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Class 1: introduction to nonlinear
optics
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Linear optics

C

n

the (linear) refractive index

What is “linear” about it?
Where does it come from?
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Optical frequency comb generation in a toroid microcavity

nature Vol 450|20/27 December 2007/ doi:10.1038/nature06401

LETTERS

Optical frequency comb generation from a monolithic
microresonator

P. Del'Haye!, A. Schliesser!, O. Arcizet!, T. Wilken', R. Holzwarth' & T. J. Kippenberg'
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Four-Wave Mixing in Optical Communications Systems

D =10.0 mm Jo EHT = 20.00 ki Signal A = RBSD
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Four-Wave Mixing in Optical Communications Systems
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Four-Wave Mixing in Optical Communications Systems
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(Glass nonlinear response is the fundamental mechanism

limiting single—mode tiber capacity

Essiambre, R.-J. and R.W. Tkach, “Capacity Trends and Limits of
Optical Communication Networks”, Proceedings of the IEEE, 2012

Spectral Efficiency = C/B = logz(1+P/N)
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Second- and Third-harmonic in Biological structures

m u SC I e Green — TPA fluorescence (adipose)
Red - SHG (collagen)
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“Physics would be dull and life most unfulfilling if all physical
phenomena around us were linear. Fortunately we are living in an
nonlinear world...

...the study of nonlinear electromagnetic phenomena in the optical
region which normally occur with high-intensity laser beams...

...In the optical region, however, nonlinear optics became a subject of
great common interest only after the laser was invented. It has since
contributed a great deal to the rejuvenation of the old science of
optics”.

First Paragraph on Page 1
The Principles of Nonlinear Optics, Y. R. Shen

SPSAS Nanophotonics (July-16)



Nonlinear Optics is a broad area
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This class
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Macroscopic in 2D but
“one atom”-thick

| o Microscopic
-t | T -
Eqe Tg v X (an atom)
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Outline

(Origin of (electronic) nonlinearity )
e Lorentz model
e Anharmonic oscillations
o Nonlinear polarization

\ 7

o Maxwell equations in the presence of nonlinearity
o« Wave equation: perturbative solution
o Self- and Cross-phase modulation

e Parametric Frequency Mixing

o Examples:
o Parametrig Gain and Wavelength Conversion
o Phase-sensitive Amplification l l
e Modulation Instability
0, 0, o
o Hands-on: nonlinear coefficient (y) and second order
dispersion ([2) characterization in optical fibers

using Modulation Instability
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Lorentz classical oscillator

Electronic cloud
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Linear restoring force

f =—kx =—mw,x
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Lorentz classical oscillator model

1% (@)[s
Easily solved in the frequency domain 4.|E
. mya,
E(t)=E, e ™
_ —iwt
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ma,
"W
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Induced molecular electric

E e I

dipole

Dipole radiation field (implicit e_iwt )

p E

dip
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dip —
" Arme,
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e induced molecular dipole is linear on E

o oscillates at the same frequency as incident field

e but with a phase delay
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Origin of refractive index

Az << A

thin & infinite <>

glass plate

SPSAS Nanophotonics (July-16)

What is the electric
field here?

ikz
Eine + E rad

Tﬂ

INAZk 4.
ZEdZP = pe”
0

_iNAzk €*E, e /m
2, W, —w —iyw

INAzk e’/m
2, W -w’—iyw

ws) E, =E" (1 +

Now, we define the refractive index in the usual manner

Eom — Eineikzei(n—l)kAz ~ Eineikz [1 + l(f’l _ 1)}(&]

2
n:1+l 2qué£0n.1
20, -0 —iyw

Feynman Lectures (Vol |, chapter 31))




Macroscopic polarization

First order
susceptibility:

Electric
displacement:

Refractive
index:

Atoms per unit volume

l

P=Np=¢,y"E

2
2 = Ng; /eym
o, -’ —iyo

D=¢gE+P=c¢cE
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Local field correction

P=NcE, = Na(E+ L]
3¢,

Solving for P and using that P= SOZ(I)E
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Lorentz oscillator model: key learnings

« Electric field induces an electric dipole (linear on E)

o The dipole oscillates at the same frequency as incident field

o Oscillating dipole radiates an electromagnetic wave

« Part of the energy is absorbed by the dipole (mechanical energy)

« Dipole’s radiation interferes with the original field (refractive index)

e Medium’s response:

V-D=p

_ 1)

P=ex kE V-B=0

D ELP VxE=-0B
— &R VxH=J+D

e ...all linear optics is here

Hendrik Antoon Lorentz (18 July 1853 — 4 February 1928) was a
Dutch physicist who shared the 1902 Nobel Prize in Physics with
Pieter Zeeman for the discovery and theoretical explanation of the
Zeeman effect. He also derived the transformation equations
SPSAS Nanophotonics (July-16) subsequently used by Albert Einstein to describe space and time.




What if the restoring force is not linear?

P=g,y"E

P 280 (Z(I)E+Z(2)E2 +Z(3)E3 +) =P(1) +P(2) +P(3) L

| 5 Third order
susceptibility

Second order
susceptibility
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Anharmonic classical oscillator (real potentials)

Non Centro-symmetric Centro-symmetric
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Rayleigh-Schrodinger perturbation method

Iterative method x=AxP+AxP+... and ESAE
Non Centro-symmetric Centro-symmetric
Pl M 4 2 = Pl M 4 2 XD =
+yx =q.E/m +yx =q.E/m

¥ +yx? +ojx? = 41@ 9 4y @ix® = 4@
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Rayleigh-Schrodinger perturbation method

. : 2 i
Non Centro-symmetric ¥ +yx® + @ x* = -a (|xw| +xie " + c.c.)

— @ _ —a|xw|2
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\ 20 Dzw
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Rayleigh-Schrodinger perturbation method

. . . 2 i
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Generalization to multiple input frequency

Centro-symmetric

iV +yxV+wlx" =q,E/m
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Third order polarization and susceptibility

Self-phase Modulation (SPM)

Third Harmonic
Generation (THG)
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Cross-Phase Modulation (XPM)
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Outline

o Origin of (electronic) nonlinearity
e Lorentz model
o Anharmonic oscillations

o Nonlinear polarization

(Maxwell equations in the presence of nonlinearity )
o« Wave equation: perturbative solution
o Self- and Cross-phase modulation
e Parametric Frequency Mixing

\ 7

o Examples:
o Parametrig Gain and Wavelength Conversion
o Phase-sensitive Amplification l l
e Modulation Instability
0, 0, o
o Hands-on: nonlinear coefficient (y) and second order
dispersion ([2) characterization in optical fibers

using Modulation Instability
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Maxwell Equations

Maxwell Equations in

dielectric material Nonlinear polarization

V.D=0 D=¢E+P
V.-B=0 =g, E+P, +P,,
VXE=-0B =80(1+x(1))E+PNL
VxH=9D =¢E+P,,
y g(x.y)=n"(x.y)&
x _
4
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Slowly Varying Envelope Approximation (SVEA)

Wave equation y £(x,y)=n(x.y)&
D=¢E+P, z

. . cojt
Harmonic expansion P, =D P, +ce

E(l‘) _ ZEje—iwjt +c.c.= ZAJ (z)e]. (x,y)ei(ﬁjz—wjl) + cC.cC.
J J

> Figenmodes (P,, =0)

Slowly varying S Rapid phase front
envelope (wavelength scale)

N

SPSAS Nanophotonics (July-16)



Slowly Varying Envelope Approximation (SVEA)

Wave equation VXVX[ J(2)e; (x.y)e t)] ~Ho0; [SAj(Z)ej(xsy)ei(ﬁjz_wjt) +Pw,.€_iw"}
AT< Ve J B0 47T Jrapfaxixee = moi[eard v,
SVEA
Eigenmode (ij =o) VxVx [ejeiﬁfz] = eu,w’e e 20.A2%xV x [e e J U@
Curl equation V x I:ejeiﬁjz:| = l'a)j,LtOlljeiﬁjZ 2aZAji X hjeiﬁjz = —i(uijj
Eigenmode normalization N;= 2.[2-[6;. xh, ]da 9.4, (Zfej' '[ith]d“)eiﬁj =i, je ‘P, da

0., = %Ue, ‘P, da e "
J
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Self-Phase Modulation (SPM)

Pump

N

y.B(@)

Nonlinear
WG

Nonlinear polarization

P =3¢,y |E,| E,

Weakly guidance approximation

erKW(x,y) h:ncé‘of’l//(X,y)
N:zeocnjwzda Pr=l4,[ N

E,=A, (z)l//()c,)f)e"ﬁ”Z

\ 4
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Self-Phase Modulation (SPM)

Pump

Nonlinear
\- WG
i ——

y.B(@)

E(t)=E,e" +c.c.

v

3.A, = i“"%ﬂﬁ)“w“ da |4, A,

azAP =1y FpAp
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2
_ 3a,p” s Ut/ﬂ a’a}
P 4e c*n’A & I ‘d
0 eff l// a
A,[ = 4,4,

3.4, = A;0.4, + A,0_A,
= A, (Y PpA, )+ A, (-iy BAL ) =0

_ iyPpz
A, =Age

E,=A, ( Z)l//( x,y) o PrrTe)e




Cross-Phase Modulation (XPM)

Pump -
i ‘
. A — P.S * P —iPp sz
* No\;\\lllgear 0.4, %G Ue s da]e
s - £ =4,y (e)e”

* v.B(0) R=laf A

Nonlinear polarization

2 2
E(t)=E,e ™" +Ee ™ +c.c. Py =3¢g,x" (|EP| +2|E] ) E,

P =3e,2 ([ +2|E, ') E

d.A, =iy (P +2R)A,
Q<<w, 3.4, =iy (B +2P,) A

Yr =Y

|

0, o ®

v

Post2Pyp) e

Eps=Ap (O)W(x’)’)ei[ﬂp’ﬁy(
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Four-Wave Mixing (degenerate case)

Pump

Nonlinear
WG

Signal F-—- OSA

* v.B(o)

W, =20, — 0

bandwidth

/
N
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Four-Wave Mixing (degenerate case)

Pump

£

£

0, =0, +0; -0,

Nonllnear

Y.B(o
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E(t)=E,e" +Ee ™ +E,e™ +c.c.

E,

A Bl

Nonlinear polarization

3)

F,
3)

E,,

(©)
F,

d.A, =i
J.A =i

QA =i

=3¢, 7 [(|EP F 2|5 )E, + 2E,ESE;}
=3e, 1" [(|ES|2 +2/E,[')Eg + Ef,E:}

=3e,1 | (B[ +2lE[ )£, + E2E: |

:(}/P’]DP + 2ySP§ + 2’}/]73[)AP + 27/PA1ASA;€_iAﬁZ:|
(5P +27, P +27,B) As +75A0A ™ |

(/B +27,P +275R) A, +7, A Age™ |

AB =P, +Bs 2B, Linear phase mismatch




Photon flux conservation

Manley-Rowe Relations

P N[

T hwA, hoA,

Photon flux at @;

3F»=ii(A.a A +A0 A‘) y._n2 j
“TRA ot VAt aky j A
W, =0,+0, -0, @ p
0.F, =—-20_F; =20 F,
W, =20,-0 o —
I P QS Q Wg =20, — O, 0.F;+0,F,+0.F,=0
f_’ i 0.4, =i (¥, Pp+ 2y P 27, B Ap+ 2y A AL |
> d.As = i:(ysps +2y, B + 271,P1)AS + j/SAlz,A;eiAﬁZJ
wl wP ws w ] |
aZAI = l_(71731 + 2’}/P7DP + 2)/5735)141 + /)/IAP%A;ezAﬁz]
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Four-Wave Mixing (degenerate case)

S Strong pump (un-depleted approximation)
A=

Z

(V5P +275P +27,B) Ap +27,A AsAre ™ |

~.

_ ) ) _ iyPez __ iy Ppz
0.A; =i[ (V5P + 27, P +27,B) As + ¥ AL Ay | BB OB, A=A (0) =R

QA =

Z

~.

r 2 4% iABz
(1P +21, B+ 27 R)A + 7 A Ae™ | Small frequency shifts

Q<<w, Yr=Y=7s

0.As =iy 2P A + B Ay P27 |
W, =0,+0; -0,

0.A, =iy| 2PA, + B A P77 |

SPSAS Nanophotonics (July-16)



Four-Wave Mixing (degenerate case)

Strong pump (un-depleted approximation)

B>>Ry A =iyRA, A, =4,(0)" =B

Small frequency shifts

Q<<w, Yr=Y=7s

Li2y Ppz

NON SIS GE ¥+ pe by
aza :aiz}A]PP ﬁz'g(%@%%),z +P, A;ei<Aﬂ+277’p>z ]

i(AB+2Y Py )z

d.a5 = iyP.ae"

0, =0, +0; -0,

02 +i(AB+2yB)0.~(vR)’ |as, =0

w, Wp g w as (0) = Ay, (0)

azaS,I (0) = iprA;,s (O)
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Four-Wave Mixing (degenerate case)

Ag, ()= eE(AﬁHWPP)Z {As,l (@{cosh(%) - i(M)sinh(%)} + i%f\;s (O)Sinh(%j}

8 g

¢=+(2yP) ~(AB+2yP)’ = J-AB(AB+4yP)

Case I: Parametric Gain and Case II: Phase-Sensitive Case I1I: Modulation
Wavelength Conversion Amplification Instability
As(0)=7(0) A (0)=+P
4,(0)=0 4,(0)=Pe*
Q

1

=

v

W, W @ w, W, @ w, W,
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Outline

o Origin of (electronic) nonlinearity
e Lorentz model
o Anharmonic oscillations

o Nonlinear polarization

o Maxwell equations in the presence of nonlinearity
o« Wave equation: perturbative solution
o Self- and Cross-phase modulation

e Parametric Frequency Mixing

. Examples:
o Parametrig Gain and Wavelength Conversion
o Phase-sensitive Amplification l l
e Modulation Instability
0, 0, o
o Hands-on: nonlinear coefficient (y) and second order
dispersion ([2) characterization in optical fibers
using Modulation Instability

\\ J/
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Parametric Gain and Wavelength Conversion

S |
v
v

Maximum gain:
Phase-matching is fully satisfied!

g=\(2yP) —(AB+2yP)’ = -AB(AB+4yP)

AB+2yP=0

8 =2yP
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Parametric Gain and Wavelength Conversion

o —
7= RO 22 s (£)

S |
v
v

R) 7(z)=7(0)

1+[27’73P T L ( g_'zﬂ Phase-matching is not satisfied
g!
Oscillatory behavior

g=\-AB(AB+4yP)

297 . (g
73(1):7%(0)(7/—‘) sin (%) g pure imag

g=1ig'
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Phase-matching condition

Il

W, Op

Self- and Cross-phase modulation

E o olrrponk
p

E o ei[2yP+ﬁ((oS’, ) Je
S.I

Phases of interfering fields
Epy(0,) o P e EE o M0 P00
E, o PL27PHB@))
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Phase-matching

2yP+AB=0

Aﬁzﬁ(a),)+ﬁ(ws)—2ﬁ(a)P)

v




Phase-sensitive amplification

Fy(z)=7(0)

2 2
]+(277DP) sinh® (ﬁj:|+(2y7%) 'PI(O)SiHhZ (&)
g 2 g 2

2 T s ) con( 2 o) 222 1)

8

Pump P (2)
Nonlinear 500;
* WG 400;
Signal — ')' OSA v

* v.B()
Idler :

7
L
/
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Modulation Instability

Maximum gain:
Phase-matching is fully satisfied!

g=+(2rP) ~(aB+27P)’ = -AB(AB+47P)

AB+2yP=0

8 = 2yP
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Modulation Instability: Gain Spectrum

How does G depend on 27

g=+(2rP) ~(aB+27P)’ = -AB(AB+47P)

2
1+ 2(%) sinh? (%ﬂ AB+2yP=0

8 = 2yP

Frequency dependence is hidden in
the linear phase mismatch

AB=p(w,)+p(0)-28(w,)
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Linear phase mismatch

3.5 T T T T T T T T T T T

3.0
| Infrared Visible uv

25
Synthetic fused silica
2.0
1.5

1.0

Wavevector, B(w) (105 cm-/s)

0.5

0.0 | ' | ’ | ' | ' Il ' |
1.0 20 3.0 4.0 5.0 6.0

Frequency, w (10'® rad/s),

ﬁ(w) = :BP +ﬂ1(w_wp)+%ﬁ2(w_wp)2 +%ﬂ3(w_wp)3 +% ﬁ4(w_wp)4"'

B, = B(w,) | > Fourth-order
a'B B dispersion
B, = (da)” ) AB =P, +Bs—2B, = B,Q +ﬁQ te.. coefficient
> Second-order

dispersion coefficient
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Dispersion coefficients: an example (Silicon Waveguide)

silicon

sio,

400-500 nm
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Second-order dispersion coetficients

1 —w=386nm
0.8 ——w=396nm
——w=406nm
0.6 w=416nm
0.4 —w=426nm Nermal dispersion regime
s poo

0.2 /
-0.4 // Anomalous dlspersion regime
-0.6 B, <0

1450 1470 1490 1510 1530 1550 1570 1590 1610 1630 1650
Wavelength (nm)

b2 (ps/m)
o
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Second- and Fourth-order dispersion coefficients

B,>0
2 1.E-03
b2, ps"2/m i
1
b4, psh4/m H
1.5 ps"4/ i
i 8.E-04
!
1 |
] - 6.E-04
1
0.5 i
Anomalous i Normal
dispersion regime ] dispersion regime 4-E-04
0 1
1
B, <0 i B,>0
: - 2.E-04
-0.5 i
i
1
1
!
-1 T 0.E+00
1450 1500 1550 1600 1650
Wavelength (nm)
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Modulation Instability

Modulation Instability Phase mismatch, (XP = 1400nm)

1400 5000 T
4000} ﬁ ]
2 4

3000} AB = B,Q +é§2 8
£ 2000} :

~
Z 1000} .

o
= ol —2yP 1

[a\}

,4 I
. —1000f \\/ \/ J

,é el
£ < 2000} 1

(<D.
13 -3000} 1
-4000} ]
500955 -100 -50 0 50 100 150
Af (THz)
Parametric gain
10 ‘ ‘ :
-20 -15 -10 -5 0 5 10 15 20
Af(THZ) 9 J
8t J
Aﬁ +2yP=0
950 -100 -50 0 50 100 150
A (nm)
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Modulation Instability

Gain (dB)

Modulation Instability

1400

A_(nm)

=20 -15 -10 -5 0 5
Af(THz)
AB+2yP=0
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20

AB, -2 yP (1/m)

10000

5000

—5099

G (dB)

10

4

Phase mismatch, (xp =1515.4309nm)

AB = B,Q° + &Q“
12
—2yP
[ S i ———
50 100 50 0 50 100 150
Af(THz)
Parametric gain
50 -100 50 0 50 100 150



Modulation Instability

Gain (dB)

Modulation Instability

1400 1F(’)Qase mismatch, (A, = 1650.1002nm)
6 ‘ ‘ ‘
_ 2 & 4
5l AB = B,Q +12£2 |
z 3 «
bt
¥ 2 A
a | ]
< 2yP
Or Y 1

_1 I I I I I
-150 -100 -50 0 50 100 150

Af(THz)
Parametric gain
6 ‘ ‘ ‘
5 [\ ]
4, 4
o
T 3 1
Q)
AB+2yP=0 21 1
1l |
Al o

—?50 -100 -50 0 50 100 150
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Beta 4 zero

Modulation Instability

1400

A_(nm)
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Beta 4 negative

Modulation Instability

A_(nm)

-20 -15 -10 -5 0
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Hands-on 1: experiment on Modulation Instability

e Work out the equations and answer...

« Can we obtain the waveguide parameter B, and Y from the
Modulation Instability spectrum?

Modulation Instability in Optical Fibers

60 — (measured by A. Gil)

50:
407 %,= 1549 nm
30

20 4

10

-10 -

Power [dBm]
>

[ {7

I
ﬁ‘ii

-20 4

-30 4

-40 -

)
i

| | | ! I ! |
1540 1545 1550 1555 1560
Wavelength [nm]
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