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Optical frequency comb generation from a monolithic
microresonator
P. Del’Haye1, A. Schliesser1, O. Arcizet1, T. Wilken1, R. Holzwarth1 & T. J. Kippenberg1

Optical frequency combs1–3 provide equidistant frequency mar-
kers in the infrared, visible and ultraviolet4,5, and can be used to
link an unknown optical frequency to a radio or microwave fre-
quency reference6,7. Since their inception, frequency combs have
triggered substantial advances in optical frequency metrology and
precision measurements6,7 and in applications such as broadband
laser-based gas sensing8 and molecular fingerprinting9. Early work
generated frequency combs by intra-cavity phase modulation10,11;
subsequently, frequency combs have been generated using the
comb-like mode structure of mode-locked lasers, whose repetition
rate and carrier envelope phase can be stabilized12. Here we report
a substantially different approach to comb generation, in which
equally spaced frequency markers are produced by the interaction
between a continuous-wave pump laser of a known frequency with
the modes of a monolithic ultra-high-Q microresonator13 via the
Kerr nonlinearity14,15. The intrinsically broadband nature of para-
metric gain makes it possible to generate discrete comb modes over
a 500-nm-wide span (,70 THz) around 1,550 nm without relying
on any external spectral broadening. Optical-heterodyne-based
measurements reveal that cascaded parametric interactions give
rise to an optical frequency comb, overcoming passive cavity dis-
persion. The uniformity of the mode spacing has been verified to
within a relative experimental precision of 7.3 3 10218. In contrast
to femtosecond mode-locked lasers16, this work represents a step
towards a monolithic optical frequency comb generator, allowing
considerable reduction in size, complexity and power consump-
tion. Moreover, the approach can operate at previously unattain-
able repetition rates17, exceeding 100 GHz, which are useful in
applications where access to individual comb modes is required,
such as optical waveform synthesis18, high capacity telecommuni-
cations or astrophysical spectrometer calibration19.

Optical microcavities20 are, owing to their long temporal and small
spatial light confinement, ideally suited for nonlinear frequency con-
version, which has led to a marked reduction in the threshold of
nonlinear optical processes21–23. In contrast to stimulated gain, para-
metric gain24 does not involve coupling to a dissipative reservoir, is
broadband as it does not rely on atomic or molecular resonances, and
constitutes a phase-sensitive amplification process, making it
uniquely suited for tunable frequency conversion. In the case of a
material with inversion symmetry—such as silica—the nonlinear
optical effects are dominated by the third-order nonlinearity. The
parametric process is based on four-wave mixing (FWM) among two
pump photons (frequency uP) with a signal (uS) and idler photon (uI)
and results in the emergence of (phase-coherent) signal and idler
sideband) at the expense of the pump. Observing parametric inter-
actions requires both energy and momentum conservation to be
satisfied. In a microcavity of the whispering gallery type20 the optical
modes are angular momentum eigenstates and have discrete pro-
pagation constants bm 5 m/R resulting from the periodic boundary

condition, where the integer m denotes the angular mode number
and R the cavity radius. Consequently, the conversion of two pump
photons (propagation constant bN) into adjacent signal and idler
modes (bN2DN, bN1DN, DN 5 1, 2, 3…) conserves momentum
intrinsically14. On the other hand, energy conservation
(2huP 5 huI 1 huS, where h is the Planck constant) places stringent
conditions on cavity dispersion, because the frequency difference
between adjacent modes uFSR~ um{umz1j j (the free spectral range,
FSR) can vary owing to both material and geometric dispersion,
rendering the cavity modes non-equidistant. For modes sufficiently
close to the pump, however, the accumulated variation in the FSRs
can be small. Indeed under these circumstances, parametric fre-
quency conversion has only recently been observed for the first
time14,15 in ultra-high-Q microcavities (made of crystalline15 CaF2

and silica14,30).
Importantly, this mechanism can also be used to generate

optical frequency combs: the initially generated signal and idler
sidebands can interact among each other and produce higher-order
sidebands (Fig. 1) by non-degenerate FWM26 which ensures that
the frequency difference of pump and first-order sidebands
Du: uP{uSj j~ uP{uIj j is exactly transferred to all higher-order
sidebands. This can be readily seen by noting that, for example,
the second-order sidebands are generated by mixing among the
pump and first-order signal/idler sidebands (for example,
uS2~uPzuS{uI~uP{2Du), which rigidly determines the spacing
of any successively higher sidebands (Fig. 1b). Thus, provided that
the cavity shows low dispersion, the successive FWM to higher orders
would intrinsically lead to the generation of phase-coherent side-
bands with equal spacing, that is, an optical frequency comb. Note
that the generation of an optical frequency comb in this fashion
requires experimental verification, as the parametric process itself
could in principle produce signal/idler sidebands that are only
pair-wise equidistant (for example, through degenerate FWM to
higher orders) but not mutually equidistant as required for comb
generation. Here, we report that monolithic microresonators do
indeed allow realization of massively cascaded sideband generation,
whose perfect equidistance is confirmed to a level of 7.3 3 10218

(when normalized to the optical carrier). We have thus demonstrated
optical frequency comb generation from a continuously pumped
microcavity.

We use ultra-high-Q monolithic microresonators in the form of
silica toroidal microcavities13 on a silicon chip, which possess long
photon storage times (t0): that is, ultra-high quality factors (Q 5
2put0 . 108) and small mode volumes. Highly efficient coupling is
achieved using tapered optical fibres27. Owing to the high circulating
power, parametric interactions are readily observed at a threshold of
about 50 mW. When pumping with a continuous-wave 1,550-nm
laser source, we observe a massive cascade and multiplication of
the parametric sidebands extending to both higher and lower
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frequencies. Figure 1a shows a spectrum in which a 75-mm-diameter
microcavity was pumped with 60 mW power, giving rise to an intra-
cavity intensity exceeding 1 GW cm22. The parametric frequency

conversion could extend over more than 490 nm (see Fig. 1a inset),
with the total conversion efficiency being 21.2%. These bright side-
bands (termed Kerr combs in the remaining discussions) could be
observed in many different samples, with conversion efficiencies of
more than 83% by working in the over-coupled regime. In the largest
fabricated samples (190 mm diameter), 380-nm broad Kerr combs
comprising 134 modes spaced by 375 GHz could be generated at
the expense of slightly higher pump power (see Supplementary
Information).

To verify that the Kerr comb contains equidistant frequencies, we
used a fibre-laser-based optical frequency comb28 from Menlo
Systems (termed reference comb in the remaining discussion) as a
reference grid with a repetition rate of frep 5 100 MHz. The principle
underlying our measurement is that the beating generated on a photo-
diode by superimposing the reference comb with the Kerr comb
will produce beat notes that constitute a replica of the optical spec-
trum in the radio frequency domain, similar to multi-heterodyne
frequency comb spectroscopy29 (see Supplementary Information).
Specifically, if the Kerr comb is equidistant, the beat notes with the
reference comb will constitute an equidistant comb in the radio
frequency domain (with frequency spacing Df, where Df 5
(Du mod frep)). Figure 2a shows the experimental setup for the optical
beat measurement. In brief, an external cavity laser operating at
1,550 nm was used to pump a microcavity. The generated Kerr modes
were then superimposed with the reference comb in a beat note
detection unit (BDU), consisting of polarizing optics for combining
reference and Kerr comb and a grating to select the desired region of
spectral overlap. In this manner, the beatings of nine simultaneously
oscillating parametric modes (covering a wavelength span of more
than 50 nm) were recorded, as shown in Fig. 2c. Remarkably, from
the equidistant spacing of the radio frequencies, it is found that the
generated sidebands are equidistant to within 5 kHz (as determined
by the measurement time of 200 ms).

To improve the accuracy, we developed an additional experiment
measuring the beat notes of three Kerr modes with the fibre-reference
comb using three separate BDUs (Fig. 3a), each of which counted a
single radio frequency beat (f0, f1, f2). A signal-to-noise ratio exceed-
ing 30 dB in a 500-kHz bandwidth was achieved, sufficient to use
radio frequency counters, all referenced to a 10-MHz signal provided
by a hydrogen maser. The beat note measured on BDU1 was used to
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Figure 1 | Broadband parametric frequency conversion from a monolithic
toroidal microresonator. a, Spectrum of the parametric frequency
conversion observed in a 75-mm-diameter monolithic toroid microcavity
when pumped with 60-mW continuous-wave laser power at 1,550 nm. The
combination of parametric interactions and FWM gives rise to a broadband
emission, spaced by the cavity free spectral range. Units of dBm represent
logarithmic power relative to power of 1 mW. Inset: broadband parametric
conversion of a different sample generating more than 70 parametric modes
extending over a wavelength span of nearly 500 nm (pump power 130 mW).
The asymmetry in the spectrum (with higher power in the higher-wavelength
sidebands) is attributed to Raman amplification and variation of the tapered
fibre output coupling. b, Schematic of the processes that contribute to the
parametric conversion: degenerate (left) and non-degenerate (right) FWM
among cavity eigenmodes. Momentum conservation is intrinsically satisfied
for the designated angular mode number (m) combinations. c, Scanning
electron microscope image of a toroid microcavity on a silicon chip.
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Figure 2 | Multi-heterodyne beat note detection. a, The experimental setup
consisting of an external cavity laser (continuous wave) coupled to an ultra-
high-Q monolithic microresonator in a nitrogen environment via a tapered
fibre. The parametric output is coupled into one port of a BDU. The second
port of the BDU is coupled to a mode-locked femtosecond erbium-doped
fibre laser that serves as a reference comb. A grating is used to select a spectral
region of the Kerr comb modes and a p-i-n silicon photodiode (PD) records

their beatings with the reference comb (see Supplementary Information for
details). PBS, polarizing beamsplitter; FFT, fast Fourier transform analyser.
b, The measurement principle. The beating of the reference comb with the
microcavity parametric modes yields beat frequencies in the radio frequency
domain. c, Radio frequency spectrum of nine simultaneously oscillating
Kerr modes, showing a uniform spacing.
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frequencies. Figure 1a shows a spectrum in which a 75-mm-diameter
microcavity was pumped with 60 mW power, giving rise to an intra-
cavity intensity exceeding 1 GW cm22. The parametric frequency

conversion could extend over more than 490 nm (see Fig. 1a inset),
with the total conversion efficiency being 21.2%. These bright side-
bands (termed Kerr combs in the remaining discussions) could be
observed in many different samples, with conversion efficiencies of
more than 83% by working in the over-coupled regime. In the largest
fabricated samples (190 mm diameter), 380-nm broad Kerr combs
comprising 134 modes spaced by 375 GHz could be generated at
the expense of slightly higher pump power (see Supplementary
Information).

To verify that the Kerr comb contains equidistant frequencies, we
used a fibre-laser-based optical frequency comb28 from Menlo
Systems (termed reference comb in the remaining discussion) as a
reference grid with a repetition rate of frep 5 100 MHz. The principle
underlying our measurement is that the beating generated on a photo-
diode by superimposing the reference comb with the Kerr comb
will produce beat notes that constitute a replica of the optical spec-
trum in the radio frequency domain, similar to multi-heterodyne
frequency comb spectroscopy29 (see Supplementary Information).
Specifically, if the Kerr comb is equidistant, the beat notes with the
reference comb will constitute an equidistant comb in the radio
frequency domain (with frequency spacing Df, where Df 5
(Du mod frep)). Figure 2a shows the experimental setup for the optical
beat measurement. In brief, an external cavity laser operating at
1,550 nm was used to pump a microcavity. The generated Kerr modes
were then superimposed with the reference comb in a beat note
detection unit (BDU), consisting of polarizing optics for combining
reference and Kerr comb and a grating to select the desired region of
spectral overlap. In this manner, the beatings of nine simultaneously
oscillating parametric modes (covering a wavelength span of more
than 50 nm) were recorded, as shown in Fig. 2c. Remarkably, from
the equidistant spacing of the radio frequencies, it is found that the
generated sidebands are equidistant to within 5 kHz (as determined
by the measurement time of 200 ms).

To improve the accuracy, we developed an additional experiment
measuring the beat notes of three Kerr modes with the fibre-reference
comb using three separate BDUs (Fig. 3a), each of which counted a
single radio frequency beat (f0, f1, f2). A signal-to-noise ratio exceed-
ing 30 dB in a 500-kHz bandwidth was achieved, sufficient to use
radio frequency counters, all referenced to a 10-MHz signal provided
by a hydrogen maser. The beat note measured on BDU1 was used to
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Figure 1 | Broadband parametric frequency conversion from a monolithic
toroidal microresonator. a, Spectrum of the parametric frequency
conversion observed in a 75-mm-diameter monolithic toroid microcavity
when pumped with 60-mW continuous-wave laser power at 1,550 nm. The
combination of parametric interactions and FWM gives rise to a broadband
emission, spaced by the cavity free spectral range. Units of dBm represent
logarithmic power relative to power of 1 mW. Inset: broadband parametric
conversion of a different sample generating more than 70 parametric modes
extending over a wavelength span of nearly 500 nm (pump power 130 mW).
The asymmetry in the spectrum (with higher power in the higher-wavelength
sidebands) is attributed to Raman amplification and variation of the tapered
fibre output coupling. b, Schematic of the processes that contribute to the
parametric conversion: degenerate (left) and non-degenerate (right) FWM
among cavity eigenmodes. Momentum conservation is intrinsically satisfied
for the designated angular mode number (m) combinations. c, Scanning
electron microscope image of a toroid microcavity on a silicon chip.

PBS

c

b

Nitrogen purged box

Polarization controller
Optical fibre
Free space beam
Electrical

Infrared fibre laser
frequency comb
ƒrep ≈ 100 MHz

PBS

/4

PD

Grating

Beat detection unit
Microtoroid

External cavity diode laser
(continuous wave)

1,550 nm

Electronic
spectrum analyser

FFT
analyser

Generated comb
∆υ ≈ 1 THz

Optical frequency ( ≈ 1014 Hz) ν

m + 2

Fibre comb
modes

Radio frequency (f ≈ 106 Hz) 

m + 1 m + 2

Microresonator 
modes

m

m

100 MHz

m + 1
P

ow
er

P
ow

er

1 2 3 4 5 6 7 8 9
0

100

200

300

 

S
ig

na
l (

µV
)

Frequency (MHz)

/2/2
λ

/2
λ

/4
λ

λ
λ

a

Figure 2 | Multi-heterodyne beat note detection. a, The experimental setup
consisting of an external cavity laser (continuous wave) coupled to an ultra-
high-Q monolithic microresonator in a nitrogen environment via a tapered
fibre. The parametric output is coupled into one port of a BDU. The second
port of the BDU is coupled to a mode-locked femtosecond erbium-doped
fibre laser that serves as a reference comb. A grating is used to select a spectral
region of the Kerr comb modes and a p-i-n silicon photodiode (PD) records

their beatings with the reference comb (see Supplementary Information for
details). PBS, polarizing beamsplitter; FFT, fast Fourier transform analyser.
b, The measurement principle. The beating of the reference comb with the
microcavity parametric modes yields beat frequencies in the radio frequency
domain. c, Radio frequency spectrum of nine simultaneously oscillating
Kerr modes, showing a uniform spacing.
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Optical frequency combs1–3 provide equidistant frequency mar-
kers in the infrared, visible and ultraviolet4,5, and can be used to
link an unknown optical frequency to a radio or microwave fre-
quency reference6,7. Since their inception, frequency combs have
triggered substantial advances in optical frequency metrology and
precision measurements6,7 and in applications such as broadband
laser-based gas sensing8 and molecular fingerprinting9. Early work
generated frequency combs by intra-cavity phase modulation10,11;
subsequently, frequency combs have been generated using the
comb-like mode structure of mode-locked lasers, whose repetition
rate and carrier envelope phase can be stabilized12. Here we report
a substantially different approach to comb generation, in which
equally spaced frequency markers are produced by the interaction
between a continuous-wave pump laser of a known frequency with
the modes of a monolithic ultra-high-Q microresonator13 via the
Kerr nonlinearity14,15. The intrinsically broadband nature of para-
metric gain makes it possible to generate discrete comb modes over
a 500-nm-wide span (,70 THz) around 1,550 nm without relying
on any external spectral broadening. Optical-heterodyne-based
measurements reveal that cascaded parametric interactions give
rise to an optical frequency comb, overcoming passive cavity dis-
persion. The uniformity of the mode spacing has been verified to
within a relative experimental precision of 7.3 3 10218. In contrast
to femtosecond mode-locked lasers16, this work represents a step
towards a monolithic optical frequency comb generator, allowing
considerable reduction in size, complexity and power consump-
tion. Moreover, the approach can operate at previously unattain-
able repetition rates17, exceeding 100 GHz, which are useful in
applications where access to individual comb modes is required,
such as optical waveform synthesis18, high capacity telecommuni-
cations or astrophysical spectrometer calibration19.

Optical microcavities20 are, owing to their long temporal and small
spatial light confinement, ideally suited for nonlinear frequency con-
version, which has led to a marked reduction in the threshold of
nonlinear optical processes21–23. In contrast to stimulated gain, para-
metric gain24 does not involve coupling to a dissipative reservoir, is
broadband as it does not rely on atomic or molecular resonances, and
constitutes a phase-sensitive amplification process, making it
uniquely suited for tunable frequency conversion. In the case of a
material with inversion symmetry—such as silica—the nonlinear
optical effects are dominated by the third-order nonlinearity. The
parametric process is based on four-wave mixing (FWM) among two
pump photons (frequency uP) with a signal (uS) and idler photon (uI)
and results in the emergence of (phase-coherent) signal and idler
sideband) at the expense of the pump. Observing parametric inter-
actions requires both energy and momentum conservation to be
satisfied. In a microcavity of the whispering gallery type20 the optical
modes are angular momentum eigenstates and have discrete pro-
pagation constants bm 5 m/R resulting from the periodic boundary

condition, where the integer m denotes the angular mode number
and R the cavity radius. Consequently, the conversion of two pump
photons (propagation constant bN) into adjacent signal and idler
modes (bN2DN, bN1DN, DN 5 1, 2, 3…) conserves momentum
intrinsically14. On the other hand, energy conservation
(2huP 5 huI 1 huS, where h is the Planck constant) places stringent
conditions on cavity dispersion, because the frequency difference
between adjacent modes uFSR~ um{umz1j j (the free spectral range,
FSR) can vary owing to both material and geometric dispersion,
rendering the cavity modes non-equidistant. For modes sufficiently
close to the pump, however, the accumulated variation in the FSRs
can be small. Indeed under these circumstances, parametric fre-
quency conversion has only recently been observed for the first
time14,15 in ultra-high-Q microcavities (made of crystalline15 CaF2

and silica14,30).
Importantly, this mechanism can also be used to generate

optical frequency combs: the initially generated signal and idler
sidebands can interact among each other and produce higher-order
sidebands (Fig. 1) by non-degenerate FWM26 which ensures that
the frequency difference of pump and first-order sidebands
Du: uP{uSj j~ uP{uIj j is exactly transferred to all higher-order
sidebands. This can be readily seen by noting that, for example,
the second-order sidebands are generated by mixing among the
pump and first-order signal/idler sidebands (for example,
uS2~uPzuS{uI~uP{2Du), which rigidly determines the spacing
of any successively higher sidebands (Fig. 1b). Thus, provided that
the cavity shows low dispersion, the successive FWM to higher orders
would intrinsically lead to the generation of phase-coherent side-
bands with equal spacing, that is, an optical frequency comb. Note
that the generation of an optical frequency comb in this fashion
requires experimental verification, as the parametric process itself
could in principle produce signal/idler sidebands that are only
pair-wise equidistant (for example, through degenerate FWM to
higher orders) but not mutually equidistant as required for comb
generation. Here, we report that monolithic microresonators do
indeed allow realization of massively cascaded sideband generation,
whose perfect equidistance is confirmed to a level of 7.3 3 10218

(when normalized to the optical carrier). We have thus demonstrated
optical frequency comb generation from a continuously pumped
microcavity.

We use ultra-high-Q monolithic microresonators in the form of
silica toroidal microcavities13 on a silicon chip, which possess long
photon storage times (t0): that is, ultra-high quality factors (Q 5
2put0 . 108) and small mode volumes. Highly efficient coupling is
achieved using tapered optical fibres27. Owing to the high circulating
power, parametric interactions are readily observed at a threshold of
about 50 mW. When pumping with a continuous-wave 1,550-nm
laser source, we observe a massive cascade and multiplication of
the parametric sidebands extending to both higher and lower
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frequencies. Figure 1a shows a spectrum in which a 75-mm-diameter
microcavity was pumped with 60 mW power, giving rise to an intra-
cavity intensity exceeding 1 GW cm22. The parametric frequency

conversion could extend over more than 490 nm (see Fig. 1a inset),
with the total conversion efficiency being 21.2%. These bright side-
bands (termed Kerr combs in the remaining discussions) could be
observed in many different samples, with conversion efficiencies of
more than 83% by working in the over-coupled regime. In the largest
fabricated samples (190 mm diameter), 380-nm broad Kerr combs
comprising 134 modes spaced by 375 GHz could be generated at
the expense of slightly higher pump power (see Supplementary
Information).

To verify that the Kerr comb contains equidistant frequencies, we
used a fibre-laser-based optical frequency comb28 from Menlo
Systems (termed reference comb in the remaining discussion) as a
reference grid with a repetition rate of frep 5 100 MHz. The principle
underlying our measurement is that the beating generated on a photo-
diode by superimposing the reference comb with the Kerr comb
will produce beat notes that constitute a replica of the optical spec-
trum in the radio frequency domain, similar to multi-heterodyne
frequency comb spectroscopy29 (see Supplementary Information).
Specifically, if the Kerr comb is equidistant, the beat notes with the
reference comb will constitute an equidistant comb in the radio
frequency domain (with frequency spacing Df, where Df 5
(Du mod frep)). Figure 2a shows the experimental setup for the optical
beat measurement. In brief, an external cavity laser operating at
1,550 nm was used to pump a microcavity. The generated Kerr modes
were then superimposed with the reference comb in a beat note
detection unit (BDU), consisting of polarizing optics for combining
reference and Kerr comb and a grating to select the desired region of
spectral overlap. In this manner, the beatings of nine simultaneously
oscillating parametric modes (covering a wavelength span of more
than 50 nm) were recorded, as shown in Fig. 2c. Remarkably, from
the equidistant spacing of the radio frequencies, it is found that the
generated sidebands are equidistant to within 5 kHz (as determined
by the measurement time of 200 ms).

To improve the accuracy, we developed an additional experiment
measuring the beat notes of three Kerr modes with the fibre-reference
comb using three separate BDUs (Fig. 3a), each of which counted a
single radio frequency beat (f0, f1, f2). A signal-to-noise ratio exceed-
ing 30 dB in a 500-kHz bandwidth was achieved, sufficient to use
radio frequency counters, all referenced to a 10-MHz signal provided
by a hydrogen maser. The beat note measured on BDU1 was used to
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Figure 1 | Broadband parametric frequency conversion from a monolithic
toroidal microresonator. a, Spectrum of the parametric frequency
conversion observed in a 75-mm-diameter monolithic toroid microcavity
when pumped with 60-mW continuous-wave laser power at 1,550 nm. The
combination of parametric interactions and FWM gives rise to a broadband
emission, spaced by the cavity free spectral range. Units of dBm represent
logarithmic power relative to power of 1 mW. Inset: broadband parametric
conversion of a different sample generating more than 70 parametric modes
extending over a wavelength span of nearly 500 nm (pump power 130 mW).
The asymmetry in the spectrum (with higher power in the higher-wavelength
sidebands) is attributed to Raman amplification and variation of the tapered
fibre output coupling. b, Schematic of the processes that contribute to the
parametric conversion: degenerate (left) and non-degenerate (right) FWM
among cavity eigenmodes. Momentum conservation is intrinsically satisfied
for the designated angular mode number (m) combinations. c, Scanning
electron microscope image of a toroid microcavity on a silicon chip.
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Figure 2 | Multi-heterodyne beat note detection. a, The experimental setup
consisting of an external cavity laser (continuous wave) coupled to an ultra-
high-Q monolithic microresonator in a nitrogen environment via a tapered
fibre. The parametric output is coupled into one port of a BDU. The second
port of the BDU is coupled to a mode-locked femtosecond erbium-doped
fibre laser that serves as a reference comb. A grating is used to select a spectral
region of the Kerr comb modes and a p-i-n silicon photodiode (PD) records

their beatings with the reference comb (see Supplementary Information for
details). PBS, polarizing beamsplitter; FFT, fast Fourier transform analyser.
b, The measurement principle. The beating of the reference comb with the
microcavity parametric modes yields beat frequencies in the radio frequency
domain. c, Radio frequency spectrum of nine simultaneously oscillating
Kerr modes, showing a uniform spacing.
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frequencies. Figure 1a shows a spectrum in which a 75-mm-diameter
microcavity was pumped with 60 mW power, giving rise to an intra-
cavity intensity exceeding 1 GW cm22. The parametric frequency

conversion could extend over more than 490 nm (see Fig. 1a inset),
with the total conversion efficiency being 21.2%. These bright side-
bands (termed Kerr combs in the remaining discussions) could be
observed in many different samples, with conversion efficiencies of
more than 83% by working in the over-coupled regime. In the largest
fabricated samples (190 mm diameter), 380-nm broad Kerr combs
comprising 134 modes spaced by 375 GHz could be generated at
the expense of slightly higher pump power (see Supplementary
Information).

To verify that the Kerr comb contains equidistant frequencies, we
used a fibre-laser-based optical frequency comb28 from Menlo
Systems (termed reference comb in the remaining discussion) as a
reference grid with a repetition rate of frep 5 100 MHz. The principle
underlying our measurement is that the beating generated on a photo-
diode by superimposing the reference comb with the Kerr comb
will produce beat notes that constitute a replica of the optical spec-
trum in the radio frequency domain, similar to multi-heterodyne
frequency comb spectroscopy29 (see Supplementary Information).
Specifically, if the Kerr comb is equidistant, the beat notes with the
reference comb will constitute an equidistant comb in the radio
frequency domain (with frequency spacing Df, where Df 5
(Du mod frep)). Figure 2a shows the experimental setup for the optical
beat measurement. In brief, an external cavity laser operating at
1,550 nm was used to pump a microcavity. The generated Kerr modes
were then superimposed with the reference comb in a beat note
detection unit (BDU), consisting of polarizing optics for combining
reference and Kerr comb and a grating to select the desired region of
spectral overlap. In this manner, the beatings of nine simultaneously
oscillating parametric modes (covering a wavelength span of more
than 50 nm) were recorded, as shown in Fig. 2c. Remarkably, from
the equidistant spacing of the radio frequencies, it is found that the
generated sidebands are equidistant to within 5 kHz (as determined
by the measurement time of 200 ms).

To improve the accuracy, we developed an additional experiment
measuring the beat notes of three Kerr modes with the fibre-reference
comb using three separate BDUs (Fig. 3a), each of which counted a
single radio frequency beat (f0, f1, f2). A signal-to-noise ratio exceed-
ing 30 dB in a 500-kHz bandwidth was achieved, sufficient to use
radio frequency counters, all referenced to a 10-MHz signal provided
by a hydrogen maser. The beat note measured on BDU1 was used to
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toroidal microresonator. a, Spectrum of the parametric frequency
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when pumped with 60-mW continuous-wave laser power at 1,550 nm. The
combination of parametric interactions and FWM gives rise to a broadband
emission, spaced by the cavity free spectral range. Units of dBm represent
logarithmic power relative to power of 1 mW. Inset: broadband parametric
conversion of a different sample generating more than 70 parametric modes
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among cavity eigenmodes. Momentum conservation is intrinsically satisfied
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electron microscope image of a toroid microcavity on a silicon chip.
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Figure 2 | Multi-heterodyne beat note detection. a, The experimental setup
consisting of an external cavity laser (continuous wave) coupled to an ultra-
high-Q monolithic microresonator in a nitrogen environment via a tapered
fibre. The parametric output is coupled into one port of a BDU. The second
port of the BDU is coupled to a mode-locked femtosecond erbium-doped
fibre laser that serves as a reference comb. A grating is used to select a spectral
region of the Kerr comb modes and a p-i-n silicon photodiode (PD) records

their beatings with the reference comb (see Supplementary Information for
details). PBS, polarizing beamsplitter; FFT, fast Fourier transform analyser.
b, The measurement principle. The beating of the reference comb with the
microcavity parametric modes yields beat frequencies in the radio frequency
domain. c, Radio frequency spectrum of nine simultaneously oscillating
Kerr modes, showing a uniform spacing.
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Four-Wave Mixing in Optical Communications Systems 
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Four-Wave Mixing in Optical Communications Systems 
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Four-Wave Mixing in Optical Communications Systems 
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Glass nonlinear response is the fundamental mechanism 
limiting single-mode fiber capacity 

Essiambre, R.-J. and R.W. Tkach, “Capacity Trends and Limits of 
Optical Communication Networks”, Proceedings of the IEEE, 2012 

Spectral Efficiency = C/B = log2(1+P/N) 

nonlinear propagation performed on the fields present in
the frequency band of the WDM channel of interest.
Because of the various approximations made during the
evaluation of capacity, we refer to these nonlinear fiber
capacities as estimates. Extensive explanations on how the
nonlinear fiber capacity calculations have been performed
can be found in [17], [70].

D. Standard Single-Mode Fiber
The parameters of the standard single-mode fiber

(SSMF) are given in Table 2 and the corresponding non-
linear capacity estimate is given in Fig. 9. The six filled
symbols in Fig. 9 represent the latest record SE experi-
ments (from 2009 to August 2011) that propagate over at
least 100 km. Also shown are the calculated nonlinear
capacity estimates when the loss coefficient ! ¼
0:15 dB/km and the effective area Aeff ¼ 120 "m2, param-
eters achievable for pure silica-core fibers (PSCFs). The
experimental results are within a factor 1.6 to 3 from the
estimated capacity. Note that the highest SE experiments
have been achieved for distances shorter than 500 km and
that a reduction in SE is expected if the distance were to be
extended to 500 km.

Calculations of nonlinear fiber capacity estimates have
been performed for various distances and the results are
displayed in Fig. 10. One observes that the SNR at which

the capacity peaks decreases by "2.65 dB for every doubl-
ing of the distance. Since the ASE noise power increases by
3 dB when the distance doubles, the optimum signal power
has a weak dependence on distance, decreasing by only
1.4 dB for the range of distance of 500 to 8000 km. One
can understand this surprising result by realizing that
higher capacities are achieved using denser constellations
(largerM), and that the larger the constellation, the more
sensitive a signal is to nonlinear distortions. These larger
constellations prevent raising the signal power signifi-
cantly, even when the transmission distance is shortened
dramatically. Note that having a nearly distance-indepen-
dent optimum signal power is advantageous in network
designs, since optical amplifiers can operate at nearly the
same power per WDM channel for a wide range of
distances.

Fig. 11 shows the maximum SE values for each curve in
Fig. 10. These calculated SE values fit well a linear relation
when the distance is plotted in a logarithmic scale, so a
linear fit to the SE is also shown in Fig. 11.

The types of networks covered by the various distances
of the plot are shown near the bottom. As can be seen in
the figure, the maximum SE of submarine (SM), ultra-
long-haul (ULH), and long-haul (LH) does not vary widely
considering that the range of distances covered is more
than one order of magnitude. The maximum SE increases
as the distance decreases to metropolitan (metro) and
access networks. Finally, fiber-to-the-home (FTTH) has
the highest maximum SE, but, remarkably, only 3 times
the maximum SE of SM systems. This is a rather small
increase in maximum SE considering that there is a
difference of four orders of magnitude in distance
between these two types of networks. This illustrates
the difficulty of increasing SE in optical networks based
on SMFs.

Fig. 10. Nonlinear capacity curves for a range of transmission

distances.

Fig. 11. Spectral efficiency as a function of distance from data at

maximum capacity of Fig. 10. A linear fit to the data is also provided

along with the type of networks it can be applied to.

Table 2 Standard Single-Mode Fiber Parameters

Essiambre and Tkach: Capacity Trends and Limits of Optical Communication Networks

Vol. 100, No. 5, May 2012 | Proceedings of the IEEE 1043
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Second- and Third-harmonic in Biological structures 
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ω = 2πc
λ
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SHG!

Green – TPA fluorescence (adipose) !
Red – SHG (collagen)!
Magenta – THG (nucleus)!
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“Physics would be dull and life most unfulfilling if all physical 

phenomena around us were linear. Fortunately we are living in an 
nonlinear world…  

 
…the study of nonlinear electromagnetic phenomena in the optical 

region which normally occur with high-intensity laser beams… 
 

…In the optical region, however, nonlinear optics became a subject of 
great common interest only after the laser was invented. It has since 

contributed a great deal to the rejuvenation of the old science of 
optics”. 

First Paragraph on Page 1!
The Principles of Nonlinear Optics, Y. R. Shen!
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Nonlinear Optics is a broad area 
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Outline 

• Origin of (electronic) nonlinearity 

• Lorentz model 

• Anharmonic oscillations 

• Nonlinear polarization 

• Maxwell equations in the presence of nonlinearity 

• Wave equation: perturbative solution 

•  Self- and Cross-phase modulation 

• Parametric Frequency Mixing 

• Examples: 

• Parametrig Gain and Wavelength Conversion 

• Phase-sensitive Amplification 

• Modulation Instability 

• Hands-on: nonlinear coefficient (γ) and second order  

dispersion (β2) characterization in optical fibers 

 using Modulation Instability 

16!
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Lorentz classical oscillator model 

Electronic cloud

Atom nucleus 
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Lorentz classical oscillator model 

E t( ) = E0e−iωt

x t( ) = x0e−iωt

x0 =
qeE0
m

1
ω0
2 −ω 2 − iγω

~ω0 ω

qe E
mω0

2

x ω( )
qe E
mγω0

Static response

ω <<ω0

…too fast

~ω0 ω

Phase delay of  
relative to applied force 

x t( )

0

−π

−π 2

Easily solved in the frequency domain
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Induced molecular electric dipole 

•  induced molecular dipole is linear on E 
•  oscillates at the same frequency as incident field 

•  but with a phase delay 

+E0e
−iωt x

p = qex

−

p0 = qex0 =
qe
2E0
m

1
ω0
2 −ω 2 − iγω

Dipole radiation field (implicit            )

Edip =
k2

4πε0
n̂ × p[ ]× n̂ e

ikr

r

p Edip

n̂

.

p = p0e
−iωt

e−iωt
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Origin of refractive index 
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Now, we define the refractive index in the usual manner

Eout = Eine
ikzei n−1( )kΔz ≈ Eine

ikz 1+ i n −1( )kΔz⎡⎣ ⎤⎦

n =1+ 1
2

N qe
2 ε0m

ω0
2 −ω 2 − iγω

= iNΔzk
2ε0

peikz

What is the electric 
field here?

Feynman Lectures (Vol I, chapter 31)

= iNΔzk
2ε0

e2 Eine
ikz m

ω0
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Macroscopic polarization 

P = N p = ε0χ
(1)E

Atoms per unit volume

First order 
susceptibility:

D = ε0E + P = εEElectric 
displacement:
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Local field correction 
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E
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P
3ε0

P = NαElocal = Nα E + P
3ε0
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χ (1) = Nα

1− Nα
3

Solving for       and using that P P = ε0χ
(1)E
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•  Electric field induces an electric dipole (linear on E) 

•  The dipole oscillates at the same frequency as incident field 

•  Oscillating dipole radiates an electromagnetic wave 

•  Part of the energy is absorbed by the dipole (mechanical energy) 

•  Dipole’s radiation interferes with the original field (refractive index) 

•  Medium’s response: 

 

 

•  …all linear optics is here 

Lorentz oscillator model: key learnings 

Hendrik	
  Antoon	
  Lorentz	
  (18	
  July	
  1853	
  –	
  4	
  February	
  1928)	
  was	
  a	
  
Dutch	
  physicist	
  who	
  shared	
  the	
  1902	
  Nobel	
  Prize	
  in	
  Physics	
  with	
  

Pieter	
  Zeeman	
  for	
  the	
  discovery	
  and	
  theoreLcal	
  explanaLon	
  of	
  the	
  
Zeeman	
  effect.	
  He	
  also	
  derived	
  the	
  transformaLon	
  equaLons	
  

subsequently	
  used	
  by	
  Albert	
  Einstein	
  to	
  describe	
  space	
  and	
  Lme.	
  

∇⋅D = ρ
∇⋅B = 0
∇×E = −∂tB   
∇×H = J + ∂tD

 D = ε0E + P

P = ε0χ
(1)E
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What if the restoring force is not linear? 

P = ε0χ
(1)E

P = ε0 χ (1)E + χ (2)E 2 + χ (3)E3 + ...( ) = P(1) + P(2) + P(3) + ...

Second order 
susceptibility

Third order 
susceptibility
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Anharmonic classical oscillator (real potentials) 

x 

V(x) V(x) 

x 

m !!x + γ !x +ω0
2x + ax2( ) = qeE

f = −m ω0
2x − ax2( ) f = −m ω0

2x − bx3( )

Non Centro-symmetric Centro-symmetric

m !!x + γ !x +ω0
2x − bx3( ) = qeE

V x( ) = mω0
2

2
x2 + ma

3
x3 V x( ) = mω0

2

2
x2 − mb

4
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Rayleigh-Schrödinger perturbation method 

x = λx(1) + λ 2x(2) + ... E→ λEIterative method

!!x(1) + γ !x(1) +ω0
2x(1) = qeE m

!!x(2) + γ !x(2) +ω0
2x(2) = −a x(1)⎡⎣ ⎤⎦

2

!!x(1) + γ !x(1) +ω0
2x(1) = qeE m

!!x(3) + γ !x(3) +ω0
2x(3) = b x(1)⎡⎣ ⎤⎦

3

Non Centro-symmetric Centro-symmetric

and

Example: single-frequency incident field E t( ) = Eωe
−iωt + c.c.

xω = qeEω

m
1
Dω

x(1) t( ) = xωe−iωt + c.c.

x(1) t( )⎡⎣ ⎤⎦
2
= xω

2 + xω
2e−2iωt + c.c. x(1) t( )⎡⎣ ⎤⎦

3
= 3 xω

2 xωe
−iωt + xω

3e−3iωt + c.c.

Dω =ω0
2 −ω 2 − iγωwith and



SPSAS Nanophotonics (July-16) 

Rayleigh-Schrödinger perturbation method 

Example: single frequency incident field                   :ω <<ω0( )

Non Centro-symmetric !!x(2) + γ !x(2) +ω0
2x(2) = −a xω

2 + xω
2e−2iωt + c.c.( )

x(2) t( ) = xDC(2) + x2ω(2)e−i2ωt + c.c.

xDC
(2) =

−a xω
2

D0

x2ω
(2) = −axω

2

D2ω

x(2) t( ) = 2qeE
mω0

2 ′x + cos ωt( )+ ′x cos 2ωt( )⎡⎣ ⎤⎦

′x = − 2a
ω0
2

qeE
mω0

2

⎛
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⎞
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x 

V(x) 

′x + cos ωt( )+ ′x cos 2ωt( )

Center shifted 
towards negative x

Penetrates deeper into 
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Penetrate less into 
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Rayleigh-Schrödinger perturbation method 

!!x(3) + γ !x(3) +ω0
2x(3) = b 3 xω

2 xωe
−iωt + xω

3e−3iωt + c.c.( )
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Example: single frequency incident field                   : x(3) t( ) = 2qeE
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x(1) t( )⎡⎣ ⎤⎦
3
= 3 xω j

2

j
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e−iω jt

+6 xωi
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Generalization to multiple input frequency 

degeneracy 
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Third order polarization and susceptibility 

Self-phase Modulation (SPM) Cross-Phase Modulation (XPM)

Third Harmonic 
Generation (THG)

Four-Wave Mixing 
Processes

Pω j

(3) = 3ε0 χω j ,ω j ,−ω j ,ω j

(3) Eω j

2
+ 2 χω j ,ωi ,−ωi ,ω j

(3) Eωi

2

i≠ j
∑

⎛

⎝⎜
⎞

⎠⎟
Eω j

P3ω j

(3) = ε0χ3ω j ,ω j ,ω j ,ω j

(3) Eω j

3

P2ωi−ω j

(3) = 3ε0χ2ωi−ω j ,ωi ,ωi ,−ω j

(3) Eωi

2 Eω j

*

P2ωi+ω j

(3) = 3ε0χ2ωi+ω j ,ωi ,ωi ,ω j

(3) Eωi

2 Eω j

Pωi+ω j−ωk

(3) = 6ε0χωi+ω j−ωk ,ωi ,ω j ,−ωk

(3) Eωi
Eω j

Eωk

*

Pωi+ω j+ωk

(3) = 6ε0χωi+ω j+ωk ,ωi ,ω j ,ωk

(3) Eωi
Eω j

Eωk

P(i) t( ) = Nqe xω j

(i)e−iω jt

j
∑ + c.c. = Pω j

(i)e−iω jt

j
∑ + c.c

χωi+ω j+ωk ,ωi ,ω j ,ωk

(3) = bmε0
3

N 3qe
5 χωi+ω j+ωk

(1) χωi

(1)χω j

(1)χωk

(1)

Pω j

(1) = ε0χω j

(1)Eω1

χω j

(1) = Nqe
2

mε0
1
Dω j

P = ε0 χ (1)E + χ (3)E3 + ...( ) = P(1) + P(3)
Linear polarization
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Outline 

• Origin of (electronic) nonlinearity 

• Lorentz model 

• Anharmonic oscillations 

• Nonlinear polarization 

• Maxwell equations in the presence of nonlinearity 

• Wave equation: perturbative solution 

•  Self- and Cross-phase modulation 

• Parametric Frequency Mixing 

• Examples: 

• Parametrig Gain and Wavelength Conversion 

• Phase-sensitive Amplification 

• Modulation Instability 

• Hands-on: nonlinear coefficient (γ) and second order  

dispersion (β2) characterization in optical fibers 
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+E x
−

ES ES + Erad

+

+

−
+

− +

−+

−

+

−

+

−
+

−

z

<< λ

ω SωPω I



SPSAS Nanophotonics (July-16) 

Maxwell Equations 

z

x

y

∇⋅D = 0
∇⋅B = 0
∇×E = −∂tB   
∇×H = ∂tD

ε x, y( ) = n2 x, y( )ε0

Maxwell Equations in 
dielectric material 

 D = ε0E + P
= ε0E + PL + PNL
= ε0 1+ χ (1)( )E + PNL
= εE + PNL

Nonlinear polarization 
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Slowly Varying Envelope Approximation (SVEA) 

z

x

y ε x, y( ) = n2 x, y( )ε0

∇×∇×E = −µ0∂t
2D   

Eigenmodes (        ) PNL = 0

 D = εE + PNL

Slowly varying 
envelope 

Rapid phase front 
(wavelength scale) 

Wave equation 

E t( ) = E je
−iω jt + c.c.

j
∑ = Aj z( )e j x, y( )ei β jz−ω jt( )

j
∑ + c.c.

E j = Aj z( )e j x, y( )eiβ jz

Harmonic expansion PNL = Pω j
e−iω jt

j
∑ + c.c
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Slowly Varying Envelope Approximation (SVEA) 

∇×∇× Aj z( )e j x, y( )ei β jz−ω jt( )⎡
⎣⎢

⎤
⎦⎥ = −µ0∂t

2 εAj z( )e j x, y( )ei β jz−ω jt( ) + Pω j
e−iω jt⎡

⎣⎢
⎤
⎦⎥    Wave equation 

Aj∇×∇× e je
iβ jz⎡⎣ ⎤⎦ + 2∂zAjẑ ×∇× e je

iβ jz⎡⎣ ⎤⎦ + ∂z
2Aj ẑ × ẑ × e je

iβ jz⎡⎣ ⎤⎦ = µ0ω j
2 εAje je

iβ jz + Pω j
⎡⎣ ⎤⎦    

∂zAj 2 e j
* ⋅ ẑ × h j⎡⎣ ⎤⎦da∫( )eiβ jz = −iω j e j

* ⋅Pω j
da∫Eigenmode normalization N j = 2 ẑ ⋅ e j

* × h j⎡⎣ ⎤⎦da∫

∂zAj =
iω j

N j

e j
* ⋅Pω j

da∫⎡⎣ ⎤
⎦e

−iβ jz

∇× e je
iβ jz⎡⎣ ⎤⎦ = iω jµ0h je

iβ jz 2∂zAjẑ × h je
iβ jz = −iω jPω j

   Curl equation 

SVEA 

2∂zAjẑ ×∇× e je
iβ jz⎡⎣ ⎤⎦ = µ0ω j

2Pω j
   ∇×∇× e je

iβ jz⎡⎣ ⎤⎦ = εµ0ω j
2e je

iβ jz    Eigenmode Pω j
=0( )
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Self-Phase Modulation (SPM) 

Pump

ω

Nonlinear 
WG

γ ,β ω( )

ωP

∂zAP =
iωP

N
e* ⋅PωP

da∫⎡⎣ ⎤
⎦e

−iβPz

PωP

(3) = 3ε0χ
(3) EP

2 EP

eP
* ⋅PωP

= 3ε0χ
(3) AP

2 APψ
4eiβPz

Nonlinear polarization 

E t( ) = EPe
−iωPt + c.c.

EP = AP z( )ψ x, y( )eiβPz

∂zAP = i
3ωPε0χ

(3)

N
ψ 4 da∫⎡⎣ ⎤

⎦ AP
2 AP

e = x̂ψ x, y( )
Weakly guidance approximation 

h = ncε0ŷψ x, y( )
N = 2ε0cn ψ 2 da∫ PP = AP

2
N
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Self-Phase Modulation (SPM) 

Pump

ω

Nonlinear 
WG

γ ,β ω( )

ωP

E t( ) = EPe
−iωPt + c.c.

∂zAP = i
3ωPε0χ

(3)

N
ψ 4 da∫⎡⎣ ⎤

⎦ AP
2 AP

∂zAP = iγ PPAP

γ P =
3ωPχ

(3)

4ε0c
2n2Aeff

Aeff =
ψ 2 da∫⎡⎣ ⎤

⎦
2

ψ 4 da∫

AP
2 = APAP

*

∂z AP
2 = AP

*∂zAP + AP∂zAP
*

= AP
* iγ PPAP( )+ AP −iγ PPAP

*( ) = 0

AP = APe
iγ PPz

EP = AP z( )ψ x, y( )ei βP+γ PP( )z
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Cross-Phase Modulation (XPM) 

ωωP

PωP

(3) = 3ε0χ
(3) EP

2 + 2 ES
2( )EP

Pj = Aj

2
N

Nonlinear polarization 

E t( ) = EPe
−iωPt + ESe

−iωSt + c.c.

∂zAP = iγ PP + 2PS( )AP

ω S

Ω <<ωP

PωS

(3) = 3ε0χ
(3) ES

2 + 2 EP
2( )ES

∂zAS = iγ PS + 2PP( )AS

Ej = Aj z( )ψ x, y( )eiβ jz

γ P ≈ γ I

Pump

Signal

Nonlinear 
WG

γ ,β ω( )

∂zAP,S =
iωP,S

N
e* ⋅PωP ,S

da∫⎡⎣ ⎤
⎦e

−iβP ,Sz

EP,S = AP,S 0( )ψ x, y( )ei βP ,S+γ PP ,S+2PS ,P( )⎡⎣ ⎤⎦z
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Four-Wave Mixing (degenerate case) 

ωωP ω S

ω I = 2ωP −ω S

Pump

Signal OSA

Nonlinear 
WG

γ ,β ω( )

bandwidth 

ripple 

ω

P ω = 2ω1 −ω2( ) = ε0χ
(3)E1

2E2
*
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Four-Wave Mixing (degenerate case) 

ωωP

PωP

(3) = 3ε0χ
(3) EP

2 + 2 ES
2( )EP + 2EIESEP

*⎡
⎣

⎤
⎦

Pj = Aj

2
N

Nonlinear polarization 

E t( ) = EPe
−iωPt + ESe

−iωSt + EIe
−iω I t + c.c.

∂zAP = i γ PPP + 2γ SPS + 2γ IPI( )AP + 2γ PAIASAP
*e−iΔβz⎡⎣ ⎤⎦

ω S

Ω

EωS

(3) = 3ε0χ
(3) ES

2 + 2 EP
2( )ES + EP

2EI
*⎡

⎣
⎤
⎦

∂zAS = i γ SPS + 2γ PPP + 2γ IPI( )AS + γ SAP
2AI

*eiΔβz⎡⎣ ⎤⎦
ω I

Ω
ω I = 2ωP −ω S ω S = 2ωP −ω I

ωP =ω I +ω S −ωP

Pω I

(3) = 3ε0χ
(3) EI

2 + 2 EP
2( )EI + EP

2ES
*⎡

⎣
⎤
⎦

Ej = Aj z( )ψ x, y( )eiβ jz

∂zAI = i γ IPI + 2γ PPP + 2γ SPS( )AI + γ I AP
2AS

*eiΔβz⎡⎣ ⎤⎦

Eigenmodes normalization N=1 
and A has units of sqrt(Power 

Pump

Signal OSA

Nonlinear 
WG

γ ,β ω( )

∂zAj =
iω j

N
e* ⋅Pω j

da∫⎡⎣ ⎤
⎦e

−iβ jz

Δβ = βI + βS − 2βP Linear phase mismatch
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Photon flux conservation 

ωωP ω S

Ω

ω I

Ω
ω I = 2ωP −ω S ω S = 2ωP −ω I

ωP =ω I +ω S −ωP

Fj =
Pj

!ω jAeff
=
N Aj

2

!ω jAeff
Photon flux at!

Manley-Rowe Relations

ω j

∂zFj =
N

!Aeff
1
ω j

Aj∂zAj
* + Aj

*∂zAj( ) γ j =
n2ω j

cAeff

∂zFP = −2∂zFS = −2∂zFI

∂zFS + ∂zFI + ∂zFP = 0

∂zAP = i γ PPP + 2γ SPS + 2γ IPI( )AP + 2γ PAIASAP
*e−iΔβz⎡⎣ ⎤⎦

∂zAS = i γ SPS + 2γ PPP + 2γ IPI( )AS + γ SAP
2AI

*eiΔβz⎡⎣ ⎤⎦

∂zAI = i γ IPI + 2γ PPP + 2γ SPS( )AI + γ I AP
2AS

*eiΔβz⎡⎣ ⎤⎦
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Four-Wave Mixing (degenerate case) 

ωωP ω S

Ω

ω I

Ω
ω I = 2ωP −ω S ω S = 2ωP −ω I

ωP =ω I +ω S −ωP

∂zAP = iγ PPAP

Strong pump (un-depleted approximation) 

PP >> PS,I

Ω <<ωP γ P = γ I = γ S

AP = AP 0( )eiγ PPz = PP e
iγ PPz

∂zAS = iγ 2PPAS +PPAI
*ei(Δβ+2γ PP )z⎡⎣ ⎤⎦

∂zAI = iγ 2PPAI +PPAS
*ei(Δβ+2γ PP )z⎡⎣ ⎤⎦

Small frequency shifts  

∂zAP = i γ PPP + 2γ SPS + 2γ IPI( )AP + 2γ PAIASAP
*e−iΔβz⎡⎣ ⎤⎦

∂zAS = i γ SPS + 2γ PPP + 2γ IPI( )AS + γ SAP
2AI

*eiΔβz⎡⎣ ⎤⎦

∂zAI = i γ IPI + 2γ PPP + 2γ SPS( )AI + γ I AP
2AS

*eiΔβz⎡⎣ ⎤⎦
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Four-Wave Mixing (degenerate case) 

ωωP ω S

Ω

ω I

Ω
ω I = 2ωP −ω S ω S = 2ωP −ω I

ωP =ω I +ω S −ωP

∂zAP = iγ PPAP

Strong pump (un-depleted approximation) 

PP >> PS,I

Ω <<ωP γ P = γ I = γ S

AP = AP 0( )eiγ PPz = PP e
iγ PPz

AS,I = aS,Ie
i2γ PPz

∂z
2 + i Δβ + 2γ PP( )∂z − γ PP( )2⎡

⎣
⎤
⎦aS,I = 0

∂zaI = iγ PPaS
*ei Δβ+2γ PP( )z

∂zaS = iγ PPaI
*ei Δβ+2γ PP( )z

aS,I 0( ) = AS,I 0( )

∂zaS,I 0( ) = iγ PPAI ,S* 0( )

Small frequency shifts  

∂zAS = iγ 2PPAS +PPAI
*ei(Δβ+2γ PP )z⎡⎣ ⎤⎦

∂zAI = iγ 2PPAI +PPAS
*ei(Δβ+2γ PP )z⎡⎣ ⎤⎦

Now it is easy… 
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Four-Wave Mixing (degenerate case) 

AS,I z( ) = e
i
2
Δβ+6γ PP( )z

AS,I 0( ) cosh gz
2

⎛
⎝⎜

⎞
⎠⎟ − i

Δβ + 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟
sinh gz

2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ + i

2γ PP
g

AI ,S
* 0( )sinh gz

2
⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

g = 2γ P( )2 − Δβ + 2γ P( )2 = −Δβ Δβ + 4γ P( )

Case I: Parametric Gain and 
Wavelength Conversion 

AS 0( ) = PS 0( )
AI 0( ) = 0

ωωP ω S

Ω

Case II: Phase-Sensitive 
Amplification 

ωωP ω S

Ω

ω I

Ω

AS 0( ) = P

AI 0( ) = Peiφ

Case III: Modulation 
Instability 

ωωP ω S

Ω

ω I

Ω

AS 0( ) = P

AI 0( ) = Peiφ _ random
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Outline 

• Origin of (electronic) nonlinearity 

• Lorentz model 

• Anharmonic oscillations 

• Nonlinear polarization 

• Maxwell equations in the presence of nonlinearity 

• Wave equation: perturbative solution 

•  Self- and Cross-phase modulation 

• Parametric Frequency Mixing 

• Examples: 

• Parametrig Gain and Wavelength Conversion 

• Phase-sensitive Amplification 

• Modulation Instability 

• Hands-on: nonlinear coefficient (γ) and second order  

dispersion (β2) characterization in optical fibers 
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+E x
−

ES ES + Erad

+

+

−
+

− +

−+

−

+

−

+

−
+

−

z

<< λ

ω SωPω I
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Parametric Gain and Wavelength Conversion 

AS 0( ) = PS 0( )
AI 0( ) = 0

PS z( ) = PS 0( ) 1+ 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

PI z( ) = PS 0( ) 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

PI z( ) = PS 0( ) e
2γ PPz

4

PS z( ) = PS 0( ) 1+ e
2γ PPz

4
⎛
⎝⎜

⎞
⎠⎟ Maximum gain:  

Phase-matching is fully satisfied! 

g0 = 2γ P

Δβ + 2γ P = 0

g = 2γ P( )2 − Δβ + 2γ P( )2 = −Δβ Δβ + 4γ P( )

ωωP ω S ωωP ω Sω I

0.5 1.0 1.5

1

2

3

4

5

6

PS z( )
PI z( )

Pj z( )

z

g real 
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Parametric Gain and Wavelength Conversion 

AS 0( ) = PS 0( )
AI 0( ) = 0

PS z( ) = PS 0( ) 1+ 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

PI z( ) = PS 0( ) 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

PS z( )
PI z( )

Pj z( )

z

ωωP ω S ωωP ω Sω I

g pure imag 

PI z( ) = PS 0( ) 1+ 2γ PP
g '

⎛
⎝⎜

⎞
⎠⎟

2

sin2 g 'z
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

g = ig '

PI z( ) = PS 0( ) 2γ PP
g '

⎛
⎝⎜

⎞
⎠⎟

2

sin2 g 'z
2

⎛
⎝⎜

⎞
⎠⎟

1 2 3 4 5 6

0.5

1.0

1.5

2.0

Phase-matching is not satisfied 
 

Oscillatory behavior 

g = −Δβ Δβ + 4γ P( )
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Phase-matching condition 

Erad ω S( )∝ P(3) ∝ EP
2EI

* ∝ ei 2β ωP( )−β ω I( )⎡⎣ ⎤⎦z

Ep ∝ e
i γ P+β (ωP )[ ]z

Δβ = β ω I( )+ β ω S( )− 2β ωP( )

2γ P + Δβ = 0

z

ES ES + Erad ω S( )

+

<< λ

ω SωPω I

+

−
+

− +

−+

−

+

−

+

−
+

−

Self- and Cross-phase modulation 

Phases of interfering fields Phase-matching 

ES,I ∝ e
i 2γ P+β (ωS ,I )⎡⎣ ⎤⎦z

ES ∝ e
i 2γ P+β (ωS )[ ]z
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Phase-sensitive amplification 

AS 0( ) = PS 0( )
AI 0( ) = PI 0( )eiφ

PS z( ) = PS 0( ) 1+ 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ 2γ PP

g
⎛
⎝⎜

⎞
⎠⎟

2

PI 0( )sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

−2 PS 0( )PI 0( ) 2γ PP
g

sinh gz
2

⎛
⎝⎜

⎞
⎠⎟ cosh

gz
2

⎛
⎝⎜

⎞
⎠⎟ sin φ( )− Δβ + 2γ PP

g
⎛
⎝⎜

⎞
⎠⎟
sinh gz

2
⎛
⎝⎜

⎞
⎠⎟ cos φ( )⎡

⎣
⎢

⎤

⎦
⎥

Pump

Signal OSA

Nonlinear 
WG

γ ,β ω( )

Idler

φ

1 2 3 4 5 6

100

200

300

400

500

PS z( )

φ
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PS,I z( ) = P 1+ 2 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Modulation Instability 

PS z( ) = PS 0( ) e
2γ PPz

4

PS,I z( ) = P 1+ e
2γ PPz

2
⎛
⎝⎜

⎞
⎠⎟

ωωP ω S

Ω

ω I

Ω

AS 0( ) = P

AI 0( ) = Peiφ _ random
Maximum gain:  

Phase-matching is fully satisfied! 

g0 = 2γ P

Δβ + 2γ P = 0

g = 2γ P( )2 − Δβ + 2γ P( )2 = −Δβ Δβ + 4γ P( )cos φ( ) = sin φ( ) = 0
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PS,I z( ) = P 1+ 2 2γ PP
g

⎛
⎝⎜

⎞
⎠⎟

2

sinh2 gz
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Modulation Instability: Gain Spectrum 

ωωP ω S

Ω

ω I

Ω

g0 = 2γ P

Δβ + 2γ P = 0

g = 2γ P( )2 − Δβ + 2γ P( )2 = −Δβ Δβ + 4γ P( )

How does G depend on Ω? 

Δβ = β ω I( )+ β ω( )− 2β ωP( )

Frequency dependence is hidden in 
the linear phase mismatch 
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Linear phase mismatch 

1.0 2.0 3.0 4.0 5.0 6.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

UVInfrared Visible

Synthetic fused silica

W
av

ev
ec

to
r, 
β(
ω
) (

10
5  c

m
-1

/s
)

Frequency, w (1015 rad/s), 

β(ω ) = βP + β1(ω −ωP )+ 1
2 β2 (ω −ωP )

2 + 1
3! β3(ω −ωP )

3 + 1
4!  β4 (ω −ωP )

4!

βP = β(ωP )

βn =
dnβ
dω n

⎛
⎝⎜

⎞
⎠⎟ωP

Δβ = βI + βS − 2βP = β2Ω
2 + β4
12

Ω4 + ...

Fourth-order 
dispersion 
coefficient 

Second-order 
dispersion coefficient 
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Dispersion coefficients: an example (Silicon Waveguide) 

400-500 nm 

22
0 

nm
 

silicon 

SiO2 

200 µm 
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Second-order dispersion coefficients 

Anomalous dispersion regime

Normal dispersion regime 

β2 > 0

β2 < 0
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Second- and Fourth-order dispersion coefficients 

Anomalous 
dispersion regime

β2 > 0β2 < 0

Normal  
dispersion regime

β4 > 0
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Modulation Instability 
λ p (n

m
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Modulation Instability 
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Modulation Instability 
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Beta 4 zero 

λ p (n
m
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∆ f (THz)

Modulation Instability
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Beta 4 negative 

λ p (n
m

)

∆ f (THz)

Modulation Instability
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Hands-on 1: experiment on Modulation Instability 

• Work out the equations and answer… 

• Can we obtain the waveguide parameter β2 and ϒ from the 
Modulation Instability spectrum?  

Modulation Instability in Optical Fibers 
(measured by A. Gil)


