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Kondo screening and random-singlet formation in highly disordered systems
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We introduce a minimal effective framework designed to address the anomalous low-temperature thermo-
dynamics observed in strongly disordered interacting systems near a metal–insulator transition, such as doped
semiconductors. Our approach examines how a strongly inhomogeneous electronic bath quenches dilute pairs of
local magnetic moments. By solving the resulting two-impurity Kondo–Heisenberg problem within a large-N
variational framework, we capture the competition between Kondo screening and random-singlet formation.
Both mechanisms give rise to singular thermodynamic responses, producing a magnetic susceptibility of the
form χ (T ) ∼ T −α , where the exponent α evolves smoothly with model parameters and saturates in the metallic
regime, consistent with experimental observations. Our results establish a unified framework that connects
random-singlet physics and disorder-induced Kondo screening in strongly disordered correlated materials.
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I. INTRODUCTION

Doped semiconductors with a shallow impurity band, for
example, Si:P, provide a unique setup for studying the metal-
insulator transition (MIT) [1–6], which is driven by varying
the dopant concentration. Because the dopant ions are strongly
positionally disordered, one might expect the MIT to ex-
hibit Anderson-like behavior; however, the experimentally
observed critical exponents are dramatically inconsistent with
the noninteracting model. Furthermore, both the magnetic
susceptibility and the specific heat anomalies indicate the
presence of local magnetic moments on the insulating side, as
well as across the entire transition region [3,7]. This hints that
Coulomb repulsion is key to localizing the impurity electrons,
strongly suggesting a Mott-like scenario, which is decisively
modified by disorder [8–14]. Therefore, the MIT in doped
semiconductors combines Anderson and Mott localization,
posing a truly challenging theoretical problem [1,6,15].

In the insulating regime, the low-energy magnetic prop-
erties are well captured by the Bhatt–Lee random-singlet
model [16]. Here, disorder generates a wide range of anti-
ferromagnetic exchange couplings, leading to a hierarchical
condensation of spin pairs into singlets as temperature de-
creases. This process results in characteristic power-law
thermodynamic singularities [3–5,8]. Conversely, on the
metallic side, local moments are predominantly screened by
itinerant electrons. Strong disorder makes the conduction
environment highly inhomogeneous, creating broad distribu-
tions of local Kondo temperatures and again yielding singular
thermodynamic responses [4,17–24].

These two mechanisms—random-singlet formation and
disorder-induced Kondo screening—have often been dis-
cussed separately. However, close to a metal–insulator tran-
sition, they are intertwined, making a unified understanding
both essential and challenging. In this work, we present a

minimal effective model that bridges this gap. Drawing on
the phenomenological two-fluid picture of doped semicon-
ductors [3,8], which postulates both localized and delocalized
electrons near the MIT because of the very broad disorder
distribution, we analyze the low-temperature thermodynamics
of diluted pairs of local magnetic moments in strongly disor-
dered systems.

Specifically, we study an ensemble of two-impurity
Kondo-Heisenberg systems using a large-N variational
method. We find that a fraction of local-moment pairs form
random singlets, while the rest are Kondo-screened, generat-
ing an inhomogeneous local Fermi-liquid phase. The balance
between these populations shifts from a singlet-dominated
state in the insulator to a Kondo-dominated state in the
metal [Fig. 1(a)]. Strikingly, the model predicts a singu-
lar low-temperature susceptibility, χ (T ) ∼ C/T ∼ T −α , with
the exponent α varying smoothly with dopant concentra-
tion n [Fig. 1(b)], consistent with experiments on heavily
doped semiconductors [3–6,25]. The resulting ground state
is thus highly spatially inhomogeneous, with local moments
quenched at widely varying energy scales.

We organize the manuscript as follows. In Sec. II, we
present the effective low-energy model we consider, discuss
its noninteracting limit, and present the variational approach
to solve the model in the interacting case. In Sec. III, we
discuss the effective model deep into the insulating regime,
where we recover the random-singlet phase. Section IV ex-
plores the model inside the metallic phase and shows our
description of the disordered local Fermi liquid. The full
model connecting both solutions is discussed in Sec. V, and
we show how it smoothly connects the previous limits. Sec-
tion VI concludes the paper. Appendix A discusses further
details of the large-N solution, Appendix B shows the robust-
ness of our conclusions with respect to finite-size effects, and
Appendix C explores further the details of the full model.
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(a) (b)

FIG. 1. Two-site Kondo–Heisenberg problems embedded in a
disordered bath with varying impurity concentrations n. (a) Fraction
of solutions as a function of n. The pairs either form a random singlet
(RS) or are Kondo screened. (b) Magnetic susceptibility χ (T ) as a
function of T , on a log-log scale, for several n. The full black line
is the Curie law. The dashed lines are power-law fits: χ (T ) ∝ T −α .
(Inset) Exponent α as a function of n. The vertical dot-dashed line
marks the MIT for the conduction bath at nc = 0.016. We considered
L = 30.

II. MODEL AND LARGE-N SOLUTION

A possible minimal microscopic model for doped semi-
conductors consists of a single-band Hubbard model with
Nimp dopant sites randomly distributed in the continuum of
a cubic volume L3 [10,11]. The hopping amplitude between
sites i and j is ti j = t0e−ri j/a, where ri j is the intersite distance,
t0 = 1 sets the energy scale, and a is the effective Bohr radius,
which sets the distance scale for the impurity electrons. Be-
cause of the very broad distribution of hoppings, see the inset
of Fig. 3(a) below, the updated average hopping value of a
given site can be much smaller than t0 [10,11]. We disregard
additional corrections to ti j arising from anisotropy [26,27]
and other effects, as the exponential behavior captures the
leading contribution in the highly disordered diluted regime.
Unless otherwise stated, we study dopant concentrations in
the range n = 0.002–0.040 and system sizes in the interval
L = 20–50, always at half-filling in the conduction-electron
band. We perform around 103–104 realizations of disorder
(dopant configurations) for each combination of n and L,
assuming periodic boundary conditions.

(a) (b)

FIG. 2. (a) Averaged density of states of the noninteracting
Hamiltonian H0 in Eq. (1) as a function of energy E for several
values of dopant concentration n. (Inset) Chemical potential μ as a
function of n for half-filling. (b) Distribution of the level spacing r,
P(r), for several values of n. Inset: average value of r as a function
of dopant concentration. The vertical dashed line marks the critical
concentration nc = 0.016. We considered L = 30.

(a) (b)

FIG. 3. (a) Normalized distribution of the decimated exchange
couplings Q(Jab) for three different values of impurity concentra-
tion n, with J0 = 4t2

0 /U . (Inset) Distribution of the nearest-neighbor
couplings P(Jab) for the same n. (b) Magnetic spin susceptibility
χ (T ) as a function of the temperature T for several n on a log-log
scale. The dotted lines are fits to a power law, χ (T ) ∼ T −α , with the
concentration dependence of the exponent α shown in the inset. The
black line is the Curie law χ (T ) = T −1. We considered L = 30.

A. Noninteracting limit

In the noninteracting limit (U = 0, with U being the onsite
Coulomb repulsion), the Hamiltonian reads

H0 = −
∑
i j,σ

ti jc
†
iσ c jσ , (1)

where c†
iσ (ciσ ) creates (destroys) an electron at site i with spin

projection σ and ti j are the hopping matrix elements between
sites i and j.

The averaged density of states (DOS) for the model at
different impurity configurations is shown in Fig. 2(a). The
bandwidth covers the range −1.5 � E/t0 � 1.5, and it is
nearly particle–hole symmetric, despite the existence of odd
loops in the system because of the extended nature of the
hopping. Therefore, for simplicity, we will chiefly consider
E = 0, which approximately describes a half-filled conduc-
tion band for all n [with chemical potential μ close to zero,
see the inset of Fig. 2(a)]. The DOS curve is featureless,
displaying a slight increase in bandwidth as n increases.

To characterize the spatial extent of the bulk states and
probe the MIT, we analyze the level statistics of the H0

spectrum. Specifically, we diagonalize Eq. (1) for L = 30 and
several dopant concentrations, averaging over many disorder
realizations for each n. In each case, we considered an energy
window around E = 0 containing 1/16 of the total number of
states and evaluated the average level spacing ratio [28]

rν = min(δν, δν+1)

max(δν, δν+1)
, (2)

where δν = Eν+1 − Eν � 0 denotes the adjacent level spacing
between consecutive eigenvalues Eν of the matrix H0 in a
given impurity configuration. The ratio rν is used to analyze
spectral statistics. For delocalized states, the distribution P(r)
follows the Gaussian orthogonal ensemble (GOE) because of
their level repulsion, with P(r) ∼ r, for small r, and 〈r〉GOE ≈
0.53 [29]. In contrast, strongly localized states show no level
correlation and exhibit Poisson statistics, with P(r) → 2 at
small r, and 〈r〉Poisson ≈ 0.39. As shown in Fig. 2(b), both
regimes across the Anderson MIT are successfully captured
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by the distribution P(r). We leave a more detailed finite-size
scaling study of the transition for a future investigation and
take nc = 0.016 as our critical dopant concentration follow-
ing Refs. [30,31]. This critical density agrees remarkably
well with experimental observations in conventional doped
semiconductors [32]. The established critical exponent, ν =
1.58(3) [33–36], however, does not agree with the experimen-
tal values [3,5], pointing to the importance of correlations.

B. Effective model

Despite its simplicity, the Hubbard model remains chal-
lenging to solve, especially in the presence of disorder [10,37–
39]. To overcome this difficulty, we follow the phenomenolog-
ical two-fluid model [3,8,10,11], and assume that the dopant
electrons either form a local moment or become mobile,
contributing to the impurity band. The localized spins will
dominate the thermodynamic response, whereas the moving
electrons dominate the transport. Moreover, experiments show
that the fraction of dopant sites that form localized spins is
no more than 10% near the MIT, suggesting that the diluted-
impurity limit is a reasonable starting point.

To further rationalize this construction, consider a config-
uration in which two impurities are widely separated from all
the others. Because these isolated sites are singly occupied
and weakly coupled to their surroundings, each behaves as
a free local moment. This mimics the presence of diluted
impurity pairs in the system. By contrast, we consider the
remaining Nimp–2 sites well connected and behaving as con-
duction electrons. Free local moments at low temperatures
naturally lead to a singular thermodynamic response, and we
then pose the question: at which energy scale are these local
moments effectively quenched via either the Kondo effect or
a direct magnetic interaction?

To address the low-T thermodynamics quantitatively, we
adopt the two-impurity Kondo–Heisenberg model as our min-
imal model, where a band of c electrons hybridizes with
localized spins located at positions ra(b),

H = H0 +
∑
i j�αβ

K�
i j

(
c†

iα

σαβ

2
c jβ

)
· S� + Jab Sa · Sb. (3)

Here, H0 describes the noninteracting conduction electron
band [see Eq. (1)], σ is a vector containing the Pauli matrices,
and S� is the localized spin operator at the impurity sites � =
a, b. The Kondo and Heisenberg couplings can be obtained
via Schrieffer–Wolff transformations and are given by [40]:
K�

i j ≈ 8ti�t� j/U and Jab = 4t2
ab/U . See also Appendix A. The

nonlocal nature of the Kondo coupling is an important aspect
of the model, as it naturally incorporates a dependence on the
impurity concentration n.

Within the effective description, local-moment formation
is treated phenomenologically, while the subsequent com-
petition between singlet formation and Kondo screening is
addressed explicitly. For simplicity, we set U/t0 = 1 through-
out this work [10,11,41].

C. Large-N solution

To proceed, we solve the Kondo–Heisenberg model
in Eq. (3) within a large-N mean-field theory [42].

We enlarge the local-moment symmetry to SU(N ) and
the localized spins are represented in terms of auxiliary
fermions, Sαβ

� = f †
�α f�β − δα,β/2, subject to an onsite con-

straint,
∑N

α=1 f †
�α f�α = N /2, where f †

�α ( f�α ) is the fermionic
creation (destruction) operator and δα,β the Kronecker delta.
In this fermionic language, we introduce two Hubbard–
Stratonovich fields b�, conjugate to

∑
iα ti� f †

�αciα , and 	ab =
	, conjugate to

∑
α f †

bα faα . The local constraint is enforced
via Lagrange multipliers λ�. The Hamiltonian corresponding
to Eq. (3) becomes extensive in N by rescaling the coupling
constants as K�

i j/2 → K�
i j/N , Jab/2 → Jab/N .

In the N → ∞ limit, the physics is controlled by a
saddle point where the Hubbard–Stratonovich fields con-
dense [42–45]. We thus obtain the effective mean-field free
energy for the two local moments and the corresponding
self-consistency equations for the variational parameters λ�,
b�, and 	. As discussed in Appendix A, we solve these
equations in the limit b� → 0 and λ� → 0. This corre-
sponds to approaching the instability of the high-temperature
local-moment phase toward Kondo screening. Therefore, this
procedure determines the onset scale for Kondo screening,
namely the pair Kondo temperature T pair

K , analogously to
the standard Nagaoka–Suhl treatment of the single-impurity
Kondo problem [46,47]. Our objective is not to obtain the
complete low-temperature heavy Fermi-liquid solution, but
rather to uncover the energy scale at which local moments
become quenched by the conduction bath and to compare this
scale against random-singlet formation, fixed by the ampli-
tude of the singlet gap |	|.

The resulting mean-field equations dictate that (i) 	 	=
0 only if Jab > 4T 0

K,max, where T 0
K,max = T pair

K (	 = 0) =
max(T 0

K,a, T 0
K,b) is the largest single-impurity Kondo tem-

perature (T 0
K,�) in the pair, and (ii) |	| = Jab/2 when

T pair
K = 0 [48]. This translates into three possible solutions:

(S1) the random-singlet solution, |	| = Jab/2 and T pair
K =

0, corresponding to decoupling the local moments from the
conduction electrons but coupling them to each other; (S2)
the single-impurity Kondo solution, |	| = 0 and T pair

K > 0,
where the local moments are independently screened below
their corresponding T 0

K,�; and (S3) the coexistence solution,

where both |	| and T pair
K are nonzero. In general, we find that

solutions (S1) and (S2) are separated by a discontinuous tran-
sition as a function of an external parameter, for instance, Jab.
Moving beyond large-N , one generally expects a crossover
[49,50]. Moreover, we find that solution (S3) occurs in a small
range of the parameter space and is drastically suppressed
as the impurity separation and/or asymmetry in the Kondo
couplings increases [46]. We now discuss these solutions in
detail, highlighting the nontrivial effects introduced by the
broad disorder distribution.

III. RANDOM-SINGLET FORMATION

Let us discuss the non-Kondo solution, |	| = Jab/2 and
T pair

K = 0, in which we effectively decouple the two local
moments from the conduction electrons. Motivated by the
Bhatt–Lee theory of random-singlet formation [16], which
successfully describes the low-energy physics of Si:P deep
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inside the insulating phase, we randomly place Nimp dopant
sites in a cubic volume, and assume that they all form local
moments with T 0

K,� = 0 (no Kondo effect). We treat this setup
as an ensemble of Nimp/2 independent two-site problems for
each dopant configuration. To determine the corresponding
spin pairs of a given sample, we employ the hierarchical
scheme introduced in Ref. [51]. First, we identify the pair with
the strongest coupling Jab, which corresponds to the shortest
distance between spins. Next, we eliminate (decimate) this
pair from the system by forming a singlet. Finally, we iter-
atively repeat these first two steps until all Nimp/2 pairs a and
b are formed. Importantly, this decimation approach proceeds
without any additional renormalization steps.

For a given temperature T , we say that spin pairs with
|	| = Jab/2 > T are frozen in a spin-singlet state and do not
contribute to the susceptibility, whereas those with |	| < T
are essentially free. The spin susceptibility is then χ (T ) =
nfree(T )/T , where nfree(T ) is the density of free spins at a
given temperature T . This density is given by nfree(T ) =
n

∫ 2T
0 Q(J )dJ , where Q(Jab) is the distribution of the dec-

imated couplings, shown in Fig. 3(a) for three different
impurity concentrations. We also show the distribution P(Jab)
of the nearest-neighbor couplings for comparison. Because of
the hierarchical decimation procedure, pairs at progressively
larger separations are formed as the energy decreases, and
the distribution Q(Jab) inevitably becomes singular, whereas
P(Jab), well fitted by a log-normal distribution, is broad but
finite. This singular behavior of Q(Jab) highlights a broad
distribution of energy scales and suggests that the interaction
between pairs will have a subleading thermodynamic effect.

As shown in Fig. 3(b), χ (T ) inherits the singularity of
Q(Jab) at low T . To quantify this behavior, we fit the data as
χ (T ) ∼ T −α , and we observe that this power law captures the
data well at sufficiently low temperatures, with the exponent
α evolving sharply from the Curie value as n −→ 0 to α ≈ 0.7
for n � 0.010, in the temperature range we considered. For
low dopant concentrations, the power-law behavior occurs
below T/t0 � 10−2. As discussed in Ref. [46], the exact form
of the susceptibility can be obtained for this problem [51].
Still, we find it helpful to fit χ (T ) ∼ T −α because (i) it re-
covers the original Bhatt–Lee solution, reinforcing that the
correlated hierarchical temperature dependence captures the
random-singlet formation, and (ii) it connects naturally with
the single-impurity Kondo solution, as we show next.

IV. SINGLE-IMPURITY KONDO PROBLEM

We now discuss the single-impurity Kondo solution, |	| =
0 and T pair

K > 0. Here, the local moments are independently
Kondo screened. Again, we distribute the local moments at the
impurity positions, but now treat the system as an ensemble of
Nimp single-impurity Kondo problems. Within our model, this
means that we select a given site and assume it forms a local
moment. The remaining Nimp–1 sites then constitute an in-
homogeneous noninteracting electronic bath. The disordered
nature of the problem gives rise to a broad distribution of local
single-impurity Kondo temperatures P(TK ) [4,17–24], which
is well described by P(TK ) ∝ T −α

K at low TK ; see Fig. 4(a).
Once TK falls below the typical mean level spacing δ ∝ L−3

of the conducting band, we lose spectral resolution, and P(TK )

(a) (b)

FIG. 4. Distribution of single-impurity Kondo temperatures
P(TK ) for different impurity concentrations n on a log-log scale. The
dashed lines are power-law fits of the form T −α

K . We have α ≈ 0.6 for
all n; see inset. (b) Susceptibility χ (T ) as a function of T on a log-
log scale. The dashed lines are fits χ (T ) ∝ T −α with the exponent
α ≈ 0.6 displayed in the inset. The full black line is the Curie law.
We considered L = 30.

departs from its power-law behavior. We verified that, as L
increases, this deviation point is indeed pushed to lower en-
ergy scales; see Appendix B. Furthermore, we find that the
exponent α depends weakly on the impurity concentration
n, with α ≈ 0.6; see Fig. 4(a), although the nonlocal Kondo
couplings vary with n. Previous investigations of the single-
site Kondo effect in disordered baths also report this peculiar
weak dependence of the exponent α on disorder [19,21–23].
In contrast, a nonuniversal power-law exponent is expected
within the electronic Griffiths phase scenario of the disordered
Kondo problem [4,52].

To connect P(TK ) with thermodynamic quantities, we use
the interpolation formula: χ (T ) = 〈1/(T + T 0

K,�)〉 [47] [see
Fig. 4(b)], where 〈· · · 〉 denotes average over sites and dopant
configurations. This expression gives the correct behavior at
both high and low temperatures, with the crossover from free
local moments to the Kondo regime occurring around T/t0 ≈
10−2. Below this temperature, we get χ (T ) ∝ T −α , with the
same exponent α of P(TK ), reflecting the disorder-induced
broad distribution of TK .

Besides sites with a finite Kondo temperature, we also find
a fraction of free spins f (n, L), i.e., local moments with T 0

K,� =
0, which depends on both n and L. From the mean-field equa-
tions, the condition for a local moment at site d having a finite
Kondo temperature reads

∑
i jν 〈i|ν〉 〈ν| j〉 Kd

i j/|Eν | > 2, where
|ν〉 and Eν are, respectively, the eigenvectors and eigenvalues
of H0. Assume, then, that we are on the insulating side of the
MIT and that the wave function 〈i|ν〉 is Anderson-localized.
Because the couplings Kd

i j are exponentially suppressed by
disorder, we conclude that the inequality may be violated.
This justifies the existence of a finite fraction of spins that
remain Kondo-unscreened down to T → 0. As we discuss in
Appendix B, our numerical results are consistent with this
fraction vanishing in the metal and remaining finite in the
insulator; see Fig. 5.

The central result of this work is that both hierarchi-
cal random-singlet formation and disorder-induced Kondo
screening independently generate singular thermodynamic re-
sponses. In the next section, we show that both solutions
are smoothly connected in the experimentally relevant doping
regime.

225131-4



KONDO SCREENING AND RANDOM-SINGLET FORMATION … PHYSICAL REVIEW B 114, 225131 (2026)

(a) (b)

(c) (d)

FIG. 5. P(TK ) for several L for (a) n = 0.010 and (b) n = 0.020.
Vertical dashed lines mark the approximate finite-size cutoff T ∗

K ≈
L−3, below which the distributions deviate from the power-law tail
because of the finite-size gaps. (c) Fraction of spins that are not
Kondo screened f (n, L) as a function of the system size L and
several n on a log-log scale. (d) Extrapolated fraction of free spins
in the thermodynamic limit f∞(n) as a function of n. Values of
f∞(n) are obtained from finite-size scaling fits of f (n, L) = f∞(n) +
A(n)L−β(n). (Inset) Exponent β as a function of n.

V. TWO-IMPURITY KONDO PROBLEM

We now study an ensemble of two-impurity Kondo prob-
lems as an effective model for the thermodynamic behavior of
strongly disordered systems. We start with the single-impurity
Kondo problem. First, we solve the mean-field equations and
determine T 0

K,� at all sites. Second, we split the solutions
into two populations. Sites with finite T 0

K,� form initially the
Kondo population, whereas those with T 0

K,� = 0 comprise the
random-singlet population. Third, we construct an ensemble
of two-impurity Kondo problems for the Kondo species em-
ploying our hierarchical procedure. For each of these pairs,
we compare two energy scales: the intersite Heisenberg ex-
change Jab and the largest single-impurity Kondo temperature
T 0

K,max = max (T 0
K,a, T 0

K,b). For Jab � 4T 0
K,max, 	 = 0 and both

sites retain their single-impurity Kondo temperature. If, on
the other hand, Jab > 4T 0

K,max, we solve Eqs. (A3) and (A4).

We find that, in almost all cases, |	| = Jab/2 and T pair
K = 0,

implying that we must transfer these pairs from the Kondo
population to the random-singlet population. The remaining
pairs stay in the Kondo population with a slightly modified
local Kondo temperature. See Appendix C for further details.

Figure 1(a) shows the evolution of each species’ fraction
as a function of n at T = 0. As expected, the random-singlet
solution dominates deep into the insulator, whereas the Kondo
solution is enhanced in the metal, indicating the formation of
a random local Fermi liquid. Interestingly, the fraction of each
population evolves smoothly with doping and becomes equal
near nc. Physically, this means that the local moments are
more likely to form a singlet deep in the insulator. In contrast,
they are typically Kondo-screened by the metallic bath as we

cross the MIT, in a disordered version of Doniach’s competi-
tion between magnetism and the Kondo effect [45,53]. Once
we identify the sites for each population, we determine the
thermodynamic behavior of each species separately, following
the same procedure as before, and then add their contributions.
As shown in Fig. 1(b), the total susceptibility χ (T ) exhibits
a power-law divergence at low temperatures, χ (T ) ∼ T −α ,
for all n, with the exponent α decreasing continuously with
n within the insulating phase and converging to a constant
value α ≈ 0.6 near and above nc, Fig. 1(a), as a result of this
competition between random-singlet formation and Kondo
screening. This trend agrees with experimental work on heav-
ily doped semiconductors [3–6,25].

VI. CONCLUSIONS

We investigated the two-site Kondo–Heisenberg model in
a strongly disordered bath, Eq. (3), as an effective low-energy
model for the singular low-temperature thermodynamic be-
havior observed in doped semiconductors. Because disorder is
the dominant energy scale in this system, we expect spin–spin
correlations beyond pairs to be subleading. Using a consistent
large-N approach, combined with a hierarchical decimation
scheme, we find two solutions. One is the non-Kondo so-
lution, more pronounced on the insulating side, where the
spins decouple from the conduction bath and form random
singlets. The second solution is the Kondo solution, which
describes the quenching of these local moments by conduction
electrons, leading to an inhomogeneous Fermi liquid. These
solutions coexist in a given sample, with their relative frac-
tions changing with the dopant concentration.

Because the bare energy scales of the system are broadly
distributed owing to the random position of the dopants,
both solutions lead to a singular thermodynamic behavior,
which can be effectively described as χ (T ) ∼ T −α for all
concentrations, indicating that, unlike the homogeneous sys-
tem, thermodynamic quantities display no sharp distinction
between the two solutions. The power-law exponent α is a
smooth function of the model parameters, even across the
MIT, and saturates in the metallic regime, with α ≈ 0.6 in
our model. We expect more accurate approaches to improve
the results quantitatively, especially at finite T [23]. However,
they should not substantially alter our conclusions, since the
system’s strongly disordered nature is the primary driving
force behind this behavior [54].

As our next step, we would like to solve the disordered
Hubbard model [10,12–14,38,55], thereby dynamically estab-
lishing the formation of local moments and going beyond
the phenomenological description of the two-fluid behav-
ior by self-consistently coupling mobile electrons and local
moments. The existence of unscreened local moments in-
side the metal, as suggested experimentally, inevitably causes
a violation of Luttinger’s theorem, since a fraction of the
electrons would not contribute to the mobile-electron Fermi
sea [45,53,56–62], implying non-Fermi-liquid behavior [4]
and a singular thermodynamic response. Moreover, a finite
density of such “deconfined” local moments at the MIT
should fundamentally alter its universality class, with impor-
tant implications for the critical exponents and promising a
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significant advance in our understanding of the MIT in doped
semiconductors.
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APPENDIX A: DETAILS OF THE LARGE-N SOLUTION

Our primary motivation is to understand the singular
low-temperature thermodynamic response in doped semicon-
ductors near the MIT. In Si:P, for instance, each phosphorus
ion forms a bound state approximately 45 meV below the
silicon conduction band for n → 0. Adding an extra electron
to this bound state costs an onsite Coulomb repulsion U ,
which is very close to the binding energy [41]. This suggests
a local-moment picture on the insulating side.

As the impurity density increases and we enter the metallic
phase, one expects the quenching of local moments and the
formation of a disordered Fermi liquid. However, strong disor-
der allows a fraction of local moments to survive, even inside
the metal, at experimentally relevant temperatures [10,12–
14]. These general observations led us to propose Eq. (3)
as our minimal microscopic model. This model combines
two sources of singular thermodynamic behavior for local
moments in contact with a random bath: the random-singlet
formation and Kondo screening with a broad distribution of
Kondo temperatures.

To further motivate our effective model, let us consider
Nimp dopant sites randomly placed in the continuum of a cubic
volume. We assume that two arbitrary sites at positions ra

and rb form localized moments, while the remaining Nimp − 2
sites constitute a conduction band. As discussed in the main
text, one might rationalize this local-moment formation by
imagining isolated singly occupied sites weakly coupled to
their surroundings. In contrast, the remaining sites are well
connected and can be described as conduction electrons. The
corresponding two-impurity Anderson model reads

HA = −
∑

i j 	=�,σ

ti jc
†
iσ c jσ − μ

∑
i 	=�,σ

c†
iσ ciσ + U

∑
�

n�↑n�↓

−
∑

i 	=�,σ

(ti�c†
iσ f�σ + H.c.) +

∑
�,σ

(εd� − μ)n�σ . (A1)

where i and j run over conduction electron sites, � = a, b
labels the local moment sites, c†

iσ ( f †
�σ ) is the creation operator

of a conduction electron (localized moment) at site i (�) with

spin projection σ , n�σ = f †
�σ f�σ is the occupation number

operator at site �, εd� and U are the onsite energies and local
Hubbard repulsion for the local-moment sites, respectively.
We assume that the conduction bath possesses an approxi-
mate particle-hole symmetry and set εd� − μ ≈ −U/2; see
Fig. 2(a). To derive Eq. (3), we (i) apply a Schrieffer–Wolff
(SW) transformation in Eq. (A1) up to second order in the
hopping amplitudes, thereby projecting out empty and doubly
occupied configurations on the local moment sites, and (ii)
introduce a direct Heisenberg coupling (Jab) between them.
Notice that we have a very broad distribution of hoppings,
which gives rise to sites that are weakly coupled to the bath
and thus are prone to form local moments; see the inset of
Fig. 3. The SW transformation also generates an indirect
RKKY interaction at fourth order [40], which is suppressed
in the large-N limit we present next (JRKKY ∼ 1/N 2).

To solve the Kondo-Heisenberg model, Eq. (3) of the
main text, we employ the large-N static mean-field theory
of Ref. [42], also presented in the main text. Within this
approach, we obtain the following effective mean-field free
energy for the two local moments [42–45,48]

Fmf

N = −T
∑

n

ln det On +
∑

�

|b�|2
g

+ |	|2
Jab

− 1

2

∑
�

λ�,

(A2)

where the matrix On reads

On =
(−iωn + λa + |ba|2φaa 	 + b�

abb φab

	� + bab�
b φba −iωn + λb + |bb|2φbb

)
.

Here, ωn are fermionic Matsubara frequencies, g = 8/U , and
the nonlocal hybridization function φ��′ (iωn) reads

φ��′ (iωn) =
∑
i jν

ti�t�′ j
〈i|ν〉〈ν| j〉
iωn − Eν

,

with Eν and |ν〉 denoting, respectively, the eigenvalues and
eigenvectors of the conduction bath Hamiltonian H0. The
mean-field equations are obtained by minimizing the free
energy in Eq. (A2) with respect to the variational quantities
{λa, λb, ba, b�

a, bb, b�
b,	,	�}. Because of the local freedom

f�σ −→ eiθ� f�σ , b� −→ e−iθ�b�, and 	 −→ ei(θa−θb)	, we can
work in a gauge where ba and bb are real, while 	 is complex
[42,45,48,53]. At high temperatures, the saddle point yields
b = (ba, bb)T = 0. However, as the temperature falls below a
characteristic scale T pair

K , Kondo screening sets in and the local
moments begin to be quenched by the conduction electrons,
indicating that b 	= 0. To simplify the problem, we work in
the limit b → 0, T → T pair

K , where we find λa = λb = 0 and
	 = 	�.

The saddle point conditions then become

tanh
(|	|/2T pair

K

) = 2|	|/Jab, (A3)

Aa + Ab + 4g−1 =
√

(Aa − Ab)2 + 4B2, (A4)

where A� = F−
�� + F+

�� , B = F−
ab − F+

ab , and

F±
��′

(|	|, T pair
K

) =
∑
i jν

ti�t�′ j 〈i|ν〉 〈ν| j〉 f (Eν ) − f (∓|	|)
Eν ± |	| .
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Here, f (x) is the Fermi–Dirac distribution at T = T pair
K . There

is an extra trivial equation, f (|	|) + f (−|	|) = 1, stating
that the f -electron occupation is distributed among the two
energy levels 	. Further details of the mean-field solution are
presented in Ref. [46].

APPENDIX B: FINITE-SIZE EFFECTS
IN THE KONDO PROBLEM

As discussed in the main text, the distribution of single-
impurity Kondo temperatures has a power-law divergence at
low temperatures, P(TK ) ∝ T −α

K that is truncated by finite-size
effects for TK < T ∗

K (L) where T ∗
K (L) is a size-dependent cutoff

scale of the order of the level spacing δ(L) ∝ L−3. In Figs. 5(a)
and 5(b), we show P(TK ) for several L in the insulating and
metallic phases, and we confirm that it displays a power-
law regime for all L over an appreciable window of Kondo
temperatures, with no significant difference in the behavior
inside the metal and insulator. For TK < T ∗

K (L), the curves
deviate from the power-law behavior, indicating a saturation.
The scale T ∗

K (L) shifts systematically to lower energies as L
increases, but P(TK ) displays no other prominent features,
suggesting that the results for finite systems can capture the
correct low-energy behavior in the experimentally relevant
temperature range.

Apart from these finite-TK solutions, we also find a fraction
f (n, L) of sites that do not undergo Kondo screening, i.e.,
T 0

K,� = 0; Fig. 5(c). We expect a finite fraction of spins that re-
main Kondo-unscreened down to T → 0 inside the insulator.
On the metallic side, we expect the Kondo effect to always
occur in the thermodynamic limit. To test this idea, we fit
the fraction of free spins as f (n, L) = f∞(n) + A(n)L−β(n).
As we show in Fig. 5(d), for n � 0.012, the best fits require
f∞ > 0, consistent with a finite fraction of spins as L −→ ∞.
This fraction decreases with n as the localization length of the
conduction electrons increases. Physically, free spins arising
in the insulator will not remain free down to T → 0 owing
to the random-singlet formation. For n � 0.012, the fit works
better with f∞ = 0, as the error bars in f∞(n) become large,
consistent with the general expectation that all spins should be
screened in the metal.

A similar trend appears in the fit for the other parameters.
For n � 0.012, the amplitude A(n) is essentially constant (not
shown). The finite-size scaling is governed by the exponent
β(n), which increases with n, indicating a drastic reduction
in f (n, L) as we move deeper into the metal; see the inset
of Fig. 5(d). Within error bars, all fit parameters at low and
high n match at n = 0.012, and we take this concentration as
the point at which the behavior changes. This value is close
to the conduction-band MIT. Deeper into the insulator, the
exponent β(n) increases rapidly as n decreases, implying that
the fraction of free spins quickly reaches f∞.

APPENDIX C: CHOICE OF BASIS

Ultimately, we model our problem as an ensemble of
Nimp/2 two-impurity Kondo problems, assuming that all
electrons in the sample can form a local moment. At low
temperatures, each pair has two possible fates: either it is

FIG. 6. Construction of the two-site basis employed in the main
text to solve the disordered two-impurity Kondo problem within
our large-N solution. We obtain a two-population solution: sites
are either Kondo-screened by the conduction electrons or form a
random singlet (RS). Here, J∗

ab = 4T max
K , where T max

K is the maxi-
mum single-impurity Kondo temperature of the two sites coupled
by Jab.

Kondo-screened by the conduction electrons, or it forms a
random singlet. Both mechanisms give rise to a singular
thermodynamic behavior, with the latter dominating in the
insulating regime (low doping) and the former in the metallic
regime (higher doping).

We explain our choice of basis in the main text (see Fig. 6).
We begin with the single-impurity Kondo problem, solve the
mean-field equations, and determine T 0

K,� at each dopant site.
We then separate the solutions into two populations: sites
with finite T 0

K,� form the Kondo population, whereas sites with
T 0

K,� = 0 comprise the random-singlet population. After that,
we construct an ensemble of two-impurity Kondo problems
for the Kondo population employing the hierarchical deci-
mation procedure of Ref. [51]. For each of these pairs, we
compare two energy scales: the intersite Heisenberg exchange
Jab and the largest local single-impurity Kondo temperature
TK,max. If Jab � J∗

ab, where J∗
ab = 4T 0

K,max, 	 = 0 and both
sites retain their single-impurity Kondo temperature. If, on
the other hand, Jab > J∗

ab, Eqs. (A3) and (A4) must be solved
explicitly. We find that, in the overwhelming majority of
these cases, 	 = Jab/2 and T pair

K = 0, implying that we must
transfer these pairs from the Kondo to the random-singlet
population. The remaining pairs stay in the Kondo population,
with a slightly modified local Kondo temperature. Inciden-
tally, we remark that very few solutions (≈3% of their total
number) fall within the coexistence interval, even for n =
0.030, because of the strongly disordered nature of the prob-
lem. As a result, we can essentially solve the full problem by
just comparing energy scales of the single-impurity problem
and random-singlet formation.

Different basis choices are possible in general. Therefore,
we also consider the random-singlet basis of the problem,
which is built on the limit of decoupled impurity pairs. We
randomly place n dopants in the system. We treat this setup
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(a) (b)

FIG. 7. Comparison of the results for the different basis choices
for solving the two-impurity problem: the Kondo basis and the
random-singlet (RS) basis. (a) Fraction of the two solutions, the
Kondo solution (full curves) and the RS solution (dashed curves), as a
function of the dopant concentration n for the two bases. (b) Suscep-
tibility χ (T ) as a function of the temperature T for different n. We fit
the result to a power law: χ (T ) ∼ T −α . (Inset) Power-law exponent
α as a function of n. The dashed vertical line marks the critical
concentration nc for which the MIT in the conduction electrons takes
place.

as an ensemble of Nimp/2 independent two-site problems (for
each sample) and employ our hierarchical scheme. First, we
identify the spin pair with the strongest coupling Jab, which
corresponds to the shortest distance between spins. Next, we
eliminate (decimate) this pair from the system by forming a
singlet. Finally, we iteratively repeat these first two steps until
all Nimp/2 pairs a and b are formed.

Once we define the random-singlet basis, we solve the
self-consistency equations and compute T 0

K,max and 	 for all
pairs. Again, we obtain a two-species solution. The results are
presented in Fig. 7, where we compare the results for the two
basis choices. As we study the fraction of solutions in each
population, we observe that the Kondo population overcomes
the random-singlet one at a higher dopant concentration n in
the random-singlet basis than in the Kondo basis, because
each basis favors the solution on which it was built. As for
the thermodynamic behavior, we see that qualitatively the two
basis choices produce similar results. We obtain singular ther-
modynamics for all dopant concentrations that can be fitted
to χ (T ) ∼ T −α , with the exponent α decreasing with n. The
random-singlet basis produces a more singular response in the
insulator, as it favors the random-singlet formation, which has
a larger α for n → 0. In the metal, on the other hand, α is less
singular than in the Kondo basis. Again, the tendency to form
singlets is strong, but Jab is also enhanced, which quenches
the local moments at higher scales.

Ultimately, the strongly disordered nature of the prob-
lem dominates the physics, as the exchange coupling Jab

is broadly distributed. Both the random-singlet formation
and the Kondo quenching lead to a singular thermodynamic
behavior, χ (T ) ∼ T −α , persisting across the MIT, with the
power-law exponent α a smooth function of the model pa-
rameters, independently of the choice of basis and details of
the solution. We choose to work in the Kondo basis because it
is deliberately constructed to bridge the random-singlet phase
deep in the insulator with the inhomogeneous local Fermi-
liquid that emerges at high dopant concentrations.
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fiths phase of disordered Anderson lattices, Phys. Rev. Lett. 86,
264 (2001).

225131-8

https://doi.org/10.1103/RevModPhys.57.287
https://doi.org/10.1016/0921-4526(91)90233-5
https://doi.org/10.1088/0034-4885/68/10/R02
https://doi.org/10.1002/andp.201100034
https://doi.org/10.1103/PhysRevLett.63.648
https://doi.org/10.1103/PhysRevLett.61.597
https://doi.org/10.1103/PhysRevB.37.5531
https://doi.org/10.1103/PhysRevLett.63.82
https://doi.org/10.1103/PhysRevLett.68.3072
https://doi.org/10.1103/PhysRevLett.94.056404
https://doi.org/10.1103/PhysRevLett.102.156402
https://doi.org/10.1103/PhysRevLett.102.206403
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1103/PhysRevLett.48.344
https://doi.org/10.1103/PhysRevLett.69.1113
https://doi.org/10.1103/PhysRevLett.86.264


KONDO SCREENING AND RANDOM-SINGLET FORMATION … PHYSICAL REVIEW B 114, 225131 (2026)

[19] P. S. Cornaglia, D. R. Grempel, and C. A. Balseiro, Universal
distribution of Kondo temperatures in dirty metals, Phys. Rev.
Lett. 96, 117209 (2006).

[20] R. K. Kaul and M. Vojta, Strongly inhomogeneous phases and
non-Fermi-liquid behavior in randomly depleted Kondo lattices,
Phys. Rev. B 75, 132407 (2007).

[21] S. Kettemann, E. R. Mucciolo, and I. Varga, Critical metal
phase at the Anderson metal-insulator transition with Kondo
impurities, Phys. Rev. Lett. 103, 126401 (2009).

[22] S. Kettemann, E. R. Mucciolo, I. Varga, and K. Slevin, Kondo-
Anderson transitions, Phys. Rev. B 85, 115112 (2012).

[23] V. G. Miranda, L. G. G. V. Dias da Silva, and C. H. Lewenkopf,
Disorder-mediated Kondo effect in graphene, Phys. Rev. B 90,
201101(R) (2014).

[24] E. C. Andrade, A. Jagannathan, E. Miranda, M. Vojta, and
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[66] V. Dobrosavljević and G. Kotliar, Strong-coupling limit of the
Kondo problem, Phys. Rev. B 46, 5366 (1992).

225131-10

https://doi.org/10.1103/PhysRevB.95.035113
https://doi.org/10.1103/PhysRevLett.134.106503
https://zenodo.org/records/23069541
https://doi.org/10.1103/PhysRevB.70.180401
https://doi.org/10.1137/070710111
https://doi.org/10.1103/PhysRevB.46.5366

