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Isospin symmetry and its breaking in QCD

QCD+QED
ith C* BC . . .

Wi € Consider QCD with the three light degenerate flavours: m, = my = my = M

Biagio Lucini

Isospin With the quark spinor expressed as
W(x) = (u(x), Ya(x), ¥s(x)) ,
the Lagrangian
L(x) = Lym(x) + () [ +gB — M) ® I3x3] ¥(x)
has a SU(3) isospin global symmetry

However, in nature m, < my < mg
@ the baryon number B = %]ng3 is a good quantum number
@ in addition, the Cartan subgroup I5 = 1diag(1,—1,0), ¥ = 1diag(1,1,—2)
defines global symmetries [Y = B+ S, S strangeness]
@ the SU(2) subgroup containing I3 is softly broken (m, ~ my)



Isospin breaking by QED interactions
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If electromagnetic interactions are switched on

Isospin

L) = £6) = 1Fu@F* () — F@AQVW) ,  Q=l+ ¥

We observes that
@ I3, Y and B are good quantum numbers also for QED-induced breaking
@ Isospin breaking by electromagnetic interactions is perturbative in
a = ée2/(4m)
@ In real-world Quantum Chromodynamics, QCD-induced breaking and
QED-induced breaking are of the same order of magnitude

Both QCD and QED isospin breaking patterns suggest to classify the spectrum in
the ideal situation of unbroken symmetry and to consider breaking effects starting
from this ideal case



Isospin classification of hadrons

QCD+QED . . . . . .
with C* BC Irreducible representations of isospin flavour (singlet and octet for mesons, singlet,

octet and decuplet for baryons) used to classify hadrons
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(Figures from http://www.cbooth.staff.shef.ac.uk/phy304/propquark.html)

In the absence of isospin breaking, particles in the same isospin multiplets would
be degenerate

Still approximately degeneracy in SU(2) isospin, but breaking effects have
important consequences in nature



Why does isospin breaking matters?
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Biagio Lucini For instance, proton-neutron mass splitting
Iscspin AM = my — mp = 1.2933322(4) MeV

Since m, > my,
@ The hydrogen atom is stable
@ The B-decay of the neutron is allowed
@ Relative abundance

Mn  ,—AM/T
p

important parameter for Big Bang nucleosynthesis

Even small variations of AM have dramatic consequences on the evolution of the
Universe [see e.g. A. Portelli, arXiv:1505.07057]



Outline

QCD+QED
with C* BC

Biagio Lucini

QGD + QED e QCD + QED on the lattice

on the lattice



Towards a lattice formulation of QED+QCD
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A first-principle calculation of isospin breaking effects should be possible
using lattice gauge theory techniques

OQr?taglgsz @ Lattice formulation of QCD well known by now and corroborated by several
precision calculations

@ Periodic (antiperiodic) boundary conditions for gauge fields (fermions) allow
to reduce finite size effects

@ Extraction of results on finite lattices in QCD benefits from the existence of a
mass gap = finite size corrections are exponentially suppressed

@ The absence of a mass gap in QED already indicates that finite size effects
are going to be power-law with the lattice size

@ However, it is even worse than that: QED on a periodic finite volume is
inconsistent with a non-zero charge

We would need to handle this system differently from QCD alone!



Only zero charge on a periodic box

QCD+QED

ik
il € EE @ Classically, it is an immediate consequence of the Gauss law
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Q:/p(x)dV: / ﬁE@)dv:/ E(x)) -5 =0
14 Vv >

QCD + QED

he latti . = I . .
on the fatice since because of PBC for each E - d& contribution to the integral there is

another with opposite sign
@ in QED the generator of gauge transformations in the Schrédinger picture is

0

() = V- E() — p(x)

Charge operator

Q:/V(ﬁ.é(x)—(‘;(x)) dV:—/VG(x)dV

if |[+) is Physical, G(x)|s)) = 0= Q|ib) =0

Absence of charge connected to gauge invariance




Gauge fixing and zero modes
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Biagio Lucini Define the gauge-fixed field v gr(x) = Action still invariant for 1gr(x) — e *gr(x)

As a consequence, the action is left invariant by

QCD + QED
on the lattice

2mn
S B T )
27n,
Lp

Ap(®) = A+
which do survive gauge fixing

Hence, because of these zero modes, correlators of the form (1 gr(x)6r(y)) = 0
ifx#y

At finite volume

Gauss law < gauge invariance < zero models <> large gauge transformations



QED+QCD simulations: the story so far
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@ Electroquenching [Various authors]
QCD + QED The back reaction of quarks on photons is neglected
on the lattice — Uncontrolled systematic error (but expansion in « possible)

@ Non-relativistic QED [e.g. Lee and Tiburzi, arXiv:1508.04165]
— Antiparticle contribution needs to be kept into account

@ QED, [Hayakawa and Uno, Prog. Theor. Phys. 120(3), 413 (2008)]
Zero modes are removed time slice by time slice
So far gives the best numerical results [Borsanyi et al., Science 347 (2015)]
— Very large lattices are required and the non-locality of the theory
generates difficult to quantify systematic effects



The BMWoc calculation (QED;)
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— experiment
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[Budapest-Marseille-Wuppertal Collaboration]

[Borsanyi et al., Science 347 (2015)]



Infinite volume extrapolation (QED,)
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[Borsanyi et al., Science 347 (2015)]



QED+QCD simulations: new proposals
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Different approaches needed for robust results

Recent promising proposals all at an early stage
QCD + QED

on the lattice @ Twist averaging[Lehner, Izubuki, arXiv:1503.04395]
QCPD fields replicated, twisted fermions and QED in infinite volume
— Requires efficient sampling over momenta of the photon

@ Massive QED [Endres, Schindler, Tiburzi, Walker-Loud, arXiv:1507.0891]
A small mass is given to the photon and the zero-mass limit is taken
— Promising electroquenched results, but the extrapolation to zero mass
might be hard

@ QCD+QED on C* lattices [Lucini, Patella, Ramos, Tantalo, in preparation]
Local formulation at finite volume exploiting charge conjugation symmetry
for the BC [Polley, 1991]
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Locality

e A Lorentz-invariant QFT with a Lagrangian £ (x) depending on the fields and their
: : first derivatives, with fields evolving according to the equations derived from the
srgo leeli minimal action principle, respects microcausality: if A and B are polynomial in the

fields and their derivatives

Consequences are
@ Existence of antiparticles
@ Renormalisation by power counting
@ Volume-independence of renormalisation constants
@ Operator Product Expansion
@ No UV- IR mixing

(*]

Those properties underpin Lattice Gauge Theory methods (e.g., combined
extrapolation in the volume and in the lattice spacing possible because of UV-IR
separation)

In non-local theories, the validity of those properties needs to be proved
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QEDc¢ is QED in a finite box closed with C* boundary conditions

With C charge conjugation matrix, C* boundary conditions defined by
[Polley, 1991]

ApGr L) = —Au(x), YO LD) - @), B+ Lk) » —T (x)C

@ Based on an invariance of the action = respects the spacetime symmetries
of the system (charge discussed later)

@ Gauge fields free from zero modes
@ Classically there is no obstruction to the Gauss law
@ Hamiltonian proof of existence of single-charge states given by Polley



Charge and mass in QED¢
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In QED at infinite volume the charge is defined through a global U(1) invariance
and the electric charge takes values in Z

In QED possible gauge transformations are
Qx) = x| a(x + Lik) = —a(x)

Usual U(1) gauge group, global symmetry group Z, = Q no longer is a good
quantum number, but (—1) is conserved

—» States with even charge mix with states with even charge and states with odd
charge mix with states with odd charge

It is still possible to define the mass of the electron under the physically motivated
assumption that the electron itself is the lightest state in the sector with negative
charge



Charged operators and mass

QCD+QED Gauge-fixed definition of v possible, but gauge-covariant definition desirable
with C* BC

Biagio Lucini Solution known: provide the fermion field with a Mandelstam string, e.g.
U(E 1) = e~ S By 2E-NVAE0 (7 )
with ®(X, r) electric potential generated by a unit charge at ¥ in a C* box:
V2o (3) 5@
OE+Lik) = —O®F

In the Coulomb gauge, ¥ (%,t) = (¥, ) = The construction is a covariant
generalisation of the Coulomb gauge

Construction not unique, argument more general: any ¥ such that

@ U is invariant under local gauge transformations

@ U picks up the defining U(1) factor under a global gauge transformation
can be used

We can define the electron mass through

<x1f(6, 0) <Z (%, t)) > 290 ce— Mt
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A classical view on charge sectors
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with C* BC Field transmitting walls with PBC Field inverting walls with C* BC
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(+) (+) o (»)
\i - N (g - N
t // t //
Charge and o ™ (& o N o
flavour in * \ * \
QCD+QED)¢
(QCB+AED ) o o )
Charges are replicated in Charges are reflected in
sublattices sublattices

Classically C* boundaries act as a charge-conjugation mirror of the charge
— Each unit charge is seen as its anticharge through the boundary

Through the boundary, arrows on the field are flipped by C* BC and field lines can
connect charges with the same sign



Recovering charge superselection

QCD+QED On a C* box (fixed gauge, (i) = >, nx mod 2, n; Wrapping in direction k)
with C* BC

Biagio Lucini Wl(x)?@(y)) = Z Sx—y+ VlkLk/Ac)
(=0
(¢(X)¢T()’)> = = Z S(x—y+ nkLklAc)C*l
(=1
@@ = CS(x— y + mLaf)
Charge and @)=
flavour in Charge-violating Feynman diagrams

(QCD+QED)¢

@
5
e &
+

@
(a) et

(b)

Effects exponentially suppressed with the lattice size

WY W) ~ T @E0) ~ (T)7 e



Flavour symmetry in (QCD + QED)¢

QCD+QED
with C* BC QED¢ can be coupled to QCD in the usual way, with the proviso that since matter

obeys C* BC, also the SU(3) gauge fields need to satisfy C* BC = (QCD + QED)¢
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@ Internal quantum numbers:

Ny Nr
Fr, F=YF, Q=Y g¢F, B=F/3, AFy = 0 mod 2
f=1 f=1
Charge_and
flavour in @ For a large enough box, confinement implies

(QCD+QED)¢
AQ =0mod 2, AB =0mod 2, AF = 0 mod 6

< In the presence of confinement
@ Flavour violation in C* BC is such that fractional charges never emerge

@ In pure QCD, because of the mass gap, again we expect processes that
violate these quantum numbers to be exponentially suppressed

@ However, we do have photons in this theory: are they a problem?



Mixing of hadrons in a C* box

QCD+QED The importance of mixing effects can be evaluated in an effective theory of
with C* BC .
hadrons on a C* box

@ All possible QCD processes included in vertices

@ The vertices in a C* box are the same as in infinite volume

@ Propagators with an even wrapping do not violate flavour

@ Propagators with an odd wrapping violate flavour

@ Allowed mixing are related to (virtually) allowed physical processes

ﬁiharge_and Example: mixing 2~ — p possible (for instance) by virtue of
avour in

(QCD+QED)¢

Biagio Lucini

== (A+k7), (A+KT) 5

Results

@ Finite-size effects giving rise to spurious hadron mixing suppressed
exponentially

@ The corresponding processes are typically O(10—% — 10~10) in physically
interesting cases

Even with mixing, masses of lowest-lying particles (e.g. proton, neutron) can be
extracted by looking at the large-time behaviour of effective masses at finite (large)
volume



Flavour-violating diagrams

QCD+QED o o
with C* BC Example: =~ mixing possibilities
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Simple case: mixing with p
20

9 1
N |
= |
Charge and

flavour in
(QCD+QED)¢

Amplitude of order e="L, mixing suppression factor e ="«

Other possibilities: mixing withp +~ +~, n+ 7t (+y +...)
One can prove that mixing suppression never larger than e—2# |
1/2

2 2 2 2
p= My — Mz —Myo + My
KE ZME_ )

(O(10~19) in current settings for lattice calculations)
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Finite size corrections in (QCD+QED)¢
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m(L) —m _ Am(L) o Am(L) Am(L)
m m universal m structure —dependent m QCD+QED
QED only

From first principles we can prove that

N Am(L) _é {qzﬁ(l) 7°€(2) }
Finite size = — 4 2
corrections to M universal 47 2mL m(mL)
AM
Am(L) e (=)o)
= — TeE(2 + 24
m structure—dependent 1672m ; [!L2+26 Zg( - )
Am(L V3
m( ) — O(e—me) _’_ao(e—TSmﬂ-L)
m

QCD+QED




Finite size corrections in (QCD+QED)¢
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: : At first order in «
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m(L) —m _ Am(L) N Am(L) N Am(L)
m m universal m structure —dependent m QCD+QED
QED only

From first principles we can prove that

— o)) 2 (el | £60))
t =
C(I)r;:'eec'filgss to Z universal 4r 2mL ™ (mL)2
AM oo
Am(L) e (—1)¢(2¢0)!
== TeE(2 +2¢
m structure —dependent 1672m 32:; Z!L2+2Z eé-( + )
Am(L V3 .
m(L) = Oe "Ly 4 a(’)(e_T3”’"L) negligible
m  |ocp+QED

Let’s analyse the first two in more detail




The universal corrections

QCD+QED
with C* BC

Biagio Lucini

Am(L)

m

_< {qzé(l) 7€) }
universal a 4n 2mL 71'(”1[4)2

@ Fixed by Ward identities = Independent of the spin and of the structure of
the hadron
@ Effects of the C* BC encoded in the generalised zeta function
Finite size (=1) Yjeck 1y
corrections to E(s %
AM (s) Z |7l
70

1C* 2Cc* 3C*

£(1) —0.77438614142  —1.4803898065  —1.7475645946
£(2) —0.30138022444  —1.8300453641  —2.5193561521
£(4) 0.68922257439  —2.1568872986  —3.8631638072




The structure-dependent corrections
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Am(L)

(=1
- 167r2 Z Z'LH” Lric+20

structure —dependent

Starts at O(1/L*) (no term in the whole correction is of O(1/L3)!)
Runs only in even powers of 1/L

Boundary conditions still enter through &

Details of the structure and spin encoded in 7,

With T, (ik, k) forward Compton scattering amplitude of a photon of
momentum & on the hadron at rest

Finite size
corrections to
AM

dl

Te= ey e

(ik, k)
K2=0



Comparison with QED;
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1Y

- 2{"25(1) A i (_1)2(26)!725(2+2e)}+.‘.

m |oepe T 4x | 2mL  w(mL)?  4nlm yaiR4) S
VS.
Am(L e? 2k 2k 1
=) -2 e (@)
m |opp, AT 2mL  (mL) L?
Finite size @ In QED,, structure-dependent corrections start at O(1/L?), while in QED¢
corrections to they start at O(1/L*) (and run in even powers of 1/L)

AM

@ structure-independent corrections smaller in QED¢

QED( with 1C* ——
QED( with 2C* ———
QEDc with 3C*
0.2 0.4 0.6 0.8 1.0
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U(1) gauge theory on the lattice

QGD+QED . ,
aco.aee @ Non-compact formulation
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57:272 Z (Frv (),

X, u<v

Fun(x) = Au(x) + Au (x4 1) — Au(x + 9) — Ay (2)

» Gauge-invariant
»> Requires to fix the gauge in simulations = Not a problem

@ Compact formulation

Sy = eiz Z (1 —cosOuu(x)) ,

X, pu<v

Lattice

discretisation @;w(x) = gu(x) +0,(x+ ) — gu(x +0)—6,(x), GM(x) = arg (em“(X)>

> Gauge-invariant
» Does not require to fix a gauge
» More natural on the lattice

Focus on compact formulation



Lattice formulation of charged operators

QCD+QED
with C* BC @ A Mandelstam string localised on a line gives the easiest case for the
Biagio Lucini discretisation of an electrically charged operator

@ In C* BC a possibility is

Wy(x) = ¢ F I Ay Iy A

Lattice
discretisation




Lattice formulation of charged operators

QCD+QED
with C* BC ) . . )
A Mandelstam string localised on a line gives the easiest case for the

discretisation of an electrically charged operator
@ In C* BC a possibility is

Biagio Lucini

Wy (x) = e_% fgxk ds Ak(x+sl§)w(x)e§ IOL*Xk ds Ag(rtsk)

@ Solve the problem of the square root of the link by considering a theory in
which the physical charge comes in multiples of two

Sy == 2 Z (1 — cos O (x))

X, u<v

Lattice
discretisation @ Charged operator on a lattice given by

L—x;—1
We(x) = H U(x + sk, k) =" (x) H U(x + sk, k) Ui, p) = e9n®

S=—Xp 5s=0



The lattice action of (QCD+QED)¢

QCD+QED Full Action S = S; + Sy + Si
with C* BC

Biagio Lucini Wilson action for QCD

Ss= 2 3 Te(l - 0u )

X, u<v

0 (x) = Re (V(&, i)V + i, )V(x +5,1) "V ») ™), Vix,m) € SUB)

Fractionary charges of quarks change the normalisation in S-,

36
Sy== ) (1—cosOpu(x))
xu<v
Llattice' :
alreEiEEe Matter-field interaction accounted for by the Dirac operator

Sn = ijZ@(xwf[U, VIgy (x)

Standard matter-field coupling for the QCD interaction, parallel transport U? rather
than U in the QED part



No new sign problem in (QCD+QED)¢

QCD+QED
with ¢* BC @ In QCD with non-degenerate quark mass, away from the continuum limit,

Biagio Lucini the Dirac operator with Wilson fermions can have negative eigenvalues

@ However, these are lattice artefacts = mild sign problem that can be dealt
with

@ Fermionic contribution to the path integral with C* BC

/ DDy e~ PPV = Py CD 5
Cc* BC

with the Pfaffian defined by

(PfK CD‘])2 = Detg CDJ = DetKDJ 9

Lattice

discretisation and the indices K and J hiding modifications to the Dirac operators induced
by C* BC (represented by linear operators in the SU(2) algebra acting on
Majorana components of the spinors)

@ One can prove that the reality of Pfx CD 7 is a consequence of the reality of
Dy
@ Atthe same time, Pfx CDs <0< Dy <0 No new sign problem!
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Conclusions

QCD+QED
with C* BC

Biagio Lucini C* BC enable us to provide a local formulation of QCD+QED on a finite
volume
@ The price to pay is a partial violation of flavour and charge conservation, but
> charged states relevant for isospin breaking effects can still be defined
> conservation laws are recovered exponentially fast in some mass
parameter related to the mg mass
> in current lattice setups, the effect of the violations are negligible
@ Finite-volume QED corrections to hadron masses are significantly smaller
than in QED,, and can be understood in terms of physical considerations =
no spurious effect
@ The framework is amenable to lattice simulations = non-perturbative results
can be extracted
@ In passing by: developed novel analytical techniques for determining finite
Conclusions volume effects = potentially useful for other applications

Next step: Monte Carlo simulations to see how this framework performs in practice
and get robust determinations of isospin breaking effects
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