the treatment used in the main text.

APPENDIX E: A MODIFIED LORENTZIAN
REPRESENTATION OF THE § FUNCTION

In this appendix, we give further details about the choice
of the §-function representation. We showed in the main text
the convenience of using the logarithmic scale Lorentzian
representation of the § function of Eq. (66). In that form, it
has the unwanted feature of having finite support for negative
values of the strictly positive quantity I',, = In(2p/w). We
thus elected to use a modified Lorentzian that avoids this
problem.

For the modified Lorentzian, we choose a continuous func-
tion of x peaked at x( and identical to a Lorentzian for x > xo,
which, however, tends to zero when x — 0, thus having sup-
port only for positive arguments:

8" (x — xp) = i

e e ED

2
S, x0) =1+ [(%) — 1}®(xo —X), (E2)
0

where A is the broadening and « guarantees that it is normal-
ized to 1. Integrating Eq. (E1) in x from zero to infinity, we
obtain

Ui = CIn(A+a3) Atan‘; (%)
X0 xO
2InA tan”' () L
L T i )

This modified Lorentzian is shown schematically in Fig. 9.
Evidently, this function satisfies the usual requirements for a
8-function representation in the limit A — 0. Note that any
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symmetric form, such as an ordinary Lorentzian or a Gaus-
sian, will inevitably produce weight in the negative argument

region, which is undesirable. It is in order to avoid this that we
choose to use this modified Lorentzian.
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