


Ø Representations of the quantized field state.

Ø Displacing, squeezing and splitting: unitary operations of the field.

Ø Measuring the field: interferometric techniques.

Ø Entanglement with continuous variables.

Ø Sources of non-classical states: squeezers and entanglers.

Ø Teleporters and other quantum machines.





Quantum Mechanics
Birth of a revolution at the dawn of the 20th Century

Introduction of the 
concept of “quanta”



Quantum Optics
Quantization of the Electromagnetic Field (on the shoulders...)



Quantum Optics
Maxwell Equations

Wavevector

PolarizationAmplitude

Angular Frequency

Optics

Solution in a Box



Quantum OpticsOptics

Energy of the EM Field

Canonical Variables: going into Hamiltonian formalism

Energy of the EM Field

A very familiar Hamiltonian! 
Sum over independent harmonic oscillators



Quantum Optics

Energy of the EM Field

Using creation and annihilation operators, associated with amplitudes uks



Amplitudes of Electric and Magnetic Fields

Quantum Optics

Energy of the EM Field



• Classical Description of the Electromagnectic Field:

Fresnel Representation of a single mode

E(t)=Re{a exp[i(k×r - wt)]}

Field Quadratures – Classical Description



E(t)=Re[a exp(iwt)]

E(t)=X	cos(wt)+	Y	sen(wt)

a =	X	+	i	Y

X

Y

f

|a |

Field Quadratures – Classical Description

For a fixed position

• Classical Description of the Electromagnectic Field:

Fresnel Representation of a single mode



The electric field can be decomposed as

And also as

X and Y are the field quadrature operators, satisfying

Thus,

Field Quadratures – Quantum Optics
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Field Quadratures – Quantum Optics

Thus,

Uncertainty relation implies in a 
probability distribution for a given 

pair of quadrature measurements

Field quadratures behave just as position and momentum operators!



Quantum Optics

Now we know that:
- the description of the EM field follows that of a set of 

harmonic oscillators, 
- the quadratures of the electric field are observables, and 
- they must satisfy an uncertainty relation.

But how to describe different states of the EM field? 

Can we find appropriate basis for the description of the field?

Or alternatively, can we describe it using density operators?

And how to characterize these states?



Quantum Optics – Number States
Eigenstates of the number operator

Number of excitations in a given harmonic oscillator à
number of excitations in a given mode of the field à

number of photons in a given mode!

Annihilation and creation operators:
Fock States:
Eigenvectors of the Hamiltonian



Quantum Optics – Number States

Complete, orthonormal, discrete basis

Disadvantage: except for the vacuum mode it is quite an unusual state of 
the field.

Can we find something better?



Quantum Optics – Coherent States

Eigenvalues of the annihilation operator:

In the Fock State Basis:

Completeness: but is not orthonormal

Over-complete!

Moreover:
- corresponds to the state generated by a classical current,

- reasonably describes a monomode laser well above threshold,
- it is the closest description of a “classical” state.



Quantum Optics – Number States
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Precise number of photons

Growing dispersion of the quadratures



Quantum Optics – Number StatesQuantum Optics – Coherent State
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Poissonian distribution of photons

Quantum Optics – Coherent State

0

1

2
Mean value of number operator

Therefore, variance of photon number is equal to the mean number!
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Quantum Optics – Coherent State
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Quantum Optics – Coherent Squeezed States
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Squeezed States: quadratic creation and annihilation 
operators à paired photons in the mode



Pure X Mixed States

Introducing the density operator (von Neumann – 1927)

Quantum Optics – Density Operators



Quantum Optics – Density Operators

Now we can represent a statistical mixture of pure states!



Coherent States

P(a) : representation of the density operator: 
Glauber and Sudarshan

Quantum Optics – Density Operators



Coherent States

P(a) : representation of the density operator: 
Glauber and Sudarshan

Quantum Optics – Density Operators

Representations of the density operators provide a simple way 
to describe the state of the field as a function of dimension 2N, where 

N is the number of modes involved.
P representation is a good way to present “classical” states, 

like thermal light or coherent states.

Good for calculating normally ordered operators.

But it is singular for “non classical states” (e.g. Fock and 

squeezed states).
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ρ1 =
∫

P1(α1)|α1⟩⟨α1|d2α1 . (4.16)

Acting alone the second source would produce the field

ρ2 =
∫

P2(α2)|α2⟩⟨α2|d2α2 =
∫

P2(α2)D(α2)|0⟩⟨0|D−1(α2)d2α2 . (4.17)

The second source acting after the first field generates the field

ρ =
∫

P2(α2)D(α2)ρ1D−1(α2)d2α2

=
∫

P2(α2)P1(α1)|α1 + α2⟩⟨α1 + α2|d2α1 d2α2 . (4.18)

The weight function P(α) for the superposed excitations is therefore

P(α) =
∫

δ 2(α−α1−α2)P1(α1)P2(α2)d2α1 d2α2

=
∫

P1(α−α ′)P2(α ′)d2α ′ . (4.19)

We see that the distribution function for the superposition of two fields is the con-
volution of the distribution functions for each field.

a) Correlation Functions

The P(α) representation is convenient for evaluating normally-ordered products of
operators, for example

⟨a†nam⟩=
∫

P(α)α∗nαmd2α . (4.20)

This reduces the taking of quantum mechanical expectation values to a form similar
to classical averaging.

Let us express the second-order correlation function in terms of P(α)

g(2)(0) = 1 +
∫

P(α)[(|α|2)−⟨|α|2⟩]2 d2α
[
∫

P(α)|α|2 d2α]2
. (4.21)

This looks functionally identical to the expression for classical fields. However, the
argument that g(2)(0) must be greater than or equal to unity no longer holds since
for certain fields as we have mentioned P(α) may take on negative values and allow
for a g(2)(0) < 1, that is, photon antibunching.

A similar result may be derived for the squeezing. We may write the variances in
X1 and X2 as

∆X2
1 = {1 +

∫
P(α)[(α + α∗)− (⟨α⟩+ ⟨α∗⟩)]2 d2α},

∆X2
2 =

{
1 +

∫
P(α)

[(
α−α∗

i

)
−
(
⟨α⟩− ⟨α∗⟩

i

)]2

d2α
}

. (4.22)



• It is non-singular.
• It is bounded.

• It may be negative!

• It is good for calculating statistics of measurements (marginal distribution).

• Is is good for calculating variances (simple operator ordering)

P- Glauber	- Sudarshan

Wigner

Quasi-Probability Representations

4.2 Expansion in Coherent States 63

W (α) =
1
π2

∫
exp(η∗α−ηα∗)χ(η)d2η . (4.33)

The Wigner distribution always exists but is not necessarily positive.
The relationship between the Wigner distribution and the P(α) distribution may

be obtained via the characteristic functions. Using (4.30) we may express the Wigner
function as

W (α) =
1
π2

∫
exp(η∗α−ηα∗)χN(η)e−1/2|η|2d2η

=
1
π2

∫
Tr{ρeη(a†−α∗)e−η∗(a−α)}e−1/2|η|2d2η

=
1
π2

∫
P(β )exp[η(β ∗ −α∗)−η∗(β −α)− 1

2
|η |2]d2η d2β . (4.34)

Substituting ε = η/
√

2 leads to

W (α) =
2
π2

∫
P(β )exp[

√
2ε(β ∗ −α∗)−

√
2ε∗(β −α)− |ε|2]d2ε d2β . (4.35)

The integral may be evaluated using the identity

1
π

∫
d2η exp(−λ |η |2 + µη + νη∗) =

1
λ exp

(µν
λ

)
(4.36)

which holds for Re{λ} > 0 and arbitrary µ , ν . This gives

W (α) =
2
π

∫
P(β )exp(−2|β −α|2)d2β . (4.37)

That is, the Wigner function is a Gaussian convolution of the P function.
The covariance matrix Cw(α, α∗) defined by the moments of α and α∗ over

W (α, α∗) is related to the covariance matrix C(a, a†) defined by (4.23) by

C(a,a†) = Cw(α,α∗) . (4.38)

The error areas discussed in Chap. 2 may rigorously be derived as contours of
the Wigner function. We shall now study the Wigner functions for several states of
this radiation field and their corresponding contours.

As it is defined in (4.33) the Wigner function is normalised as
∫

d2αW (α) = 1 (4.39)

We have defined the quadrature phase operators Xi as (2.56)

a =
1
2
(X1 + iX2) (4.40)

If we denote the eigenstates of Xi as |xi⟩, we can write the Wigner function as a
function of xi using
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W (x1,x2) =
1
4

W (α)
∣∣α=(x1+ix2)/2 (4.41)

so that the marginal distributions of W ,

P(xk) =
∫ ∞

−∞
dxk̄W (x1,x2) (4.42)

are given by P(xi) = ⟨xi|ρ |xi⟩, where k̄ = k− (−1)k.
For certain states of the radiation field the Wigner function may be written in the

Gaussian form

W (x1,x2) = N exp
(
−1

2
Q
)

(4.43)

where Q is the quadratic form

Q = (x−a)T A−1(x−a) (4.44)

and N is the normalization. A contour of the Wigner function is the curve Q = 1.
We choose to work in the phase space where x1 and x2 are the c-number variables
corresponding to the quadrature phase amplitudes X1 and X2.

a) Coherent State

For a coherent state |α⟩= | 1
2 (X1 + iX2)⟩ the Wigner function is

W (x1,x2) =
1

2π
exp
[
−1

2
(x′21 + x′22 )

]
(4.45)

where x′i = xi−Xi. The contour of the Wigner function given by Q = 1 is

x′21 + x′22 = 1 . (4.46)

Thus the error area is a circle with radius 1 centred on the point (X1, X2)
(Fig. 2.1a).

b) Squeezed State

The Wigner function for a squeezed state is

W (x1,x2) =
1

2π
exp
[
−1

2
(x′21 e2r + x′22 e−2r)

]
. (4.47)

The contour of the Wigner function given by Q = 1 is

x′21
e−2r +

x′21
e2r = 1 (4.48)

which is an ellipse with the length of the major and minor axes given by er and e−r,
respectively (Fig. 2.1b).



Quasi-Probability Representations



Evident	quantum/	classical	 frontier

Squeezed	states

States	with	W<0	

X

Y

f

|a |

Fock	states

Wigner Representation



Quantum Optics – Measurement of the Field
Slow varying EM Field can be detected by an antenna: 

à conversion of electric field in electronic displacement.

àamplification, recording, analysis of the signal.
àelectronic readly available.
Example: 3 K cosmic background (Penzias & Wilson).

Problems:
àEven this tiny field accounts for a strong photon 

density.
àEvery measurement needs to account for thermal 

background (e.g. Haroche et al.).



Quantum Optics – Measurement of the Field
Fast varying EM Field cannot be measured directly.
We often detect the mean value of the Poynting vector: 
Photoelectric effect converts photons into ejected electrons
We measure photo-electrons

àindividually with APDs or photomultipliers – a single electron is converted in a 
strong pulse – discrete variable domain, 
àin a strong flux with photodiodes, where the photocurrent is converted into a 
voltage – continuous variable domain.

Advantages: in this domain, photons are energetic enough:
àin a small flux, every photon counts.
àfor the eV region (visible and NIR), presence of background photons is 

negligible: measurements are nearly the same in L-He or at room temperature.



Quantum Optics – Measurement of the Field

And detectors are cheap!



Ê

Quantum Optics – Measurement of the Intense Field
We can easily measure photon flux: field intensity 

(or more appropriate, optical power)



Quantum Optics – Measurement of the Intense Field
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“Classical” Variance
Shot	noise	!

Ø For	a	Poissonian	photon	distribution,	the	“classical	variance”	is	zero.
Ø A	coherent	state	is	an	example	of	light	beam	with	Poissonian	distribution.
Ø But	a	Poissonian	distribution	is	not	sufficient	for	coherence!



OK, we got the amplitude measurement, but that is only part of the history!
Amplitude is directly related to the measurement of the number of 

photon, (or the photon counting rate, if you wish). 
This leaves an unmeasured quadrature, that can be related to the 

phase of the field. 

But there is not such an evident “phase operator”!
Still, there is a way to convert phase into amplitude: interference 

and interferometers.

Quantum Optics – Measurement of the FieldQuantum Optics – Measurement of the Intense Field
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Building an Interferometer – The Beam Splitter
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Homodyning
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Building an Interferometer – The Beam Splitter

Quadrature Operator !



X

Y

Homodyning

Vacuum	Homodyning
Calibration	of	the	
Standard	Quantum	Level
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Question:

Dividing	the	incident	beam	in	two	“equal” parts,	what	will	be	the	result?

i1

i2
-

PBS

?
isub



Answer:

i1

i2
- Medida

PBS

?
isub

Classically:	 isub =	0		

Quantically:	“photons	are	clicks	on	photodetectors”	(A.	Zeilinger)

<isub >=	0,	 D2 isub >	0	!





Beginning	from	the	minimum	uncertainty	condition,	

or	maximal	 information	for	each	ball.

A two balls quantum billiard game



Under	time	evolution,	their	 interaction	will	

degrade	their	individual	information.

A two balls quantum billiard game



Without	external	 interference,	globalinformation	is	kept:	the	ball	

share	information	at	quantum	level!

Even	if	we	remove	the	billiard	table...

A two balls quantum billiard game



or	even	if	the balls are	moving	apart.	Shared	information	remains	

as	far	as	the	subsystems	doesn’t	interact	with	other	bodies:

we say that	the	bodies	are	entangled!

A two balls quantum billiard game





EPR and Entanglement
Anybody who is not shocked by quantum theory has not understood it.

Niels Bohr 



EPR’s example

W(x1, p1, x2, p2)@ d(x1 – x2 – L)d(p1 + p2)

àlocalized in x1 – x2 and p1 + p2

A measurement of x1 yields x2, as well as a measurement of p1
gives p2. But x2 and p2 don’t commute! ↔ [x, p] = i ħ



For strong entanglement, local information should vanish. 

Meanwhile. global information is maximally kept 

(bounded by the Uncerntainty Principle)!

Although there is a limitation for information in the quantum world, we 

are allowed to have extreme nonlocal correlations.





Bohr’s reply



Entanglement Generation

p
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p1+p2 , 
q1+q2

p1-p2 , 
q1-q2



• “EPR” criterion [M. D. Reid, PRA 40, 913 (1989), M. D. Reid 
and P. D. Drummond, PRL 60, 2731 (1988) & PRA 40, 4493 
(1989)]

Few words about 
entanglement characterization
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ĉ

â1

â2



•DGCZ separability 
criterion: 

Separability  Þ

Entanglement Test - DGCZ

•After some (simple) algebra: 



Entanglement Test - DGCZ



Entanglement Test - DGCZ
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non-negative eigenvalues -> Separability

• Positivity under Partial Transposition 
(discrete variables)

PRL 77, 1413 (1996)

Entanglement Test – Peres & Horodecki



• Continuous variables:
PRL 84, 2726 (2000)

Entanglement Test - Simon

Diagonalize:

Simplectic Eigenvalues >1



Entanglement Test - Simon



Entanglement Test - Simon



Entanglement Test - Simon
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p1- p2 , 
q1+ q2

p1+ p2 , 
q1- q2



• Extend DGCZ criterion to three variables

• Apply PPT to multiple partitions

Tripartite Entanglement





Parametric Down Conversion

w0= w1+ w2 k0=k1+k2

Energy and momentum conservation

Polarization and transverse momentum correlations



Optical Parametric Oscillator

k1,w1

Signal

k2,w2

Idler

c(2)

Pump

k0,w0

PDC + Cavity

Twin photons + phase correlation

a0
in(t)

a1
out(t)

a2
out(t)

- Sub-threshold
squeezed vacuum (degenerate case) - OPA
entangled fields (non-degenerate case)

- Above threshold: intense entangled fields
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Signal Idler
Noise correlations

Signal - Idler

p-

q-

X

Y
p+

q+ f+

|a+ |

Signal + Idler



w1 + w2 = w0

dj1 + dj2 = dj0

Energy	Conservation

dI1 - dI2 = 0
Intensity	Correlation

A. Heidmann et al., PRL. 59, 2555 (1987) A. S. Villar et al., PRL 95, 243603 (2005)
Phase	Anti-correlation

Signal - Idler

p-

q-

X

Y
p+

q+ f+

|a+ |

Signal + Idler



Covariance Matrix

36 independent terms !



Covariance Matrix

18 independent terms !



Entangled fields
- Vacuum (P0 < Pth, maximum entanglement)
- Intense beams (P0 > Pth)

Squeezed vacuum (P0 < Pth, degenerate)Twin beams (P0 > Pth)

Pump Squeezing (P0 > Pth)















Is it possible to perform a homodyne
measurement without a local oscillator?

But if we look for a complete characterization 
of the OPO, we have to measure three fields 
of diferent colors!





–

How can we measure the phase?

Nd:YAG

Doubling cavity
532 nm

1064 nm

OPO

?

Homodyne 
detection

Local Oscillator

1064 nm

Pump
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Measurement of the Field in the time domain
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Measurement of the Field in the frequency domain



Spectrum Analyser

0 50 100 150 200 250

Measurement of the Field in the frequency domain



Amplitude

A classic field

w

Coherent state

Squeezed state

w0 w0 + Ww0 - W

Measurement of the Field in the frequency domain

Modulation

Phase



Phase Rotation of Noise Ellipse

ain (Input)

aout (Reflection)

Optical 
Cavity

bin (Vacuum)

bout (Transmission)
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Y
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Cavity detuning

Reflected Beam 
Amplitude Noise

Phase Rotation of Noise Ellipse



Covariance Matrix













1.0 1.1 1.2 1.3 1.4 1.5 1.6

-1

0

1

2

3

4

C
ov

ar
ia

nc
e 

(S
Q

L 
un

its
)

Pin/Pth

 q0q0  q1q1
 q2q2  q0q1
 q1q2  q2q0

1.0 1.1 1.2 1.3 1.4 1.5 1.6

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

C
ov

ar
ia

nc
e 

(S
Q

L 
un

its
)

Pin/Pth

 p0p0  p1p1
 p2p2  p0p1
 p1p2  p2p0

1.0 1.1 1.2 1.3 1.4 1.5 1.6

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

C
ov

ar
ia

nc
e 

(S
Q

L)

Pin/Pth

 p0p0  p1p1
 p2p2  p0p1
 p1p2  p2p0

1.0 1.1 1.2 1.3 1.4 1.5 1.6

-1

0

1

2

3

4

C
ov

ar
ia

nc
e 

(S
Q

L)

Pin/Pth

 q0q0  q1q1
 q2q2  q0q1
 q1q2  q2q0







The effect of losses



The problem of decoherence
Is the main problem for an eventual quantum 
computer, operating over many entangled qubits. 

What is the limit for this entanglement?

Interaction with the environment!

Why producing and keeping them is a hard task?

Decoherence: as if the environment where 
continuously measuring the system!

Famous example: 
Schrödinger Cat Paradox (1935).  

Also an entangled state







EPR’s example



EPR’s example





No more “surprises”?Disentanglement for a Bipartite & Gaussian state

Scenario (1): 
robust entanglement

Scenario (2):
disentanglement



Disentanglement for a simpler model:
Attenuation on a single beam



Tighter conditions for transmission of quantum entanglement!

Duan (optimized)
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Entanglement in bipartite continuous-variable systems is investigated in the presence of partial losses such as
those introduced by a realistic quantum communication channel, e.g., by propagation in an optical fiber. We find
that entanglement can vanish completely for partial losses, in a situation reminiscent of so-called entanglement
sudden death. Even states with extreme squeezing may become separable after propagation in lossy channels.
Having in mind the potential applications of such entangled light beams to optical communications, we investigate
the conditions under which entanglement can survive for all partial losses. Different loss scenarios are examined,
and we derive criteria to test the robustness of entangled states. These criteria are necessary and sufficient for
Gaussian states. Our study provides a framework to investigate the robustness of continuous-variable entanglement
in more complex multipartite systems.

DOI: 10.1103/PhysRevA.84.052330 PACS number(s): 03.67.Bg, 03.67.Pp, 42.50.Xa, 42.50.Dv

I. INTRODUCTION

The dynamics of open quantum systems leads, in general,
to a degradation of key quantum features such as coherence
and entanglement. Since entanglement is considered to be an
important resource for applications in quantum information,
its degradation may seriously hinder the envisioned protocols.
Careful analyses of environment-induced loss of entanglement
are thus important steps in quantum information science. In
the discrete-variable scenario, studies of 2-qubit systems have
shown that entanglement can be completely lost after a finite
time of interaction with the environment, an effect now mostly
known as entanglement sudden death (ESD) [1,2]. Quantum
information can also be conveyed, stored, and processed by
continuous-variable (CV) systems. Bright beams of light can
be described by means of CV field quadratures and are natural
conveyors of quantum information. Unavoidable transmission
loss is the fiercest enemy for quantum communications. It has
recently been observed that losses may lead to complete disen-
tanglement in Gaussian CV systems [3,4]. This phenomenon
is a partial-loss analog of the finite-time disentanglement
observed in qubit systems.

The simplest CV systems one can consider are those
described by Gaussian statistics. Gaussian states are indeed
well studied [5] and fairly well characterized. For instance,
there exist necessary and sufficient criteria for Gaussian-state
entanglement of up to 1 × N systems (in which one subsystem
is collectively entangled to N other subsystems) [6,7]. In
spite of all this knowledge, the sensitivity of entanglement to
the interaction with the environment is still not completely
mapped. As experimentally observed by Coelho et al. [3]
and by Barbosa et al. [4], some Gaussian states become
separable for partial losses, while others remain entangled.
What distinguishes one class of states from the other? Are
there only two classes of such states? Is it sufficient to
produce states with a large degree of squeezing in order to

*mmartine@if.usp.br

avoid disentanglement? Is there any strategy involving local
operations to protect states against disentanglement?

In this paper, we extend the treatment of Ref. [4] and provide
answers to some of these questions. We theoretically analyze
the conditions leading to CV disentanglement in the simplest
case of bipartite systems. In the framework of open-system
dynamics, the effect of a lossy channel (without any added
noise) is equivalent to the interaction with a reservoir at
zero temperature. The property of entanglement resilience
to losses will be referred to as “robustness.” Entanglement
robustness is assessed by entanglement criteria previously
derived by other authors. For general CV states, these criteria
provide sufficient conditions for the robustness of bipartite
systems. Necessary and sufficient entanglement criteria for
Gaussian states lead to necessary and sufficient conditions for
entanglement robustness upon propagation in lossy channels.
Entanglement of CV Gaussian states may be created by a
number of different strategies such as, for instance, passive
operations on initially squeezed states [8]. We shall not discuss
these in detail here, but take for granted initially entangled
states.

A thorough investigation reveals the possibility of distinct
entanglement dynamics as losses are imposed on the subsys-
tems. We consider realistic scenarios, as depicted in Fig. 1. A
bipartite entangled state is the quantum resource of interest. It
can be distributed to two parties who wish to communicate,
as in Fig. 1(a), in a scenario that we refer to as a dual-channel
communication scheme. Another possibility would be that
one of the parties holds the quantum-state generator and
only one mode needs to propagate through a lossy quantum
channel, as in Fig. 1(b). We refer to this situation as a
single-channel scheme. One could surmise that, in principle, it
is equivalent to concentrate losses in a single channel or split
them among two channels. If our channels are optical fibers,
losses increase exponentially with the propagation distance.
Thus, one could think that propagation in a single fiber over a
certain distance would have the same effect as propagation of
both modes, each in one fiber, over half the distance (which
would result in the same overall losses). This is not correct:

052330-11050-2947/2011/84(5)/052330(10) ©2011 American Physical Society

PHYSICAL REVIEW A 84, 052330 (2011)

Disentanglement in bipartite continuous-variable systems

F. A. S. Barbosa,1 A. J. de Faria,2 A. S. Coelho,1 K. N. Cassemiro,1,3 A. S. Villar,1,3,4 P. Nussenzveig,1 and M. Martinelli1,*

1Instituto de Fı́sica, Universidade de São Paulo, P.O. Box 66318, 05315-970 São Paulo, Brazil
2Instituto de Ciência e Tecnologia, Universidade Federal de Alfenas, 37715-400 Poços de Caldas, MG, Brazil
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I. INTRODUCTION

The dynamics of open quantum systems leads, in general,
to a degradation of key quantum features such as coherence
and entanglement. Since entanglement is considered to be an
important resource for applications in quantum information,
its degradation may seriously hinder the envisioned protocols.
Careful analyses of environment-induced loss of entanglement
are thus important steps in quantum information science. In
the discrete-variable scenario, studies of 2-qubit systems have
shown that entanglement can be completely lost after a finite
time of interaction with the environment, an effect now mostly
known as entanglement sudden death (ESD) [1,2]. Quantum
information can also be conveyed, stored, and processed by
continuous-variable (CV) systems. Bright beams of light can
be described by means of CV field quadratures and are natural
conveyors of quantum information. Unavoidable transmission
loss is the fiercest enemy for quantum communications. It has
recently been observed that losses may lead to complete disen-
tanglement in Gaussian CV systems [3,4]. This phenomenon
is a partial-loss analog of the finite-time disentanglement
observed in qubit systems.

The simplest CV systems one can consider are those
described by Gaussian statistics. Gaussian states are indeed
well studied [5] and fairly well characterized. For instance,
there exist necessary and sufficient criteria for Gaussian-state
entanglement of up to 1 × N systems (in which one subsystem
is collectively entangled to N other subsystems) [6,7]. In
spite of all this knowledge, the sensitivity of entanglement to
the interaction with the environment is still not completely
mapped. As experimentally observed by Coelho et al. [3]
and by Barbosa et al. [4], some Gaussian states become
separable for partial losses, while others remain entangled.
What distinguishes one class of states from the other? Are
there only two classes of such states? Is it sufficient to
produce states with a large degree of squeezing in order to
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avoid disentanglement? Is there any strategy involving local
operations to protect states against disentanglement?

In this paper, we extend the treatment of Ref. [4] and provide
answers to some of these questions. We theoretically analyze
the conditions leading to CV disentanglement in the simplest
case of bipartite systems. In the framework of open-system
dynamics, the effect of a lossy channel (without any added
noise) is equivalent to the interaction with a reservoir at
zero temperature. The property of entanglement resilience
to losses will be referred to as “robustness.” Entanglement
robustness is assessed by entanglement criteria previously
derived by other authors. For general CV states, these criteria
provide sufficient conditions for the robustness of bipartite
systems. Necessary and sufficient entanglement criteria for
Gaussian states lead to necessary and sufficient conditions for
entanglement robustness upon propagation in lossy channels.
Entanglement of CV Gaussian states may be created by a
number of different strategies such as, for instance, passive
operations on initially squeezed states [8]. We shall not discuss
these in detail here, but take for granted initially entangled
states.

A thorough investigation reveals the possibility of distinct
entanglement dynamics as losses are imposed on the subsys-
tems. We consider realistic scenarios, as depicted in Fig. 1. A
bipartite entangled state is the quantum resource of interest. It
can be distributed to two parties who wish to communicate,
as in Fig. 1(a), in a scenario that we refer to as a dual-channel
communication scheme. Another possibility would be that
one of the parties holds the quantum-state generator and
only one mode needs to propagate through a lossy quantum
channel, as in Fig. 1(b). We refer to this situation as a
single-channel scheme. One could surmise that, in principle, it
is equivalent to concentrate losses in a single channel or split
them among two channels. If our channels are optical fibers,
losses increase exponentially with the propagation distance.
Thus, one could think that propagation in a single fiber over a
certain distance would have the same effect as propagation of
both modes, each in one fiber, over half the distance (which
would result in the same overall losses). This is not correct:
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The dynamics of open quantum systems leads, in general,
to a degradation of key quantum features such as coherence
and entanglement. Since entanglement is considered to be an
important resource for applications in quantum information,
its degradation may seriously hinder the envisioned protocols.
Careful analyses of environment-induced loss of entanglement
are thus important steps in quantum information science. In
the discrete-variable scenario, studies of 2-qubit systems have
shown that entanglement can be completely lost after a finite
time of interaction with the environment, an effect now mostly
known as entanglement sudden death (ESD) [1,2]. Quantum
information can also be conveyed, stored, and processed by
continuous-variable (CV) systems. Bright beams of light can
be described by means of CV field quadratures and are natural
conveyors of quantum information. Unavoidable transmission
loss is the fiercest enemy for quantum communications. It has
recently been observed that losses may lead to complete disen-
tanglement in Gaussian CV systems [3,4]. This phenomenon
is a partial-loss analog of the finite-time disentanglement
observed in qubit systems.

The simplest CV systems one can consider are those
described by Gaussian statistics. Gaussian states are indeed
well studied [5] and fairly well characterized. For instance,
there exist necessary and sufficient criteria for Gaussian-state
entanglement of up to 1 × N systems (in which one subsystem
is collectively entangled to N other subsystems) [6,7]. In
spite of all this knowledge, the sensitivity of entanglement to
the interaction with the environment is still not completely
mapped. As experimentally observed by Coelho et al. [3]
and by Barbosa et al. [4], some Gaussian states become
separable for partial losses, while others remain entangled.
What distinguishes one class of states from the other? Are
there only two classes of such states? Is it sufficient to
produce states with a large degree of squeezing in order to
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avoid disentanglement? Is there any strategy involving local
operations to protect states against disentanglement?

In this paper, we extend the treatment of Ref. [4] and provide
answers to some of these questions. We theoretically analyze
the conditions leading to CV disentanglement in the simplest
case of bipartite systems. In the framework of open-system
dynamics, the effect of a lossy channel (without any added
noise) is equivalent to the interaction with a reservoir at
zero temperature. The property of entanglement resilience
to losses will be referred to as “robustness.” Entanglement
robustness is assessed by entanglement criteria previously
derived by other authors. For general CV states, these criteria
provide sufficient conditions for the robustness of bipartite
systems. Necessary and sufficient entanglement criteria for
Gaussian states lead to necessary and sufficient conditions for
entanglement robustness upon propagation in lossy channels.
Entanglement of CV Gaussian states may be created by a
number of different strategies such as, for instance, passive
operations on initially squeezed states [8]. We shall not discuss
these in detail here, but take for granted initially entangled
states.

A thorough investigation reveals the possibility of distinct
entanglement dynamics as losses are imposed on the subsys-
tems. We consider realistic scenarios, as depicted in Fig. 1. A
bipartite entangled state is the quantum resource of interest. It
can be distributed to two parties who wish to communicate,
as in Fig. 1(a), in a scenario that we refer to as a dual-channel
communication scheme. Another possibility would be that
one of the parties holds the quantum-state generator and
only one mode needs to propagate through a lossy quantum
channel, as in Fig. 1(b). We refer to this situation as a
single-channel scheme. One could surmise that, in principle, it
is equivalent to concentrate losses in a single channel or split
them among two channels. If our channels are optical fibers,
losses increase exponentially with the propagation distance.
Thus, one could think that propagation in a single fiber over a
certain distance would have the same effect as propagation of
both modes, each in one fiber, over half the distance (which
would result in the same overall losses). This is not correct:
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Entanglement can build a channel for quantum information.

Consider that we want to tranfer the state of a photon between two stations, 
without tranfering the photon.

V

H

One click gives a measuremtn at 
verical or horizontal polarization. 

But what if the photon was 
diagonally polarized?

We may try to reproduce the measured 
photon from the gained information, but 

odds are high that we are mistaken 
(we cannot fully recover a state from a 

single measurement).



V HH V

click!
click!



ü Doesn’t transfer the original photon.

ü It isn’t a copying machine: 
photon information is lost.

ü Is limited by light speed:

knowledge about the action upon the 
entangled pair is available after the 

first measurement.



It is a useful tool for transferring the state,

ü for quantum information processing,

ü for cryptography.

ü for QM testing!
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¡ EPR Station
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¡ Vitor evaluates the fidelity
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• Pth=80 mW

• P=84 mW

• σ=1.05

• Tcristal=2ºC

• P=1 atm

• Duan:

• VLF:

)9,1(10,029,122 dBqp ±=+ +

)0,2(10,027,1)( 2
0

2 dBqqp ±=+ +

Sp-= 0,45(-3,5dB)
Sq+= 0,84(-0,7dB)



1. Noise compression à Necessary Entanglement
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possible 
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From data

Sp- 0 ½ 1 0,2 0,45

Sq+ 0 ½ 1 0,45 0,84

F 1 2/3 ½ 0,75 0,6





Chip-Based Silicon Nitride Microrings
for Parametric Oscillators

• CMOS-compatible material

• Fully monolithic and sealed structures and couplers 

• High-Q resonators à Q = ~1×106 [Gondarenko, et al., Opt. Express (2009).]

• High nonlinearity à n2 ~ 10× silica [Ikeda, et al., Opt. Express (2008).]

• Waveguide dispersion can be engineered [Turner-Foster, et al., Opt. 
Express (2006); Tan, Ikeda, Sun, and Fainman, Appl. Phys. Lett. (2010).]

cross-section

Si3N4

thermal SiO2

deposited SiO2

Si3N4

µ-resonator



Signal – idler correlations



Experimental setup
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80 GHz FSR rings

• FSR = 80 GHz
• Cavity length: 1800 microns
• Dimensions of waveguide: 1700 nm x 800 

nm
• Intrinsic Q : 2 million
• Loaded Q: 200,000



SiN OPO

Levy, Gaeta, Lipson et al. “CMOS-compatible multiple-wavelength oscillator for on-chip optical 
interconnects,” Nature Photonics 4, 37 (2010). 

ωpump

ωpump ωsignal

ωidler

wsignal + widler = 2wpump

wpump

10 µm



Threshold for Oscillation in SiN Microring

50-mW threshold

10 µm

microresonator

continuous-wave
pump

Review article: Kippenberg, Holzwarth, & Diddams, Science (2011)



Results

-
Signal

Idler

A.Dutt, K. Luke, S. Manipatruni, A. L. Gaeta, 5, P. A. Nussenzveig, Michal Lipson, Demonstration 

of Squeezing on chip, CLEO postdeadline 2013



Results

1.7 dB

A.Dutt, K. Luke, S. Manipatruni, A. L. Gaeta,, P. A. Nussenzveig, Michal Lipson, Demonstration of 

Squeezing on chip, CLEO postdeadline 2013



Chip-Based FWM Frequency Comb

• Octave-spanning comb possible with suitable waveguide design and 
sufficiently high powers (~ 500 mW).

90 mW
20 µm 

100 mW
58-µm

Levy, Gondarenko, Foster, Turner-Foster, Gaeta, and Lipson, Nature Photon. 4, 37 (2010).



• While looking for the purity of the OPO, we found relevant information about 

our systems and our detection methods.

• We can still treat the tripartite entanglement involving linear combinations of 

sidebands: a valid mode of the system.

• But there is more space behind:

we have hexapartite entanglement in the OPO.

• Gaussianity in photocurrent is a strong evidence of the generation of 

Gaussian states of the field. 

• This ensures the validity of the linearized approach of strong carriers and 

weak sidebands.

• We have a tunable source of entanglement available for quantum 

communication, conveying information over the electromagnetic spectra.



• OPO above threshold can be used either as a bipartite or a 
tripartite source of tunable entangled states, spanning more 
than one octave in the frequency domain.

• These Gaussian states provide a tool for quantum communication 
among different quantum “pieces of hardware”.

• Entanglement of continuous variables can suffer of “sudden 
death”, just like qubits.

• It can lead to particular states, where there is tripartite 
entanglement without bipartite entanglement.

• But that’s not the complete story…
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