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Change of phase 183 

In passing from a to b we may write, 

( agi) (agi) dgi= ap r dp+ aT p dT=vidp-sidT 

and (10.10) 

dT=v 2 dp-s2 dT. 

From (10.9) and (10.10) 
VI dp -si dT = V2 dp -s2 dT. 
dp t:.S L -=-=--
dT t:.V Tt:.V 

.... (10.11) 

where L, t:.S, and t:. V are the latent heat (absorbed), the change in 
entropy and the change in volume on passing from phase 1 to phase 2. 
Equation (10.11) is the Clausius-Clapeyron equation. lt gives the rate 
at which the must change with ·temperature for two phases to 
remain in equilibrium: it gives gradient of the phase boundary in 
the p-T plane. lt applies to ali changes of phase in which there a 
discontinuity in entropy and volume at the transition. These are known 
as first order phase changes for reasons which will be explained in section 
10.7. This class includes ali solid-liquid, liquid-vapour, and solid-vapour 
transitions. 

The phase diagram for a simple substance is shown in Fig. 10.3(a). 
The lines represent the unique relationships which must exist between 
the pressure and temperature if two phases are to coexist. For ali three 
phases to coexist there can remain no freedom in the system and the 
condition gi = g2 = g3 leads to a unique temperature and pressure which 
define the triple point. 

p 

Fig. 10.3. Phase diagrams. (a) is typical of most simple substances, 
whUe (b) shows the behaviour of water which expands on freezing. 
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186 Equilibrium thermodynamics 

10.5. Gibbs fundions in &nt order transitions 
lt is instructive to examine how the Gibbs functions of two 

phases behave in the neighbourhood of a transition. The specific Gibbs 
function for a single phase must be a continuous function of pressure 
and temperature. This may be represented as a surface in three-
dimensional g-p-T space. The surfaces for two different phases will in 
general, intersect in a line along which the specific Gibbs functions are 
equal. Along this line the two phases will be in equilibrium, while away 
from it, the phase with the lower g value will be the stable one as is 
required by the condition for equilibrium. (See Table 7.1.) 

If we consider the case of a simple substance which may exist in solid, 
liquid, and vapour states, there will be three g surfaces which intersect 
in pairs to give three lines representing equilibrium between correspond-
ing pairs of phases. In general, there will be one point lying in ali three 
surfaces at which ali three phases are in equilibrium. The phase diagram 
of Fig. 10.4 is therefore a projection on the p-T plane of the Unes of 
intersection of the g surfaces for the solid, liquid, and vapour phases. 
The dotted extensions through the triple point represent the continuation 
of the boundary between two of the phases into the region where the 
third becomes more stable than either of the original two. For example, 
the point X lies on the intersection of the solid and vapour g surfaces 
but does not represent a stable state because, for this value of p and T, 
the liquid g surface lies below the other two. 

Let us now examine sections through the g surfaces. Figure 10.5 shows 
a section in a plane of constant T. Since, for a given p and T, the stable 
state is that with the lowest g, states such as Y are not stable, but may 

p 

Fig. 10.4. A phase diagram as the projection of the intenections of 
lhe g surfaces of lhe componenl phases. 

T 
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Change of phase 187 

often be realized as metastable states. For example, if no nuclei are 
present to initiate condensation, a vapour may be compressed to a 
pressure well above the vapour pressure of the liquid without condensa-
tion taking place. It is then said to be a supersaturated vapour. Similarly, 
if a liquid is very pure it may be heated well above its boiling point 
without boiling taking place to a superheated liquid. The relative 
stability of these states is a result of surface effects which we shall discuss 
more fully in section 10.11; but for the moment the important point is 
that such states do exist, so that we are justified in extending the g 
functions in to regions which do not correspond to a stable configuration. 

Since (agjap)T =v, the gradient of g as a function of p in a constant 
T section must always be positive. In the case of the solid-liquid 
transition, either may be the high pressure phase. It is that which has 
the smaller specific volume. This follows directly by the simple topologi-
cal argument that since the gradients are positive, the phase with the 
lower g value at pressures above the intersection must have the smaller 
gradient. In contrast, for transitions from the vapour to the solid or 
liquid, the vapour must always be the low pressure phase since at a 
given temperature its density must always be less than those of the solid 
or Iiquid. 

A section in a plane of constant p is_shown in Fig. 10.6. Because 
(agjaT)p = -s, the gradients are always negative. Also, since heat 
capacities at constant pressure are always positive, the curvatures must 
also be negative. The topological argument now shows that the high 
temperature phase is always that with the greater entropy. 

g 

F1g. 10.5. A section through the g surfaces in a plane of constant 
temperature. 

p 

158



Change of phase 189 

along the curve from Y we reach some point E where liquid begins to 
condense out. As the volume is further decreased, more of the substance 
passes into the liquid, the pressure remaining constant at the liquid 
vapour pressure until no more vapour remains at A. The section ECA 
spans the mixed phase region. The system then follows the van der 
Waals isotherm along AX. In the mixed phase region we know that the 
specific Gibbs functions of the liquid and vapour are equal, and also 
that they are constant since the pressure and temperature do not change 
along.ECA. Then, in particular, the Gibbs function for the system at 
E, where it is ali vapour, and at A, where it is allliquid, must also be 
equal. Hence, 

(10.19) 
Now, let us suppose that the whole of the van der Waals isotherm has 
physical meaning. Then we may calculate how g varies along the isotherm 
using 

p 

p 

g(p, T) = g(po, T) + J (!!) T dp 
Po 

p 

= g(po, T)+ J v dp (10.20) 
Po 

Fig. 10.7. Van der Waals isotherms near the criticai temperature 
(not to scale). 
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190 Equilibrium thermodynamics 

where we may substitute for v from van der Waals' equatión. The 
behaviour of g calculated in this way is illustrated in Fig. 10.8. The 
states represented by BCD in Figs. 10.7 and 10.8 are mechanically 
unstable, for this part of the van der Waals isotherm has a negative 
modulus; but the regions AB and DE may in principie be traced out as 
metastable states. Points B and D present the limits of metastability for 
the van der Waals ftuid. 

Now, as the temperature is raised, the mixed phase region of the van 
der Waals ftuid becomes smaller and eventually disappears at the criticai 
temperature. As a consequence, the size of the closed loop in the Gibbs 
function and the difference in the gradients at the intersection (A, E) 
also become smaller and disappear at the criticai point. Thus below the 
criticai temperature the Gibbs surface of the stable state has a crease 
which becomes shallower as the criticai point is approached, eventually 
vanishing there to give a smooth surface above it. The form of the van 
der Waals g surface is illustrated in Fig. 10.9. 

lt is worth noting that the vapour pressure of a van der Waals ftuid 
may be found from (10.19), (10.20) and van der Waals equation itself. 
Since gA = gE, then J! v dp =O. This means that the areas ABC and 
COE in Fig. 10.7 must be equal. They may be made so by adjusting 
the pressure p' at which the mixed phase region occurs; but this is, by 
definition, the vapour pressure. Once the vapour pressure is found, the 
volume change associated with the phase change, VA- VE, and also, with 
the help of the Clausius-Ciapeyron equation, the latent heat of the 

g 

Fig. 10.8. De Gibbs fundion of a van der Waals ftuid below the 
criticai temperature. 
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Change of phase 191 

transition may be calculated. It is not surprising that experiment shows 
that the behaviour of these quantities in real ftuids is rather different 
from that of the van der Waals ftuid (see Partington, 1949). 

It is interesting to enquire whether there might be a criticai point for 
the solid-liquid transition. Theoretical arguments would lead us to 
suppose that it is unlikely. If there were such a point, then by going to 
higher temperatures and pressures it would be possible to pass con-
tinuously from the solid to the Iiquid. Now the true solid has long range 
order: its atoms are arranged in a definite pattern which extends 
throughout the solid and vests it with. a particular crystal symmetry. A 
liquid, on the other hand, does not possess long range order: the positions 
of its atoms are correlated for only a few atomic spacings. It is therefore 
difficult to see how a continuous transition from one state to the other 
is possible. Unfortunately, this argument is hardly conclusive for a liquid 
does have short range order, and one must admit the possibility of a 
situation where the range of order could gradually be extended by 
altering externai conditions. This kind of progressive ordering certainly 
occurs in some systems. For example, paramagnetic salts pass from a 
magnetically disordered state to one of long range order without any 
discontinuity. On the other hand, the salts alreàdy possess a symmetry 

Fig. 10.9. ne Gibbs fundion of a van der Waals ftuid near the 
criticai point. 
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192 EquilibritJm thermodynamics 

in the magnetically disordered state by virtue of their crystalline form, 
which makes the validity of the comparison dubious. 

Experiment, however, suggests that there is no solid-liquid criticai 
point. According to the law of corresponding states, the phase diagrams 
of ali simple substances should be similar when plotted in reduced 
coordinates. The highest effective pressures and temperatures are there-
fore obtained by working with substances with as low a criticai pressure 
and temperature as possible. The common isotope of helium, with 
Pc = 2.25 atm and Te= 5.2 K, is an obvious choice. In one set of experi-
ments (Holland et al., 1951) the melting curve of 4He has been followed 
up to 7500 atm and 50 K without revealing a criticai point. In another 
(Dugdale and Simon, 1953), the entropy difference between the solid 
and the liquid has been measured up to 3000 atm and 26 K and been 
shown to increase with temperature, whereas in approaching a criticai 
point, it must vanish. Both these experiments suggest that it is extremely 
unlikely that a solid-liquid criticai point exists. 

Table 10.1. First, second, and third order transitions 
The tabie lists, for each order of transition, the differential coefficients of g 
and the most closely related experimental quantities in which discontinuity 
appears. 

Order 

First 

Second 

Third 

Discontinuity appears in: 
Differentials of g Corresponding experimental 

quantities 

s v s v 
(:;)p (:;)p 

Cp {3 K 

(:;)T (av)' ap T 
( a2s) aT2 p ( a2v) oT2 p 

(acp) (::) p (:;) p ar p 
o2s o2v 

ap ar ap ar 
(ocP) ap T (!;)T 

( a2s) op2 T (a2v) op2 T 
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Change of phase 193 

10.7. Higher order change of phase 
The kind of phase change we have analysed in the earlier part 

of this chapter is characterized by discontinuous changes in entropy and 
volume at the transition. These are related to discontinuous changes in 
the first derivatives of the Gibbs function for the stable state of the 
system with respect to its proper variables p and T. Not ali phase changes 
are of this type. lt is convenient to adopt a classification scheme first 
introduced by Ehrenfest whereby the order of a transition is defined as 
the order of the lowest differential of the Gibbs function which shows a 
discontinuity at the transition. Table 10.1lists the first, second, and third 
differentials of g and the most closely related experimental quantities 
in which the discontinuities appear. Fig. 10.10 illustrates schematically 
the behaviour of the Gibbs function and its first and second derivatives 
in first and second order transitions. 

In section 10.3, we obtained the Clausius-Clapeyron equation for the 
gradient of the phase boundary by using the equality of the specific 
Gibbs functions for the phases in equilibrium. If we try to apply this 
equation to transitions of order higher than first we obtain an indetermin-
ate result, for both nilmerator and denominator are zero. We may, 
however, obtain analogous equations for second order transitions by 
using the equality of the entropies or volumes at the transition. We 
proceed as follows: 

Fig. 10.10. The behaviour of the Gibbs function and its first two 
derivatives in first and second order transitions. 
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