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Hamidlonioww approaciv to-YMT
inv Coulombgauge 0A =0

H :%J(J‘IH]HJrBz)JrHC M=5/i5A
Christ and Lee

J(AY)= Det(—D9d)  D® =80+ gf A"

[ H, = %J'J‘lp](_Da)‘l(_az)(_Da)‘lp } Coulomb term

color charge density — p*=—f"ATI"+p;

(9]..Jw) = [ DAT(AW (A)..p(A)

Hy[A]=Ey[A]



Variational approach to YMT

B Gaussian ansatz,

¥(A)=exp|—1[dxdyAx) AW

D. Schutte 1984

A.Szczepaniak & E. Swanson 2002

C. Feuchter & H. R. 2004

® Greensite, Matevosyan,Olejnik,Quandt, Reinhardt, Szczepaniak, PRID83

H. Reinhardt Hamiltonian approach to QCD




Variational approach to YMT

B trial ansatz

1
- \/ Det(—Do)

lI’(A) exp[—%jdxdyA(X) A(y)]

(A()A())=( )"

variational kernel determined from

<‘P|H|\P>%min

H. Reinhardt Hamiltonian approach to QCD




D. Epple, H. R., W.Schleifenbaum, PRD
gluon energy 75 (2007)

IR: w(k)~1/k UV: w(k)~k

H. Reinhardt Hamiltonian approach to QCD
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G. Burgio, M.Quandt , H.R., PRL102(2009)

H. Reinhardt Hamiltonian approach to QCD




Variational approach to YMT with
non-Gaussian wave functional

ly| A|[=exp(-S| 4])

S[4]=[od +L [y L+ L[y 4

H. Reinhardt Hamiltonian approach to QCD




Corrections to the gluon propagator

1

lattice *
Gaussian functional - - - -
Non-Gaussian functional

H. Reinhardt Hamiltonian approach to QCD




vawiational Hamiltonianw approach withv
non-Gaussion wawve functionaly CRDSTE

YMT bD.Campagnari & H.R.,PRD82(2010)

applications: ghost Loop dominance

> 3-gluown vertex
> ghost-gluown vertex
D. Campagnari & H.R.,PLB707(2012)

> 3-gluow vertex +ghost-gluon vertex
M. Huber, D. Campagnari & H.R., PRD91(2015)

QCD D.Campagnari & H.R, arXiv:1507.01414
PRD, in press



Hamidlonioww approaciv to-YMT
inv Coulombgauge 0A =0

H :%J(J‘IH]HJrBz)JrHC M=5/i5A
Christ and Lee

J(AY)= Det(—D9d)  D® =80+ gf A"

[ H, = %J'J‘lp](_Da)‘l(_az)(_Da)‘lp } Coulomb term

color charge density — p*=—f"ATI"+p;

(9]..Jw) = [ DAT(AW (A)..p(A)

Hy[A]=Ey[A]



Static Coulomb potential

7 (x= )= ((x|(-Day" (<0 }-D3)"| »))

D. Epple, H. Reinhardt
W.Schleifenbaum,

_ PRD 75 (2007)
V()-Vo, —
Linear fit

V(r)=——— o,

V)=—5—> ~Ur
H. Reinhardt




The QCD Hamiltonian in Coulomb gauge

H,,=Hy, +H.+H,

Q

gluonw paut

H,, =4[ (U + B*) M=-i6/8A  J(A*)= Det(~Dd)

quark port
H, = [¥'o[e(p+gA)+pm,]¥(x) &, Dirac matrices

Cowloml- termv
H. =3 [1'p(-D3)™(~9*)(~D3) ' Jp
color chawrge density

p* == A°TI® + W' (x)t" P (x)

H. Reinhardt




P. Vastag & H. R.

quark wawve functional to be published

(A|@) =exp I:J‘LPTF(Sﬁ+V&X+Wﬁ&2)LP_ ]| 0)

s,v,w — variational kernels o, 3 — Dirac matrices
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P. Vastag & H. R.

quark wawve functional to be published

(A|®@), = exp| [Wi(sp+vorA+wBoANY_ | 0)
s,v,w — variational kernels o, 3 — Dirac matrices

v=w =0: BCS—wave function Finger & Mandula
Adler & Davis, Alkofer

v#0,w=0: quark - gluon - coupling  Pak & Reinhardt,

alternatives to include the coupling to the spatial gluons

- exponential- S-method Kiimmel etal.
|(I)>q = eXpl:—S(?’) ]| BCS) linarized eq. S  Szczepaniak & Krupinski
- effective interaction

| BCS> /da: dy J&(x) D" (| — y|) J3i (y) Fontoura, Krein, Vizcarra



P. Vastag & H. R.

quark wawve functional to be published
(A|®@), = exp| [Wi(sp+vorA+wBoANY_ | 0)
s,v,w — variational kernels o, 3 — Dirac matrices
>calculate <Haend wp to 2 Loops

> variation w.rt. S, V, W

v(p.q)=f,[5.0]

w(p,q)=f,|s.0]

s(p)= fls,v,w;pl W W



Renormaligatiov

(A| (I)>q = exp [j ‘PWS,B+V&X+W,B&X)‘P]| 0)

gat egaaiion: s(p)=f.[s,v,w;p]
|a P g g a. 0& aa //‘o P !



Renormaligatiov
(A| (I)>q = exp[j?*(sﬁ+v&ﬁ+w,8&ﬁ)‘l’]|O>
gat egaaiion: s(p)=f.[s,v,w;p]
lﬂ P U g ﬁ' 0& ao //‘o P !
logancthuie divengencicd  g*In(A /)= 3* (1)



Renormaligatiov

(A| CI)>q = exp [I ‘PWS,B+V&X+W,B&X)‘P]| 0)

gat equation: s(p) = f,[s,v,w; p]

logancthnic divergeneies  g*In(A /)= 3° (1)

capul; 10n—abelian Coulomb poiential

= scale lL=,/0

|||||

7)-
Linearit ------

lattice : o,= 20

choose g(,/0 ) to reproduce <§q> =(=235MeV)’

= g(\J0,.)=3.57




running coupling constant  ap=£2

a(k) [167/3N,] ——

&(,J0.)=3.73 1

a(K)

(qq)=(-235MeV')’
= g(\/a) = 3.57 0.01

k [6/]

D. Epple, H. Reinhardt and W. Schleifenbaum,
Phys. Rev. D75(2007)04501 |



vector formfactory v, w
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effective guawk mass

2ps(p)
1-5°(p)

M(p)=

(949) 1, = (235MeV)’
(qq),, =(179MeV)’

M [MeV]

200

150

Coupling iné:luded _—
Adler-Davis -------

100 | \

25

> aovqaLlwg to tranversal gluons substantia Ly

increases chiral symmetry breaking



unquenching the gluon propagator

w’(p)=w,,(p)+ several »quark Loop” terms

quenched propagator:

Gribov formula

M =0.88GeV

D [1/GeV]

p [GeV]

unguenching reduces gluon propagator somewhat



QCD at finite temperature:
grand canonical ensemble

® quasi-particle ansatz for the
density operator

® minimization of the
thermodynamic potential

YM sector:

Temperature T [MeV]

:
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o
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H.Reinhardt, D.Campagnari & A. Szczepaniak, Phys.Rev.D84(2011)
J.Heffner, H.Reinhardt & D.Campagnari, Phys.Rev.D85(2012)




Alternative Hamiltonian approach to
finite temperature QFT

no ansatz for the density matrix required H. Reinhardt & J. Heffner,

Phys.Rev.D88(2013)
Phys.Rev.D91(2015)

motivation: Polyakov loop and to be published

[ P[AO]()_C’):itrPexp{ijdono(xo,)_c’)} }

® <P[Ao]> order parameter of confinement

Hamiltonian approach
® Weyl gauge Ao=0

How to calculate the Polyakov loop in the Hamiltonian approach?



Finite temperature QFT

® compactification of (Euclidean) time

® ba  AL=L/2)= AG*=-L/2) Bose fields L () ) S'(LYXR’
w(x"=L/2)=—y(x"=—-L/2) Fermi fields

[
® temperature T =" | = oo
® exploit the O(4)-invariance of the Euclidean Lagrangian
e  O(4)-rotation X =xt A AT Yy’

X =x" A=A gyl sy
® one compactified spatial dimension

® b AWX'=L/2)= A(x’=-L/2) Bose fields
w(x’=L/2)=—y(x>=-L/2) Fermi fields

® spatial manifold: R*xS'(L) I () )




massive bosons

w(p)=+p’+m’

1 - 2
P=-dl)=-7 53 (%) K ,(nBm)

Nn=—oo
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pressure of a massive relativistic Bose gas

e(“:%fdzmliw%pimj o, = 2" L 0 ) SL)xR’

L,=, L
[
1 ..................................................
09 “““““““““““““““““
0.8
0.7 F
Ls(mY) ~, 0.6
P=— — | K ,(nLm \S '
71_2 ;(Vlﬁ] 72( ) 8 05 -
<
S 04}
a few terms are 03 F |
.. |
sufficient to reproduce 02t |
/ o
the result of the usual 01 | | n=1
grand canonical o LY , N=5 oo
0 1 ) 3 4

ensemble .




QCD at finite T

Hamiltonian approach in Coulomb gauge on the partially
compactified spatial manifold
R*xS'(L) 0 )

R2
variational solution of the Schrodinger equation for the vacuum

finite temperature QCD is fully encoded in its vacuum

. J. Heffner & #. R.
YMT at finite T Phys.Rev.D91(2015)

H. R. & J. Heffner,
Polyakov loop Phys.Rev.D88(2013)

dual quark condensate #. R. & P. Vastag

to be published



recent work on the Polyakov-loop

" fRG

» F.Marhauser and J. M. Pawlowski, arXiv:0812.11144

= J. Braun, H. Gies, J. M. Pawlowski, Phys. Lett. B684(2010)262

= J. Braun,T.K. Herbst, arXiv1205.0779

* J.Braun etal., Eur.Phys.J C70(2010)1007

= DSE

» C. Fischer, L. Fister, J. Licker, J.M. Pawlowski, arXiv1306.6022

* U.Reinosa, J. Serreau, M. Tissier, N. Wschebor, Phys. Lett. B742(2015)61

" Hamiltonian approach
= H. R. & J. Heffner, Phys. Lett.B718(2012)672

. PRD88(2013)045024

= strong coupling lattice
= M. Fromm etal. JHEP1201(2012)042.

" lattice

= J. Greensite, Phys. Rev. D86(2012)114507

= J. Greensite and K. Langfeld, D87(2013)094501
= D. Smith etal arXivi307.6339



Polyakov loop

*YMT at finite temperature 7T :compact Euclidean time

{ P[A,](X) = %trPexp[iJ.donO(xo,)?)} J T =L
=order parameter for confinement:  (P[A,1(%)) ~ exp[-F.(¥)L]
= conf. phase:  center symmetry (PLA1(X))=0

» deconf. phase: center symmetry-broken <P[Ao](55)> #0

"Polyakov gauge 9,A,=0, A, =diagonal SUQ2): P[AO]()'C’):COS(AO(;)L)

= fundamental modular region O0<A,L/2<m  P[A,]—unique function of A,
= Jensen’s inequality: (PIAI(X)) < P[(A,(X))]

= alternative order parameters: | (P[A (X))  P[{A,(¥))] (A, (X))

* J. Braun, H. Gies, J. M. Pawlowski, Phys. Lett. B684(2010)262
= F.Marhauser and J. M. Pawlowski, arXiv:0812.11144
= J. Braun,T.K. Herbst,arXiv1205.0779



Effective potential of the order parameter
for confinement

» background field calculation 4,

= (A, (X)) — const, diagonal (Polyakov gauge)

= effective potential ela,] — min = a, =da,

= order parameter <P[A0]> P[do

= 1-loop perturbation theory
eprla, =x2m/ L]

Gross, Pisarski,Yaffe,
Rev.Mod.Pys.53(1981)

N.Weiss, Phys.Rev.D24(1981)
Pla, =0]=1
dec onfined /9/7a5e

non-perturbative evaluation of

L*(eyylal-eyyla=0o))

X

e [ao] in the Hamiltonian approach

H#. Reinhardt & J. Heffner, Phys.Rev.D88(2013)



Effective potential of the order parameter
for confinement

a, = <AO(5€)> — const, diagonal (Polyakov gauge)

ela,] — min = a, = a,

(P[A,])= Pla,]

"ordinary Hamiltonian approach assumes Weyl gauge A, =0

» background field calculation
= effective potential

= order parameter

"0(4)-invariance

p
"compactify (instead of time) one spatial axis to
a circle of circumference /. and interprete [

as temperature
- J
"Hamiltonian approach on R’xS'(L) I 0 )
"compactify X;— axis (g = aé3 l

"calculate the effective potential



The effective potential in the
Hamiltonian approach

-

« effective potential e(q) of a spatial background field d

(H)a =min<H> <A>=&
(H >a = (spatial volume) X e(a)

e(a) — effective potential




The gluon effective potential

J1=—o00

senergy density | e(@.L)=31 Y, [dp,(@(pT)=2(p7) | = X yw

=background field p’=p, +(p,—0a); p,=2rn/L ©—roots
"roots SU2): H, =T, o,=0, £1 positive roots
SUB): H,=T, H,=T, 0=(10), (14V3), (4,~1/3)

*periodicity e(a,Ly=e(a+u, /L,L)  exp(it, )=z €Z(N)
U, —coweights
4 )
"input: @W(p),¥(p) from the variational calculation
5 in Coulomb gauge at T=0 )

C. Feuchter & H. Reinhardt,Phys. Rev.D71(2005)
D. Epple, H. Reinhardt, W. Schleifenbaum, Phys. Rev.D75(2007)



The gluon UV-effective potential

=0 a(p)=p ea.)= 31 Y. [ p,(@(p*)- W)

Nn=—o0

oo )
e(a.L) = 8 Esm (nalL/?2)

P n _
_4n2(aLT[aL_1T 3
3\ 2 ) | 2n <
— =

X

N.Weiss 1-loop PT

Polyakov — loop (P) = Pla_. =0]=1 deconfining phase



The gluon IR-effective potential

1=0  wp=mIp @)=Y LY | & p, @)~ PE)
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The gluon IR-effective potential

Nn=oo
— . 2 _ 1 2 o o
KPI=0 wp=M/p e L=+, [dp.(@p")- P&
O n=-—oo
0
@.1) AM?* & sin®(nal [ 2) N
erld - Z 05 F Vo
’ ) il B
M2 ( al \[ al. o Sy
— a a 1 LA N - - CA
- oo F N TSy
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X

Polyakov — loop (P) =Pla_ =n/L]=0 confining phase

min

deconfinement phase transition results from the interplay between the
confining IR-potential and deconfining UV-potential




The gluon IR+UYV effective potential:

x(p)=0 o(p)=p+M>/p

phase transition

critical temperature:

TC=\/§M/7I

lattice : M = 880 MeV =

x(P)=0  o(p)=p +M*/p’

0])

L4(e[a]-e[a

e(a,L)=e,, (a,L)+e,(a,L)

0 T 650 MeV | ‘
o\ /f"]
ha\ /i
-0.2 ".‘\‘\\ /,f:" -
XN 570 MeV /
04 F SN e T T T T -
06T ... BooMev
-0.8 |
459 MeV
1} LT e e /
\, /
N\, ya
1.2 F N\ 418 MeV /‘/
\'\< %
1.4 ' e - :
0.2 0.4 0.6 0.8
X
T.=485MeV
T, = 432 MeV




The full effective potential

@)=Y+ 3 [, @p") - x(p) @ L

variational calculation in Coulomb gauge

\
0.02 - .
280 MeV
0
-0.02 | N 575 MoV ; / SU(Z)
004} N Tl
) NN A
s -0.06 } N 271 MeV oy .
® e DR " ]
S 008 | O . ) critical temperature:
Qo : . A
v, 01k \'\‘ 267 Me /}/ |
: \ s ¥
012} AN s i TC =2 70MeV
N 262 Mev /./‘/
-0.14 ~—
-0.16 : L : :
0 0.2 0.4 0.6 0.8 1
X




The effective potential for SU(3)

SU(3)-algebra consists of 3 SU(2)-subalgebras
characterized by the 3 non-zero positive rooots

o =(1,0), (% %\/5) , (% —%\/5)

Csyzla] = 2 €5y 2ol a]

o>0



The full effective potential for SU(3)

e(a,L)=Y 1+ i fdzm(w(p") -x(p°))

N=—o0

variational calculation in Coulomb gauge
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Polyakov loop potential for SU(3)

0])
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critical temperature

lattice : T'® =312MeV T =284 MeV
this work : T'® =269 MeV TV =283MeV

FRG(Fister & Pawlowski): T:'® =230MeV TV =275MeV

lattice: B. Lucini, M. Teper, U.Wenger, JHEPO | (2004)06 |
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center symmetry

DECONFINEMENT PHASE TRRANSION:

confined phase: center symmetry
deconfined phase: center symmetry broken

any observable transforming non-trivially anden the
centern may denve as ordern parameler for confinement

prototype: Polyakov loop

[ P[AO]()'c')=dirtrPeXp{i | deAO(xO,?c)} }




dual quark condensate
-dressed Polyakov loop

Gattringer, PRL. 97(2006)
Synatschke, Wipf, Wozar, Phys. Rev. D75(2007)

lattice: Bilgici, Bruckmann, Gattringer, Hagen, PR D77(2008)...
FRG: Braun, Haas, Marhauser, Pawlowski, PRL 106(201 1)
DSE: Fischer, Maas, Mller, Eur. Phys. J. 68(2010) ...

Hamiltonian approach: H.R. & P. Vastag, to be published



dual quark condensate
-dressed Polyakov loop

27

2, = f Le ™ ((Gq),)  9(B)=e"q(0)
2 loops winding u-Times around the compact time aris

2, dressed Polyatos loos Gattringer
PRL. 97(2006)

T—Q

imaginary chemical potential . [l =1 3

compactified 3-axis potential : p,=€ +ill=

2tn+@

p




quark condensate (@),




chiral & dual condensate

| | I I I Chiral condensa'te
Dual condensate -------
235° ]
—
>
[0}
=
W
JM185° |
0 ) . .
25 3 35 4

T[GeV]

o.=20 T,.=256MeV



Conclusions

"variational approach to the #amiltonian formulation of
QCD in Coulomb gauge

"quark sector

"novel Hamiltonian approach to finite temperature QfT

"compactification of a spatial dimension

"the finite QFT is fully encoded in the ground state of the
spatial manifold R%*xS'

"effective potential of the Polyakov loop gluonic part of
the eff. potential:
"deconfinement phase transition
= SU(2): 2.order
=SU(3): l.order
"inclusion of quarks:
"the deconfinement phase transition is turned into a crossover

"dual quark condensate



