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Resumo

Este documento serve como referencia das equações e dos procedimen-
tos usados na implementação de Uniaxial Perfect Matched Layer UPML
nos algoritmos FDTD para paralelismo em GPU.

1 Introdução

A técnica UPML consiste em considerar um material anisotrópico como con-
torno do domı́nio computacional e escolher as componentes adequadas dos ten-
sores permissividade elétrica e permeabilidade magnética. Desta forma obtemos
contornos que não refletem ondas planas para qualquer ângulo incidente e ab-
sorvem estas ondas fazendo com que os campos que decaiam exponencialmente
com a distância. Os detalhes desta técnica podem ser encontrados no Taflove
2a edição no caṕıtulo 7. Inicialmente vamos considerar as equações de Faraday
(2) e Ampere (1) onde foi aplicada a transformadas de Fourier temporal nos
campos:

∇× Ĥ = jωϵ S̄ Ê , (1)

∇× Ê = jωµ S̄ Ĥ , (2)

onde Ê e Ĥ são as transformadas de Fourier do campo elétrico e magnético
respectivamente, ϵ é a permissividade elétrica e µ a permeabilidade magnética
do meio, S̄ é o tensor que proporciona a anisotropia das propriedades eletro-
magnéticas.

O tensor S̄ escolhido para minimizar a reflexão para ondas incidentes é dado
pela equação (3),

S̄ =

∥∥∥∥∥∥
sysz
sx

sxsz
sy

sxsy
sz

∥∥∥∥∥∥ , (3)

onde,

sl = κl +
σl

jωϵ
, (4)
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com l = x, y, z. O valores dos parâmetros κl e σl serão descritos mais adiante,
ω é o termo de frequência da transformada de Fourier.

As definições das relações constitutivas, dadas pelas equações (5-10), são
escolhidas de forma a evitar constantes dependentes de ω e assim evitar a ne-
cessidade de convoluções.

D̂x =
ϵsz
sx

Êx , (5)

D̂y =
ϵsx
sy

Êy , (6)

D̂z =
ϵsy
zx

Êz , (7)

B̂x =
µsz
sx

Ĥx , (8)

B̂y =
µsx
sy

Ĥy , (9)

B̂z =
µsy
sz

Ĥz . (10)

Substituindo as equações (5-10) em (2) e (1) obtemos,∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂Ĥz

∂y
− ∂Ĥy

∂z

∂Ĥx

∂z
− ∂Ĥz

∂x

∂Ĥy

∂x
− ∂Ĥx

∂y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= iω

∥∥∥∥∥∥∥∥∥∥
sy

sz

sx

∥∥∥∥∥∥∥∥∥∥

∣∣∣∣∣∣∣∣∣∣∣∣

D̂x

D̂y

D̂z

∣∣∣∣∣∣∣∣∣∣∣∣
(11)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂Êz

∂y
− ∂Êy

∂z

∂Êx

∂z
− ∂Êz

∂x

∂Êy

∂x
− ∂Êx

∂y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= −jω

∥∥∥∥∥∥∥∥∥∥
sy

sz

sx

∥∥∥∥∥∥∥∥∥∥

∣∣∣∣∣∣∣∣∣∣∣∣

Ĥx

Ĥy

Ĥz

∣∣∣∣∣∣∣∣∣∣∣∣
(12)

Usando a equação (4) em e (11), (12) e tomando a transformada inversa de
Fourier,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂Hz

∂y
− ∂Hy

∂z

∂Hx

∂z
− ∂Hz

∂x

∂Hy

∂x
− ∂Hx

∂y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∂

∂t

∥∥∥∥∥∥∥∥∥∥
κy

κz

κx

∥∥∥∥∥∥∥∥∥∥

∣∣∣∣∣∣∣∣∣∣
Dx

Dy

Dz

∣∣∣∣∣∣∣∣∣∣
+

1

ϵ

∥∥∥∥∥∥∥∥∥∥
σy

σz

σx

∥∥∥∥∥∥∥∥∥∥

∣∣∣∣∣∣∣∣∣∣
Dx

Dy

Dz

∣∣∣∣∣∣∣∣∣∣
(13)
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂Ez

∂y
− ∂Ey

∂z

∂Ex

∂z
− ∂Ez

∂x

∂Ey

∂x
− ∂Ex

∂y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= − ∂

∂t

∥∥∥∥∥∥∥∥∥∥
κy

κz

κx

∥∥∥∥∥∥∥∥∥∥

∣∣∣∣∣∣∣∣∣∣
Bx

By

Bz

∣∣∣∣∣∣∣∣∣∣
− 1

ϵ

∥∥∥∥∥∥∥∥∥∥
σy

σz

σx

∥∥∥∥∥∥∥∥∥∥

∣∣∣∣∣∣∣∣∣∣
Bx

By

Bz

∣∣∣∣∣∣∣∣∣∣
(14)

2 Caso 2-d TEz

As derivadas em se anulam. As componentes das equações (13) e (14) necessárias
são:

∂Hz

∂y
= κy

∂Dx

∂t
+

σy

ϵ
Dx (15)

∂Hz

∂x
= −κz

∂Dy

∂t
− σz

ϵ
Dy (16)

∂Ey

∂x
− ∂Ex

∂y
= −κx

∂Bz

∂t
− σx

ϵ
Bz (17)

As equações são discretizadas segundo o esquema de Yee:

Hz|ni,j+1 −Hz|ni,j
∆y

= κy

Dx|n+1/2
i,j+1/2 −Dx|n−1/2

i,j+1/2

∆t

+
σy

ϵ

Dx|n+1/2
i,j+1/2 +Dx|n−1/2

i,j+1/2

2
, (18)

Hz|ni+1,j −Hz|ni,j
∆x

= −κz

Dy|n+1/2
i+1/2,j −Dy|n−1/2

i+1/2,j

∆t

−σz

ϵ

Dy|n+1/2
i+1/2,j +Dy|n−1/2

i+1/2,j

2
, (19)

Ey|n+1/2
i+1/2,j − Ey|n+1/2

i−1/2,j

∆x
−

Ex|n+1/2
i,j+1/2 − Ex|n+1/2

i,j−1/2

∆y

= κx

Bz|n+1
i,j −Bz|ni,j

∆t
+

σx

ϵ

Bz|n+1
i,j +Bz|ni,j

2
. (20)

Devemos discretizar também as relações constitutivas (5), (6) e (10), substi-
tuindo (4) nessas relações e tomando a transformada de Fourier inversa, obte-
mos:

κx
∂Dx

∂t
+

σx

ϵ
Dx = ϵ

(
κz

∂Ex

∂t
+

σz

ϵ
Ex

)
, (21)

3



κy
∂Dy

∂t
+

σy

ϵ
Dy = ϵ

(
κx

∂Ey

∂t
+

σx

ϵ
Ey

)
, (22)

κz
∂Bz

∂t
+

σz

ϵ
Hz = µ

(
κy

∂Hz

∂t
+

σy

ϵ
Hz

)
. (23)

Discretizando usando novamente o esquema de Yee:

κx

Dx|n+1/2
i,j+1/2 −Dx|n−1/2

i,j+1/2

∆t
+

σx

ϵ

Dx|n+1/2
i,j+1/2 +Dx|n−1/2

i,j+1/2

2
=

ϵ

κz

Ex|n+1/2
i,j+1/2 − Ex|n−1/2

i,j+1/2

∆t
+

σz

ϵ

Ex|n+1/2
i,j+1/2 + Ex|n−1/2

i,j+1/2

2

 , (24)

κy

Dy|n+1/2
i+1/2,j −Dy|n−1/2

i+1/2,j

∆t
+

σy

ϵ

Dy|n+1/2
i+1/2,j +Dy|n−1/2

i+1/2,j

2
=

ϵ

κx

Ey|n+1/2
i+1/2,j − Ey|n−1/2

i+1/2,j

∆t
+

σx

ϵ

Ey|n+1/2
i+1/2,j + Ey|n−1/2

i+1/2,j

2

 , (25)

κz

Bz|n+1
i,j −Bz|ni,j

∆t
+

σz

ϵ

Bz|n+1
i,j +Bz|ni,j

2

= µ

(
κy

Hz|n+1
i,j −Hz|ni,j

∆t
+

σy

ϵ

Hz|n+1
i,j +Hz|ni,j

2

)
. (26)

Isolando adequadamente os termos das equações (18-20) e (24-26),

( κy

∆t
+

σy

2ϵ

)
Dx|n+1/2

i,j+1/2 =
( κy

∆t
− σy

2ϵ

)
Dx|n−1/2

i,j+1/2 +
Hz|ni,j+1 −Hz|ni,j

∆y
(27)

( κz

∆t
+

σz

2ϵ

)
Dy|n+1/2

i+1/2,j =
( κz

∆t
− σz

2ϵ

)
Dy|n−1/2

i+1/2,j −
Hz|ni+1,j −Hz|ni,j

∆x
(28)

( κx

∆t
+

σx

2ϵ

)
Bz|n+1

i,j =
( κx

∆t
− σx

2ϵ

)
Bz|ni,j+

Ey|n+1/2
i+1/2,j − Ey|n+1/2

i−1/2,j

∆x
−
Ex|n+1/2

i,j+1/2 − Ex|n+1/2
i,j−1/2

∆y
(29)

( κz

∆t
+

σz

2ϵ

)
Ex|n+1/2

i,j+1/2 =
( κz

∆t
− σz

2ϵ

)
Ex|n−1/2

i,j+1/2+
1

ϵ

( κx

∆t
+

σx

2ϵ

)
Dx|n+1/2

i,j+1/2+
1

ϵ

( κx

∆t
− σx

2ϵ

)
Dx|n−1/2

i,j+1/2

(30)

( κx

∆t
+

σx

2ϵ

)
Ey|n+1/2

i+1/2,j =
( κx

∆t
− σx

2ϵ

)
Ey|n−1/2

i+1/2,j+
1

ϵ

( κy

∆t
+

σy

2ϵ

)
Dy|n+1/2

i+1/2,j−
1

ϵ

( κy

∆t
− σy

2ϵ

)
Dy|n−1/2

i+1/2,j

(31)

( κy

∆t
+

σy

2ϵ

)
Hz|n+1

i,j =
( κy

∆t
− σy

2ϵ

)
Hz|ni,j+

1

µ

( κz

∆t
+

σz

2ϵ

)
Bz|n+1

i,j − 1

µ

( κz

∆t
− σz

2ϵ

)
Bz|ni,j .

(32)
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3 Caso 3-d

Os elementos da equação 11 12 são

∂Hz

∂y
− ∂Hy

∂z
= κy

∂Dx

∂t
+

σy

ϵ
∂Dx (33)

∂Hx

∂z
− ∂Hz

∂x
= κz

∂Dy

∂t
+

σz

ϵ
∂Dy (34)

∂Hy

∂x
− ∂Hx

∂y
= κx

∂Dz

∂t
+

σx

ϵ
∂Dz (35)

∂Ez

∂y
− ∂Ey

∂z
= −κy

∂Bx

∂t
− σy

ϵ
∂Bx (36)

∂Ex

∂z
− ∂Ez

∂x
= −κz

∂By

∂t
− σz

ϵ
∂By (37)

∂Ey

∂x
− ∂Ex

∂y
= −κx

∂Bz

∂t
− σx

ϵ
∂Bz (38)
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2 , j +

1
2 , k − 1

2 )

Figura 1: Célula de Yee

Discretizamos as equações de (33-38) usando as posições da célula de Yee.
Os passos de tem são discretizados usando o algoritmo leap-frog :
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Hz|n+1/2
i+1/2,j+1/2,k −Hz|n+1/2

i+1/2,j−1/2,k

∆y
−

Hy|n+1/2
i+1/2,j,k+1/2 −Hy|n+1/2

i+1/2,j,k−1/2

∆z
=

κy

∆t

(
Dx|n+1

i+1/2,j,k −Dx|ni+1/2,j,k

)
+

σy

2ϵ

(
Dx|n+1

i+1/2,j,k +Dx|ni+1/2,j,k

)
, (39)

Hx|n+1/2
i,j+1/2,k+1/2 −Hx|n+1/2

i,j+1/2,k−1/2

∆z
−

Hz|n+1/2
i+1/2,j+1/2,k −Hz|n+1/2

i−1/2,j+1/2,k

∆x
=

κz

∆t

(
Dy|n+1

i,j+1/2,k −Dy|ni,j+1/2,k

)
+

σz

2ϵ

(
Dy|n+1

i,j+1/2,k +Dy|ni,j+1/2,k

)
, (40)

Hy|n+1/2
i+1/2,j,k+1/2 −Hy|n+1/2

i−1/2,j,k+1/2

∆x
−

Hx|n+1/2
i,j+1/2,k+1/2 −Hx|n+1/2

i,j−1/2,k+1/2

∆y
=

κx

∆t

(
Dz|n+1

i,j,k+1/2 −Dz|ni,j,k+1/2

)
+

σx

2ϵ

(
Dz|n+1

i,j,k+1/2 +Dz|ni,j,k+1/2

)
, (41)

Ez|n+1
i,j,k+1/2 − Ez|n+1

i,j−1,k+1/2

∆y
−

Ey|n+1
i,j+1/2,k − Ey|n+1

i,j+1/2,k−1

∆z
=

− κy

∆t

(
Bx|n+3/2

i,j+1/2,k+1/2 −Bx|n+1/2
i,j+1/2,k+1/2

)
− σy

2ϵ

(
Bx|n+3/2

i,j+1/2,k+1/2 +Bx|n+1/2
i,j+1/2,k+1/2

)
, (42)

Ex|n+1
i+1/2,j,k − Ex|n+1

i+1/2,j,k−1

∆z
−

Ez|n+1
i,j,k+1/2 − Ey|n+1

i−1,j,k+1/2

∆x
=

− κz

∆t

(
By|n+3/2

i+1/2,j,k+1/2 −By|n+1/2
i+1/2,j,k+1/2

)
− σz

2ϵ

(
By|n+3/2

i+1/2,j,k+1/2 +By|n+1/2
i+1/2,j,k+1/2

)
, (43)

Ey|n+1
i,j+1/2,k − Ey|n+1

i−1,j+1/2,k

∆x
−

Ex|n+1
i+1/2,j,k − Ey|n+1

i+1/2,j−1,k

∆y
=

− κx

∆t

(
Bz|n+3/2

i+1/2,j+1/2,k −Bz|n+1/2
i+1/2,j+1/2,k

)
− σx

2ϵ

(
Bz|n+3/2

i+1/2,j+1/2,k +Bz|n+1/2
i+1/2,j+1/2,k

)
. (44)

Isolando adequadamente os temos:

αyDx|n+1
i+1/2,j,k = βyDx|ni+1/2,j,k +

Hz|n+1/2
i+1/2,j+1/2,k −Hz|n+1/2

i+1/2,j−1/2,k

∆y
−

Hy|n+1/2
i+1/2,j,k+1/2 −Hy|n+1/2

i+1/2,j,k−1/2

∆z
,

(45)

αzDy|n+1
i,j+1/2,k = βzDy|ni,j+1/2,k +

Hx|n+1/2
i,j+1/2,k+1/2 −Hx|n+1/2

i,j+1/2,k−1/2

∆z
−

Hz|n+1/2
i+1/2,j+1/2,k −Hz|n+1/2

i−1/2,j+1/2,k

∆x
,

(46)
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αxDz|n+1
i,j,k+1/2 = βxDz|ni,j,k+1/2 +

Hy|n+1/2
i+1/2,j,k+1/2 −Hy|n+1/2

i−1/2,j,k+1/2

∆x
−

Hx|n+1/2
i,j+1/2,k+1/2 −Hx|n+1/2

i,j−1/2,k+1/2

∆y
,

(47)

αyBx|n+3/2
i,j+1/2,k+1/2 = βyBx|n+1/2

i,j+1/2,k+1/2 +
Ey|n+1

i,j+1/2,k − Ey|n+1
i,j+1/2,k−1

∆z
−

Ez|n+1
i,j,k+1/2 − Ez|n+1

i,j−1,k+1/2

∆y
,

(48)

αzBy|n+3/2
i+1/2,j,k+1/2 = βzBy|n+1/2

i+1/2,j,k+1/2 +
Ez|n+1

i,j,k+1/2 − Ez|n+1
i−1,j,k+1/2

∆x
−

Ex|n+1
i+1/2,j,k − Ex|n+1

i+1/2,j,k−1

∆z
,

(49)

αxBz|n+3/2
i+1/2,j+1/2,k = βxBz|n+1/2

i+1/2,j+1/2,k +
Ex|n+1

i+1/2,j,k − Ex|n+1
i+1/2,j−1,k

∆y
−

Ey|n+1
i,j+1/2,k − Ey|n+1

i−1,j+1/2,k

∆x
,

(50)

onde,

αx,y,z =
κx,y,z

∆x, y, z
+

σx,y,z

2ϵ
, (51)

βx,y,z =
κx,y,z

∆x, y, z
+

σx,y,z

2ϵ
. (52)

Precisamos também da discretização das relações constitutivas:

αzEx|n+1/2
i+1/2,j,k = βzEx|n−1/2

i+1/2,j,k +
1

ϵ
αxDx|n+1/2

i+1/2,j,k − 1

ϵ
βxDx|n−1/2

i+1/2,j,k (53)

αxEy|n+1/2
i,j+1/2,k = βxEy|n−1/2

i,j+1/2,k +
1

ϵ
αyDy|n+1/2

i,j+1/2,k − 1

ϵ
βyDy|n−1/2

i,j+1/2,k (54)

αyEz|n+1/2
i,j,k+1/2 = βyEz|n−1/2

i,j,k+1/2 +
1

ϵ
αzDz|n+1/2

i,j,k+1/2 −
1

ϵ
βzDz|n−1/2

i,j,k+1/2 (55)

αzHx|n+1
i,j+1/2,k+1/2 = βzHx|ni,j+1/2,k+1/2 +

1

µ
αxBx|n+1

i,j+1/2,k+1/2 −
1

µ
βxBx|ni,j+1/2,k+1/2 .

(56)

αxHy|n+1
i+1/2,j,k+1/2 = βxHy|ni+1/2,j,k+1/2 +

1

µ
αyBy|n+1

i+1/2,j,k+1/2 −
1

µ
βyBy|ni+1/2,j,k+1/2 .

(57)

αyHz|n+1
i+1/2,j+1/2,k = βyHz|ni+1/2,j+1/2,k +

1

µ
αzBz|n+1

i+1/2,j+1/2,k − 1

µ
βzBz|ni+1/2,j+1/2,k .

(58)
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