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Probability

p(✓|d) / p(d|✓)p(✓)

‘prior’

‘degree of belief’

Bayesians, Frequentists and other



Experimental errors and uncertainties 
should be treated probabilistically

Treatment of probabilities should be 
mathematically sounds

Interpretation of probability (subjective vs 
objective) depends on the situation



Bayesians, Frequentists and other

It is possible to do garbage statistics as a 
‘Bayesian’ or ‘Frequentist’: i.e. just 
because you use the word ‘prior’, does 
not mean you know what you’re doing

Best is to understand the structure of your 
problem (e.g. your error model) and to 
use mathematically sound probabilities.



Good overview of available tools 

Well organised and maintained 

Know which tool for which job
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Bayes Theorem
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Least Squared 
Regression

Goodness of fit  
𝛘2 Distribution

Host of Classical Tests
MCMC

ABC

Graphical Models

Hierarchical Models
Relative Entropy

Hypothesis testing

Student t-test

p-value
K-S test

Shapiro-Wilk
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Probabilities
Joint 

Marginalised 

Conditioned

Weight (W)
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p(W,H)

p(W ) =

Z
p(W,H)dH

p
p(W,H) = p(H)p(W |H)

p(W,H) = p(W )p(H|W )

p(W |H)



Bayes Theorem

Statistical inference problem:  
Given some data (D) we wish to infer the 
parameters of a model (M)

Posterior Likelihood Prior

p(M |D) / p(D|M)p(M)

p(M,D) = p(M |D)p(D) = p(D|M)p(M)



Prior to experiment 
Post experiment
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Petit Nicola
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MCMC - Point sampling of pdf

hxi =
Z

x p(x)dx

hh(x)i =
Z

h(x) p(x)dx



Metropolis-Hastings

target distribution P(θ) proposal distribution Q(θ)



Metropolis-Hastings

initial position θ0 proposed position θp

accepted with probability:min (1, P (✓p)/P (✓0))



Metropolis-Hastings

target proposal



Metropolis-Hastings

target proposal



Metropolis-Hastings

target proposal



Metropolis-Hastings

target proposal



Metropolis-Hastings

after 1,000 iterations



MCMC - Point sampling of pdf

hxi =
Z

x p(x)dx

hh(x)i =
Z

h(x) p(x)dx

Other measures can also be extracted 
from the p(x) e.g. x for max probability
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Flat prior -> Likelihood analysis

Posterior Likelihood Prior

p(M |D) / p(D|M)p(M)



Maximum Likelihood

Posterior calculations with a flat prior and the maximum 
probably point recover a statistical method called the 

Maximum Likelihood Estimator (MLE) approach.

Though it was developed almost 100 years ago (R.A. Fisher 
1920s), it is still a useful method for many applications.



Maximum Likelihood: IID process

NotesLec8 MaxLikelihood

November 4, 2015

1 Maximum Likelihoods

1.1 Maximum Likelihood Estimator - MLE

Starting from a Bayesian updating framework, it is sometimes useful to consider common simpler variants

of the inference problem. For instance, people often work with the case of ‘a flat’ prior. In this case the

posterior simply becomes the likelihood.

Also, as we have seen in previous discussions, carrying the full information about a multidimensional

distribution is di�cult. MCMC methods o↵er us an opertunity to do this in a more manageable way since

we draw points that are a random subsamples of the underlying distribution that we wish to map. Going

further we have discussed that it is often useful to boil down the information further into, for instance the

mean or variance of the distribution, which we can estimate from the points. Another important number

that is often quoted is the point of maximal probability.

When we combine these two ideas, posterior calculations with a flat prior map the likelihood, and the

maximum probably point is of interest, we recover a statistical method called the Maximum Likelihood

Estimator (MLE) approach. Though it was developed almost 100 years ago (R.A. Fisher 1920s), it is still a

useful method for many applications.

Consider IID variables X1, X2, X3...X4 all with a common pdf f(.; ✓). Since we are dealing with IIDs,

we know from earlier that this means

Pr(X1  a1, X2  a2, X3  a3) = Pr(X1  a1)Pr(X2  a2)Pr(X3  a3)
The likelihood is therefore given by

L(✓) = ⇧f(Xi; ✓) = p(Xi|D)

Often it is easier to work with the log likelihood. In this case we get

`(✓) = ln[L(✓)] =
P

lnf(Xi; ✓).
The MLE of ✓ (✓̂MLE) is found by maximising the L(✓) or `(✓). In the usual way we do this by setting
@`
@✓ = 0.

1.2 Links to ‘�2’

MLE reduces to minimising the �2
variable in the case where the errors are known and are Gaussian. Let

us quickly explore what this means. Often in statistics we define a cost function (S), which is typically the

sum of the squares of random variables, that we minimise. In the case of Gaussian errors it is simple to see

that such a cost function arises naturally since the log likelihood is a parabola (see example below).

When centred on ‘the correct’ model, the measures we make should deviate from ‘the true’ underlying

values, by the noise in the system. For Gaussian errors, and if we normalise by the variance of the noise,

the cost function will follow a �2
distribution. This is the PDF of X2

, where X is drawn from a normal

distribibution N(0, 1) (http://www.mathworks.ch/help/stats/chi-square-distribution.html), and it depends

on the the number of samples drawn.

For instance if Qn are the sums of n random variables added in quatrature, therefore,

Q1 = x2

Q2 = x2
1 + x2

2

Q3 = x2
1 + x2

2 + x2
3

. . .

1
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Maximum Likelihood: Gaussian example

The corresponding PDF are:

In [1]: import pylab as pl
%pylab inline
from scipy.stats import chi2
dfs = [2,4,6,10]
x = np.linspace(0, 20)
for df in dfs:

rv = chi2(df)
pl.plot(x, rv.pdf(x))

Populating the interactive namespace from numpy and matplotlib

1.3 Back to the Gaussian example

Mean of a sample of size n from Gauss N(µ,�2
)

L =
1

(2⇡)n/2�n⇧exp[�(xi�µ)2

2�2 ]

` = �n
2 ln[2⇡]� n ln� �

P (xi�µ)2

2�2

To find max for mean
@`
@µ = 0 =

1
�2

P
(xi � µ)

so

µ̂MLE =
1
n

P
xi

What about estimating �?
@`
@� = 0 = �n

� +
1
�3

P
(xi � µ)2

�̂MLE =
1
n

P
(xi � µ)2

In [ ]:

2



Minimum ‘𝛘2’ & the 𝛘2 Distribution

` / �
X (xi � µ)2

2�2
N (0, 1)

Qn = x2
1 + x2

2 + ...+ x2
n

Draw numbers from 
a normal distribution:

Interested in variable  that 
is the sum of squares:

Distribution of Qn follows a 
𝛘2 distribution.



Least Squared Regression - MLE for linear models

NotesLec9 RegressionMethods

October 30, 2015

1 Ordinary Least Squares

Imagine we have 4 data points (yi at xi) and a model that is a straight line,

y = ✓0 + ✓1x.
In this example the data points are realisations of the model with some error

yi = ✓0 + ✓1xi + ✏
In order to do a fit we need to define a cost function. A simple one is

S =
P

(yi � ŷi)2,
where the estimator of the data points (ŷ) is derived from estimators of the parameters of the model,

ŷi = ✓̂0 + ✓̂1xi. In this case the cost function can be rewritten as

S =
P

(yi � ✓̂0 + ✓̂1xi)
2
.

For the best fit values of ✓̂0 and ✓̂1xi we therefore need to find the minimum cost function. In the usual

way, this means we di↵erentiate it and set it to zero. Doing this leads to

✓̂1 =

P
(xi�x̄)(yi�ȳ)P

(xi�x̄)2 , and

✓̂0 = ȳ � ✓̂1x̄
confirm
The nice thing about this method is that we can also calculate the errors on the estimates.

1.1 Matrix form

Next we will extend this straight line fitting using matrix notation. Let X be an n⇥k matrix; k independent

variables (✓) for n observables.

Let y be an n⇥ 1 vector of observables.

Let ✏ be an n⇥ 1 vector of errors

Let ✓ be a k ⇥ 1 vector of unknown population parameters

y = X✓ + ✏
For our straight line example we can write out the full matrix as

Similarly our estimators

ŷ = X ✓̂
In this case the residual vector

e = y � ŷ = y �X ✓̂.
Our cost function, the sum of the quares, is

S = eT e.
Plugging in the matricies,

eT e = (y �X ✓̂)T (y �X ✓̂) = yT y � 2✓TXT y + ✓̂TXTX ✓̂.
To find ✓̂ that minimises the sum of the residuals squares, we need to take the derivative eith respect to

✓̂,
@eT e
@✓̂

= �2XT y + 2XTX ✓̂.
We then set this expression to zero. To check if this is a minimum or a maximum, we would need to

di↵erentiate again. This would lead to 2XTX. So long as X is full rank, this is a positive definite matrix ->
minimum.

From the earlier equation we get

1

(XTX)✓̂o = XT y
This then leads us to

✓o = (XTX)
�1XT y.

Few things to note about (XTX): * it is square (k ⇥ k) * it is symetric.

Our solution for ✓o applies when (XˆTX) can be inverted. This can break down in some situations, for

instance when we have less data points than parameters and when parameters are degenerate.

1.2 Properties of least squared estimator

• Minimises the sum of the squared residuals

• Oberved values of X are unorrelated to the residuals

• Sum of the residuals is zero (
P

ei = 0)

• Sample mean of the residuals is zero (1/n
P

ei = 0)

• Regression hyperplane passes through the means of the observables (X̄ & ȳ)
• Predicted values of y are uncorrelated with the residuals

• Mean of predicted ys are the same as the means of the observables (¯̂y = ȳ)

These are true so be careful not to accidentally infer something that uses these quantities.

The OLS estimator is the best linear unbiased and e�cient estimator (BLUE) – Gauss-Markov Theorem.

We can also study the variance/covariance matrix for the estimators.

The covariance of ✓̂ is

h(✓̂ � ✓)(✓̂ � ✓)T i
= h[(XTX)

�1XT ✏][(XTX)
�1XT ✏]T i

= h(XTX)
�1XT ✏✏TX(XTX)

�1i
= (XTX)

�1XT h✏✏T i X(XTX)
�1

, if X is non-stochastic.

For homoskedastic cases, h✏✏T i = �2I, where I is the identity matrix.

Plugging this in and rearranging the equations we get,

h(✓̂ � ✓)(✓̂ � ✓)T i = �2
(XTX)

�1
.

We can also try to estimate �2
from the data,

�̂2
=

eT e
n�k .

1.3 Generalised least square

To go beyond the ordinary least squared example above, we can include the covariance matrix from the data,

if it is know, to create our estimator. In this case the cost function for the generalised case, Sg, is

Sg = (y �X ✓̂)TC�1
(y �X ✓̂).

Where the known covariance, C, is

Cij = h(yi � hyii)(yj � hyji)i.
In this case the estimator is given by

✓̂g = (XTC�1X)
�1XTC�1y,

with a covariance matrix of (XTC�1X)
�1

In [ ]:

2
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