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The multi-core solution
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Fig. 1. Vision of a 3D optical network on a microelectronic chip based on deposited optics over 
CMOS electronics. Multiple bus waveguides are positioned at different vertical layers above a 
set of an array of microring resonators. 

There is a second reason why densely integrated silicon photonics with microelectronics 
has yet to emerge commercially. While there may be clear advantages over electronic 
communication, the integration of photonic interconnects with on-chip electronics requires a 
costly change to well-established Complimentary Metal-Oxide-Semiconductor (CMOS) 
processes. Research groups often rely on a Silicon-on-Insulator (SOI) stack with a guiding 
medium of single-crystal silicon (c-Si) above several micrometers of optically insulating silica 
(SiO2). While the materials are directly compatible (unlike III-V materials) the c-Si must still 
be grown independently, implanted, annealed, cut, oxidized and bonded to another structural 
Si wafer before it can be used for device fabrication. Besides difficult and costly, this 
approach limits photonics to a single layer. In addition using this c-Si for both electronics and 
photonics is problematic since photonics requires a thick oxide layer (typically a few 
micrometers) underneath for optical isolation while SOI electronics requires a small layer of 
only tens to a few hundred nanometers in order to ensure thermal flow from the devices to the 
substrate. Research groups, including ours have shown that this layer can be repurposed for 
optics [9,10], however generally at the cost of more real estate and with some modification of 
standard fabrication. 

2. Photonic Materials for Back-End Integration 

Using deposited photonic materials in a back-end process could enable the integration of 
photonics with microelectronics without suffering from the above limitations. Along with 
using group IV compatible materials, back-end process requires deposition and processing of 
materials around or below 400°C to avoid distressing the metallization and changing the 
dopant diffusion. Our fabrication is then governed by plasma enhanced chemical vapor 
deposition (PECVD) of all layers, planarization to allow for vertical stacking, and proper 
patterning and spacing of structures to allow for coupling and insulation. Regarding materials 
one needs a set of two with an appreciable refractive index ratio to keep bends and inter-
waveguide spacing small. Silica is commonly used as an outer cladding layer as it has a fairly 
low refractive index of around 1.45 at telecom wavelengths (~1.55 µm), and it is found in 
abundance in CMOS. For active devices such as modulators, detectors and switches, one 
could rely on polymeric materials [11], polycrystalline silicon (p-Si) [12], hydrogenated 
amorphous silicon (a-Si:H) [13], or poly-germanium (poly-Ge) [14]. For passive device some 
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Technological viewpoint: Si Nanophotonics Building Blocks

 
 

   
Fig. 4. Heater and waveguide design for thermal and optical efficiency: (a) the optical mode is 
separated from the heater to avoid absorption while (b) maintaining enough proximity to 
couple heat into the waveguide. 

     
4. Device structure and fabrication 
We start with commercial Silicon-on-Insulator (SOI) wafers with a 3 m buried oxide layer. 
Using standard e-beam lithography we pattern the waveguides and etch them using reactive 
ion etching. The waveguides are then clad with 1 m of plasma-enhanced chemical vapor 
deposition SiO2 to protect the optical mode. We then planarize the top of the oxide to 
minimize unevenness in the following metal deposition. This step will reduce the chances of 
heater failure due to weak points in the metal wire.  
     We evaporate 300 nm of nichrome above the cladding and using a double-resist liftoff 
method creates the 1 m heaters. Finally another SiO2 cladding step protects the heaters from 
outside elements. The microrings use the same waveguide dimensions and have a 10 m 
radius with spacing from the waveguides of 200 nm. The final system is seen in Fig. 5(a). 
     We also reduce the loss typically seen in waveguide intersections by transitioning 
adiabatically to a larger waveguide cross-section for the intersecting region. By increasing the 
amount of light confined within the waveguide we limit the interaction of light with the 
variations of the sidewalls, specifically the large scattering points created by the walls of the 
crossing waveguide.  

 

 
Fig. 5. Images of the fabricated router: (a) microscope image of full device shows gold contacts 
to nichrome heaters above the microrings; (b) an SEM image shows the details of the 
fabricated waveguide crossing and coupled rings (insert shows close-up of  heaters). 

 

  (a)               (b) 

(C) 2008 OSA 29 September 2008 / Vol. 16,  No. 20 / OPTICS EXPRESS  15920
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 Nature Photonics 1, 115 (2007).

   nSi ≈ 3.5
n
SiO

2

≈ 1.45

c / nclad c / ncore

d ≈ λ / 3

= εcore / εclad

Electric field amplitude
HE11x mode

Black plate (116,1)

In Fig. 2b we compare this fom for the bore region of a tube
waveguide (that is, when h(l) is the mode power fraction inside
the bore computed using the analytical model) and a 10-mm core
PBG fibre (assuming h ¼ 1). For reference we have also included in
this figure the same fom for the slot waveguide depicted in Fig. 2a of
ref. 5. The red solid curve in Fig. 2b was calculated for the same
geometry and materials as Fig. 2a. To compare the three waveguides
we initially assumed—unrealistically—that they suffer equal losses,
a ¼ 1 dB km21. The results indicate that compared to a hollow-
core PBG fibre the nonlinear fom is increased by 24 dB, and
compared to the SOI waveguide the small bore area gives a

reasonable performance in spite of the reduced index contrast. In
reality, the small core and strong fields at the glass–air surfaces
will almost certainly lead to dramatically higher attenuation in the
present fibre compared to bandgap fibres with larger cores.
Preliminary measurements of the fibres shown in Fig. 1 indicate
an attenuation of the order of decibels per metre at visible
frequencies, although this would be reduced at longer wavelengths
and with more careful fabrication. The slot-waveguide attenuation
will be several orders of magnitude higher again, at least hundreds
of decibels per metre, significantly lowering its fom. The
performance of the proposed fibre is thus remarkably good.

a b100 nm 100 nm

c 100 nm d 1 mm

Figure 1 SEM images from the fabricated PCF cross-sections. a, PCF 1, L (pitch) ¼ 650 nm, dbore ¼ 110 nm and dcore ¼ 950 nm. b, PCF 2, L ¼ 750 nm,
dbore ¼ 150 nm and dcore ¼ 920 nm. c, PCF 3, L ¼ 880 nm, dbore ¼ 205 nm and dcore ¼ 1,080 nm. d, PCF 3 with a different microscope magnification from panel c.
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Figure 2 Optical fields and figure of merit. The tube waveguide parameters used were dcore ¼ 1 mm and dbore ¼ 100 nm. a, Electric (solid red curve) and
displacement (dashed blue curve) field across a radial cut in the tube waveguide for the x-polarized fundamental mode at l ¼ 900 nm. b, values for fom for the tube
waveguide bore (solid red curve), the slot waveguide depicted in Fig. 2a after ref. 5 (blue dashed curve), and a 10-mm-core hollow core PBG fibre (dashed black
curve). A loss coefficient of 1 dB km21 was assumed in all three cases.
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Photoelastic: Doppler Shift
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Optical isolator and switching

M. Kang et al. Nature Photonics 5, 549–553 (2011).

Brillouin in silicon waveguides

Shin, H., et al. Nature Communications, 4. (2013)

where v = 8,433 m s−1 is the longitudinal speed of sound in silicon
and w = 450 nm is the waveguide width.

To create the pillar structure we began with an SOI wire fabri-
cated by deep-ultraviolet lithography33 using the silicon photonics
platform ePIXfab (www.ePIXfab.eu). We next performed an
additional oxide etch with hydrofluoric acid. By carefully control-
ling the etching speed, a narrow pillar was left under the wire
(Fig. 1a–c). With this simple fabrication method we obtained
wires up to 4 cm in length. To retain compactness, wires longer
than 3 mm were coiled into a low-footprint spiral (Supplementary
Fig. 2). Despite the additional etch, the wires still exhibited optical
propagation losses α of only 2.6 dB cm−1.

In the experiments (Fig. 2) we investigated straight and spiral
waveguides with lengths L ranging from 1.4 mm to 4 cm. We
coupled 1,550 nm TE light into the waveguides through focusing
grating couplers34 and performed both gain (Fig. 2a,b) and cross-
phase modulation (Fig. 2c,d) experiments. The resonances
(Fig. 2a,c) observed in these experiments thus allowed characteriz-
ation of the photon–phonon coupling in two independent ways.

We first monitored the power in a Stokes seed as a function
of frequency spacing Ω/2π with a strong co-propagating
pump wave (Fig. 2a,b). We observed a Lorentzian gain profile at
Ωm/2π = 9.2 GHz, as expected in the low-cascading regime (see
Supplementary Information). Similarly, we observed an identical
depletion profile on an anti-Stokes seed (Fig. 2a). The Stokes seed
experiences amplification as long as the pump remains undepleted.
Exactly on resonance, the on/off gain is given by 2γSBSPpLeff , where
2γSBS =GSBS(Ωm) is the Brillouin gain coefficient, Pp is the input
pump power and Leff = (1 – exp(−αL))/α is the effective interaction
length. The effective length has an upper limit of 1/α = 1.7 cm in
our wires. To extract the Brillouin parameter γSBS we swept the
pump power in a 2.7-mm-long wire (Fig. 3a). Above 25 mW
on-chip power, nonlinear absorption saturates the on/off gain.
Free carriers, created by two-photon absorption (TPA), then
result in a power-dependent optical loss α(Pp). We extracted
2γSBS = 3,218 W−1m−1 below this threshold. The Lorentzian fit
yielded an acoustic linewidth of Γm/2π = 30 MHz and thus
a quality factor of Qm =Ωm/Γm = 306 and a phonon lifetime of
τ = 1/Γm = 5.3 ns in the same short wire. The largest on/off gain of
0.6 dB below the TPA threshold falls narrowly short of the linear
loss αL = 0.7 dB (Fig. 3a). The wire is therefore close to net optical
amplification, which is necessary for lasing. The on/off gain

reached 175% in the 4-cm-long wires (Fig. 2a), an improvement
of a factor of 19 on previous results in silicon32.

Similarly, we observed backward SBS (see Supplementary
Information) for counter-propagating pump and Stokes waves,
which generate elastic waves with a large wavevector K ≈ 2k0
(where k0 is the pump wavevector). However, we achieved the
giant light–sound overlap only for forward SBS, for co-propagating
pump and Stokes waves that generate low-group-velocity acoustic
phonons with small wavevector K ≈Ω/vg (where vg is the optical
group velocity). Therefore, we focus on forward SBS here.

We next measured the strength of the cross-phase modulation
(XPM) imprinted on a weak probe by a strong intensity-modulated
pump (Fig. 2c,d). The experiment yielded a distinct asymmetric
Fano signature at Ωm/2π = 9.2 GHz caused by interference
between the resonant Brillouin and the non-resonant Kerr response
(see Supplementary Information). The lineshape follows
|(γXPM(Ω))/(2γK)|

2, where γK is the Kerr parameter, and

γXPM(Ω) = 2γK + γSBSL(Ω)

L(Ω) = 1
−2Δr + i

Δr =
Ω − Ωm

Γm

We deduced the ratio γSBS/γK to be 2.5 and Qm = 249 from the
fit. The Kerr parameter γK of similar silicon wires has
been studied extensively, with values reported at γK = 566 W−1m−1

for our cross-section35. Because of the pillar etch, the light is
more confined to the high-index silicon core. In simulations we
found that this yields a slight increase in the Kerr effect (by 8%)
to γK = 611 W−1m−1. Thus, we have 2γSBS = 3,055 W−1m−1, within
5% of the value obtained from the gain experiments. This nonlinear-
ity is roughly a factor of 103 stronger than in photonic crystal and
highly nonlinear fibres15,36,37.

Furthermore, the resonance frequency, quality factor and inter-
action strength are in good agreement with the models. To study
the frequency we performed the XPM experiment for waveguide
widths from 350 nm to 500 nm (Fig. 3b). Both a simple Fabry–
Pérot (Ωm/2π = v/2w) and a sophisticated finite-element model
match the observed resonances. The finite-element model takes
into account the exact geometry of the wires (obtained from scan-
ning electron microscopy; Fig. 1c). This includes the waveguide
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Figure 1 | A silicon wire on a pillar as an acoustic phonon cavity. a, Top view of the silicon wire. Light propagates along the wire. It confines photons
because of its high optical contrast with the silicon dioxide substrate and the air. b, Unlike the photons, the phonons are trapped transversally. The leakage of
phonons through the pillar determines their lifetime (τ≈ 5 ns). c, Scanning electron micrograph of the 450 × 230 nm cross-section. Before ion milling, platina
(Pt) is deposited on the wire for better visualization (see Methods). Pillars as narrow as 15 nm were fabricated reliably. d, The horizontal component of the
observed hypersonic mode u (red, −; blue, +) aligns with the bulk electrostrictive forces (black arrows) and the boundary radiation pressure (grey arrows).
e, Electric field norm of the quasi-TE optical mode.
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A brief story of micro cavities
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OpYcal	Forces	in	the	Microscopic	World

Integrated	parYcle	trapping	setup	at	Cornell	
(Lipson	group)

mode at 1.5 m.  The resolution of our absorption spectroscopy device is determined by the 
free spectral range between resonances, therefore the ring radius (100 m) was chosen to 
provide a FSR of ~1 nm.  The Ey mode profile for quasi TM polarized light with an aqueous 
upper cladding is shown in Fig. 1(b).  The coupling distance between the bus waveguide and 
ring is 300 nm.  The straight waveguides are oxide clad which provides a symmetric index 
profile to increase optical fiber input light coupling and also reduces waveguide losses.  The 
ring resonators are exposed (uncladded) which allows maximum interaction of the evanescent 
light trapped in the ring with any subsequent fluidic cladding.   

  The optical structure was fabricated using standard microfabrication techniques on a 
silicon-on-insulator wafer with a 3 m buried oxide layer and 250 nm device layer.  The 
devices were patterned with a JEOL electron beam lithography system and then etched using 
inductively coupled plasma etching.  Lift-off resist and then photoresist were spun onto the 
wafer and patterned using contact lithography to mask the ring resonators.  A 1.7 m cladding 
layer of silicon dioxide was then evaporated over the wafer using an electron gun source and 
cryopumped evaporator.  After dicing and polishing, the oxide and resist over the ring 
resonator were removed using Microposit Remover 1165 leaving the ring exposed (Fig. 2(a)).   

The microfluidic channels were made from PDMS using soft lithography processes.  A 
master mold for the microfluidic channels was made by spin-coating SU-8 photoresist to a 
thickness of 30 m on a silicon wafer.  Using contact lithography, channels with a width of 
300 m were patterned onto the SU-8 including alignment marks to later align the channels to 
the photonic devices.  PDMS was then poured over the mold and baked at 80°C for several 
hours.  The PDMS was then cut and peeled off the master wafer and holes were punched 
through the PDMS to act as inlet and outlet ports for fluids.  The chip and fluidics layer were 
then oxygen plasma cleaned before a contact aligner was used to irreversibly bond the PDMS 
to our device chip.  Finally, we connect Tygon tubing to the microfluidic channel inlets to 
allow fluid to be introduced into the channel.  The completed device is shown in Fig. 2(b) and 
includes over 50 waveguides and ring resonators with their output offset by 3 mm to prevent 
input light from scattering into the output light detector.  A microfluidic channel connects the 
two inlets (highlighted in yellow in Fig. 2(b)) and crosses the ring resonators that are coupled 
to each waveguide.  The required volume of fluid to cover a single ring resonator with the 
channel size used for this device is less than 2 nL.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                      (a)                                                              (b)  
 

Fig. 2.  (a). Optical microscope image of the fabricated structure consisting of an exposed 
silicon microring resonator and an oxide clad bus waveguide. (b) Complete device with an 
integrated PDMS microchannel spanning 50 waveguides with ring resonators. 
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Mass-spring Fabry-Perot systems?

41
Aspelmeyer, M., Kippenberg, T. J., & Marquardt, F. (2014). Cavity optomechanics. Reviews of Modern Physics, 86(4), 1391–1452.



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Modal field expansion

H.	A.	Haus.	Waves	and	fields	in	optoelectronics.	PrenYce-Hall,	1984.	
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Derivation of field amplitude lumped model
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Equation for the field amplitude

   κ = κe + κi

H.	A.	Haus.	Waves	and	fields	in	optoelectronics.	PrenYce-Hall,	1984.53
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Optical Time Domain Equation
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Optical Time Domain Equation

NormalizaYon

     !ωl | αin |2= Pin   αin = OpYcal	Pump	Field	Rate
55

     !a(t) = −iωca(t)
    
−
κ
2
a(t)     + κeαin e−iωlt



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Rotating wave approximation
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Rotating wave approximation
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Rotating wave approximation
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Optical Time Domain Equation
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Optical Time Domain Equation

OpYcal	Amplitude	EquaYon
60
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Optical Time Domain Equation
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Optical Time Domain Equation
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Optical - Frequency Domain
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Optical - Frequency Domain
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Optical - Frequency Domain
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Optical - Frequency Domain
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Optical - Frequency Domain
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Optical - Frequency Domain
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Optical - Frequency Domain
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Optical - Frequency Domain

Steady	state
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Optical - Frequency Domain

Steady	state
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Mechanical modes
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Mechanics of continuous

k, m

x(t)

Single	parYcle
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Mechanics of continuous

k, m

   
Fx = m

d2x

dt2

Newton’s Law

Single	parYcle
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Mechanics of continuous

k, m

  Fx = −kx

   
Fx = m

d2x

dt2

Newton’s Law

Hooke’s Law

Single	parYcle

x(t)

76



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Mechanics of continuous
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Mechanics of continuous
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Fext + Fx = m

d2x

dt2

Newton’s Law

    u(
!
r ,t)

      
∇ ⋅Text +∇ ⋅T = ρ

d2u(
!
r ,t)

dt2

   ∇ ⋅T = ∇ ⋅ c : S( )
Hooke’s Law

Single	parYcle Solid	mechanics

   S = ∇su( )
strain

x(t)

  Fx = −kx
Hooke’s Law

Newton’s Law (solid)

80

 c :	elasYc	sYffness

 ρ :	density



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Mechanics of continuous

k, m

   
Fext + Fx = m

d2x

dt2

Newton’s Law

    u(
!
r ,t)

Newton’s Law

   ∇ ⋅T = ∇ ⋅ c : S( )
Hooke’s Law

Single	parYcle Solid	mechanics

   S = ∇su( )
strain

x(t)

  Fx = −kx
Hooke’s Law

      
∇ ⋅Text +∇ ⋅(c : S) = ρ

d2u(
!
r ,t)

dt2
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Mechanics of continuous

k, m

   
Fx = −m

k
m

⎛

⎝
⎜⎜⎜
⎞

⎠
⎟⎟⎟⎟x = −mΩj

2x

Hooke’s Law 
(single mode)

    u(
!
r ,t)

     ∇ ⋅ c : Sj( ) = −ρΩj
2Uj

Hooke’s Law 
(single mode)

Single	parYcle Solid	mechanics

x(t)

   
Fext + Fx = m

d2x

dt2

Newton’s Law

      
∇ ⋅Text +∇ ⋅(c : S) = ρ

d2u(
!
r ,t)

dt2

Newton’s Law

    Sj(
!
r ) = ∇sU j(

!
r )
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Mechanics of continuous

    u(
!
r ,t)

Hooke’s Law 
(single mode)

Solid	mechanics

      
∇ ⋅Text +∇ ⋅T = ρ

d2u(
!
r ,t)

dt2

Newton’s Law

    Sj(
!
r ) = ∇sU j(

!
r )

    
ρ Ui

*Uj( )∫ dV = δijmeff

Orthogonality	relaYon

     ∇ ⋅ c : Sj( ) = −ρΩj
2Uj
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Mechanics of continuous

    u(
!
r ,t)

Solid	mechanics

      
∇ ⋅Text +∇ ⋅T = ρ

d2u(
!
r ,t)

dt2

    Sj(
!
r ) = ∇sU j(

!
r )

     u(
!
r ,t) =∑bj(t)Uj(

!
r )

     S(
!
r ,t) =∑bj(t)Sj(

!
r )

Mechanical	Field

    
ρ Ui

*Uj( )∫ dV = δijmeff

Orthogonality	relaYon

     ∇ ⋅ c : Sj( ) = −ρΩj
2Uj
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Mechanics of continuous

    u(
!
r ,t)

Solid	mechanics

      
∇ ⋅Text +∇ ⋅T = ρ

d2u(
!
r ,t)

dt2

    Sj(
!
r ) = ∇sU j(

!
r )

     u(
!
r ,t) =∑bj(t)Uj(

!
r )

     S(
!
r ,t) =∑bj(t)Sj(

!
r )

Mechanical	Field

    
ρ Ui

*Uj( )∫ dV = δijmeff

Orthogonality	relaYon

     
fext +∇ ⋅(c : b∑ j

(t)Sj ) = ρ
d2

dt2
(bj(t)∑ Uj )

     ∇ ⋅ c : Sj( ) = −ρΩj
2Uj
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Mechanics of continuous

    u(
!
r ,t)

Solid	mechanics

      
∇ ⋅Text +∇ ⋅T = ρ

d2u(
!
r ,t)

dt2

    Sj(
!
r ) = ∇sU j(

!
r )

     u(
!
r ,t) =∑bj(t)Uj(

!
r )

     S(
!
r ,t) =∑bj(t)Sj(

!
r )

Mechanical	Field

    
ρ Ui

*Uj( )∫ dV = δijmeff

Orthogonality	relaYon

     
fext +∇ ⋅(c : b∑ j

(t)Sj ) = ρ
d2

dt2
(bj(t)∑ Uj )

     ∇ ⋅ c : Sj( ) = −ρΩj
2Uj

      fext − Ωj
2bj(t)ρUj∑ = !!bj(t)ρ∑ Uj

 
∫ ⎡
⎣⎢    

⎤
⎦⎥
Ui

*dV
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Mechanics of continuous

    u(
!
r ,t)

Solid	mechanics

      
∇ ⋅Text +∇ ⋅T = ρ

d2u(
!
r ,t)

dt2

    Sj(
!
r ) = ∇sU j(

!
r )

     u(
!
r ,t) =∑bj(t)Uj(

!
r )

     S(
!
r ,t) =∑bj(t)Sj(

!
r )

Mechanical	Field

    
ρ Ui

*Uj( )∫ dV = δijmeff

Orthogonality	relaYon

     
fext +∇ ⋅(c : b∑ j

(t)Sj ) = ρ
d2

dt2
(bj(t)∑ Uj )

     ∇ ⋅ c : Sj( ) = −ρΩj
2Uj

      fext − Ωj
2bj(t)ρUj∑ = !!bj(t)ρ∑ Uj

 
∫ ⎡
⎣⎢    

⎤
⎦⎥
Ui

*dV

     
!!bj(t) + Ωi

2bi(t) =
Fi,ext

meff

Lumped	Model

87

Hooke’s Law 
(single mode)

Newton’s Law

 c :	elasYc	sYffness

 ρ :	density
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Lumped Model - Frequency Domain

    u(
!
r ,t)

Solid	mechanics

      
!!b(t) + γm

!b(t) + Ωm
2 b(t) =

Fext

meff

Mechanical	Loss	Channel
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Lumped Model - Frequency Domain

    u(
!
r ,t)

Solid	mechanics

      
!!b(t) + γm

!b(t) + Ωm
2 b(t) =

Fext

meff

Mechanical	Loss	Channel

    

!b(Ω) = dt  eiΩt

−∞

+∞

∫ b(t)
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Lumped Model - Frequency Domain

    u(
!
r ,t)

Solid	mechanics

      
−Ω2!b(Ω)− iΩγm!b(Ω) + Ωm

2 !b(Ω) =
F" ext(Ω)
meff

Mechanical	Loss	Channel

    

!b(Ω) = dt  eiΩt

−∞

+∞

∫ b(t)

      
!!b(t) + γm

!b(t) + Ωm
2 b(t) =

Fext

meff
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Lumped Model - Frequency Domain

    u(
!
r ,t)

Solid	mechanics

      
−Ω2!b(Ω)− iΩγm!b(Ω) + Ωm

2 !b(Ω) =
F" ext(Ω)
meff

Mechanical	Loss	Channel

    

!b(Ω) = dt  eiΩt

−∞

+∞

∫ b(t)

      
!b(Ω) = χbb(Ω)F" ext(Ω)

    
χbb(Ω) = meff Ωm

2 −Ω2 − iΩγm( )⎡
⎣⎢

⎤
⎦⎥
−1

Mechanical	SuscepYbility

Mechanical	Frequency	Response

      
!!b(t) + γm

!b(t) + Ωm
2 b(t) =

Fext

meff
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Lumped Model - Frequency Domain

    u(
!
r ,t)

Solid	mechanics

      
!b(Ω) = χbb(Ω)F" ext(Ω)

    
χbb(Ω) = meff Ωm

2 −Ω2 − iΩγm( )⎡
⎣⎢

⎤
⎦⎥
−1

Mechanical	SuscepYbility

Mechanical	Frequency	Response

    
χbb(0) = meffΩm

2⎡
⎣⎢

⎤
⎦⎥
−1

= 1 / k  Ω ≈ 0

  Ω ≈ Ωm
    χbb(Ω) ≈ 2meffΩm (Ωm −Ω)− i γm 2( )⎡

⎣
⎤
⎦
−1

DC	response

Lorentzian	shape
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Lumped Model - Frequency Domain

      
!b(Ω) = χbb(Ω)F" ext(Ω)

Mechanical	Frequency	Response

    χbb(Ω) ≈ 2meffΩm (Ωm −Ω)− i γm 2( )⎡
⎣

⎤
⎦
−1

Lorentzian	shape

93

Optomechanical	Crystal

c

10

10-1     PSD ∝ χbb(Ω)
2

    

χbb(Ω)
2
≈

1

4m2
effΩ

2
m (Ωm −Ω)2 − (γm 2)2( )
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Wavelength

Re
fle

ct
ed

	P
ow

er

�0

Optomechanical cavity toy-model

94

δλ

gom

ωc(x) ≈ ωc +
∂ω
∂x
x = ωc −

ω
L

⎛

⎝
⎜⎜⎜
⎞

⎠
⎟⎟⎟x

ωc = n
πc
L

xL
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Outline

95

Optical and acoustic mode interaction

Optical force actuation
Dynamical back-action

Optomechanical clocks
Bullseye - a case study

Outlook
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Optical Cavities: Harnessing Light Force

f =
Δp
Δt

96

L

single-
photon
force

= !gom=
2!k
Δt
= 2!k(

c
2L
) = !

ωc
L

Δp = 2!k

Frequency pull
parameter

Single-photon
 force

ωc(x) ≈ ωc − gomx gom = ω / L

≈ 2 fN
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Optical Forces Among Guiding Structures

97

Eichenfield	et	al.	
Nature	Photonics	(2007)

Eichenfield	et	al.	
Nature	(2009)

Wiederhecker	et	al.	
Nature	(2009)
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Optical Cavities: Harnessing Light Force

    

L = 2.5 cm

Q = 106 (1ns)
F ≈ 10

  10−5  pN   10−3pN   10−2  pN
     

L = 4 µm

Q = 106 (1ns)

F ≈ 60×103     

L = 2πR ≈ 60 µm

Q = 106 (1ns)

F ≈ 4×103

98

Fabry-Perot Ring	resonator PhC

 f
force	due	to	single-
photon    = !gom

A	standard	laser	pointer	can	load	a	cavity	with	as	
much	as	10	million	photons!

    F = 106!gom ≈ nN
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Controlling Cavities with Optical Forces

  5 µm

99
Wiederhecker et al, Nature 462 (2009)
Wiederhecker et al, OpEx 19, 2782 (2011)
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Controlling Cavities with Optical Forces

100
Wiederhecker et al, Nature 462 (2009)
Wiederhecker et al, OpEx 19, 2782 (2011)
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Controlling Cavities with Optical Forces

300 x 200 nm spokes!
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Wiederhecker et al, Nature 462 (2009)
Wiederhecker et al, OpEx 19, 2782 (2011)
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Attractive and Repulsive Forces

100 200 300 400 500

-20

-10

0

10

20

30

40

Gap HnmL

Fr
eq
ue
nc
y
Sp
lit
tin
gHTH

zL

transmission

102
Wiederhecker et al, Nature 462 (2009)
Wiederhecker et al, OpEx 19, 2782 (2011)

single-
photon
force

F ∝ gom



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Attractive and Repulsive Forces
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Reflected	
light

Optical Force Tuning of Microcavity

104

Microscope		
IlluminaYon

 60 nm

13 mW
0

1

162016001580
Wavelength (nm)

Wiederhecker et al, Nature 462 (2009)
Wiederhecker et al, OpEx 19, 2782 (2011)

Fopt ≈ 50 nN
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Static Bistability 

105Detuning	(∆)	

Fo
rc
es
	(a
rb
.	u
ni
t)

O
pt
.	p
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.	(
ar
b.
	u
ni
t)

Tr
an
sm

iss
io
n

Dorsel, A., J. D. McCullen, P. Meystre, E. Vignes, and
H. Walther, 1983, Phys. Rev. Lett. 51, 1550.

    

m
eff
ω

0

g
OM

x
0

=
αin

2 κe
(Δ− g

OM
x

0
)
2 + κ2

/ 4

Solve	for	displacement:	cubic	equaYon

V ∝ ∫
αin
2 κe

(Δ− g
OM
x)2 + κ2 / 4

dx
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Outline

106

Optical and acoustic mode interaction

Optical force actuation
Dynamical back-action

Optomechanical clocks
Bullseye - a case study

Outlook
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Dynamical Back-action

107

δx
(t
)

Yme

m = 100 pg
Ω / 2π = 1 MHz

Thermal 
noise

δFth    δx(t)
Displacement

noise

δxT ≈ 40 pm

Aspelmeyer, et al (2014).
RMP, 86(4), 1391–1452.
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Dynamical Back-action

108
Aspelmeyer, et al (2014).
RMP, 86(4), 1391–1452.

gom / 2π ≈ 10
4
 GHz/pm

δω / 2π ≈ 400 MHz

Frequency
noise

Thermal 
noise

   δx(t) δω(t)δFth
Displacement

noise

δxT ≈ 40 pm

δx
(t
)

Yme
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Dynamical Back-action

109
Aspelmeyer, et al (2014).
RMP, 86(4), 1391–1452.

Frequency
noise

Thermal 
noise

   δx(t)
Cavity 

dispersion
Photon number

noise

δn(t ± τ)δω(t)δFth
Displacement

noise

δx
(t
)

Yme

gom / 2π ≈ 10
4
 GHz/pm

δω / 2π ≈ 400 MHz

δxT ≈ 40 pm
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Frequency
noise

Dynamical Back-action

Thermal 
noise

   δx(t)

110
Aspelmeyer, et al (2014).
RMP, 86(4), 1391–1452.

Cavity 
dispersion

Photon number
noise

δn(t ± τ)

Optical force 
noise

δF(t ± τ)

± δω(t)δFth
Displacement

noise

gom / 2π ≈ 10
4
 GHz/pm

δω / 2π ≈ 400 MHz

δxT ≈ 40 pm
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Optical Time Domain Equation

     !a(t) = i(ωl − ωc)a
    
−
κ
2
a     + κeαin

OpYcal	Amplitude	EquaYon
111
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!!x + γm !x + ωm

2 x =
Fopt

m

Optical Time Domain Equation

     
!a(t) = i(ωl − ωc)−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + κeαin
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Optical Time Domain Equation

     
!!x + γm !x + ωm

2 x =
Fopt(a)

m

     
!a(t) = i(ωl − ωc(x))−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + κeαin
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Optical Time Domain Equation

     
!!x + γm !x + ωm

2 x =
g

OM

mω
0

| a |
2

     
!a(t) = i(Δ+ g

OM
x(t))−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + κeαin

    ωc = ωo(1− g
OM

x(t))

   Δ = ωl − ωo
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Optical Time Domain Equation

     
!!x + γm !x + ωm

2 x =
a(t)

2

g
OM

ω
0
m

     
!a(t) = iΔ−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + ig

OM
ax(t) + κeαin

Coupled	
EquaYons
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Optical Time Domain Equation

     
!a(t) = iΔ−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + ig

OM
ax(t) + κeαin

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)
Linearized	dynamics:

     
!!x + γm !x + ωm

2 x =
g

OM

ω
0
m

| a(t) |
2

116

Time
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Zeroth order equation: static shift

     
!a(t) = iΔ−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + ig

OM
ax(t) + κeαin

     
!!x + γm !x + ωm

2 x =
"g

OM

m
eff

a(t)
2

The	zeroth	order	soluYon	is	basically	the	exact	staYc	soluYon	of	the	problem!

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)
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Zeroth order equation: static shift

     
!a(t) = iΔ−

κ
2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟a + ig

OM
ax(t) + κeαin

     
!!x + γm !x + ωm

2 x =
"g

OM

m
eff

a(t)
2

The	zeroth	order	soluYon	is	basically	the	exact	staYc	soluYon	of	the	problem!

    
U ≡| a0 |2=

αin
2 κe

′Δ 2 + κ2 / 4

    
x0 =

g
OM

ω0meff

U

Average	number	of	
photons

StaYc		
displacemen
t

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)
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Zeroth order equation: static shift

Average	number	of	
photons

StaYc		
displacemen
t

Not	so	easy	buddy!		
The	detuning	(∆)	is	a	funcYon	of	posiYon	(x)	!    Δ ' = Δ− g

OM
x

0

    
U ≡| a0 |2=

αin
2 κe

′Δ 2 + κ2 / 4

    
x0 =

g
OM

ω0meff

U

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)
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First order equation: dynamics

     

F(t) ∝| a
0

+ δa |
2=

g
OM

ω
0

(a
0

2 + a
0
δa* + a

0

*δa
δF(t)

! "##### $##### + δa2
)

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)
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First order equation: dynamics

     
δ !!x = −Ω2δx − γδ !x −

g
OM

ω0meff

a0δa
* + a0

*δa( )
     

F(t) ∝| a
0

+ δa |
2=

g
OM

ω
0

(a
0

2 + a
0
δa* + a

0

*δa
δF(t)

! "##### $##### + δa2
)

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)
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First order equation: dynamics

     
δ !!x = −Ω2δx − γδ !x −

g
OM

ω0meff

a0δa
* + a0

*δa( )
     

F(t) ∝| a
0

+ δa |
2=

g
OM

ω
0

(a
0

2 + a
0
δa* + a

0

*δa
δF(t)

! "##### $##### + δa2
)

    

a(t) ≈ a0 + δa(t)

x(t) ≈ x0 + δx(t)

     δ !!x = −Ω2δx − γδ !x + δF(t) / meff
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First order equation: dynamics

     δ !!x = −Ω2δx − γδ !x + δF(t)

     
δ !a = (iΔ' −

κ
2
)δa − ig

OM
a

0
δx

     meff(Ω
2 − ω2 + iγω)δ!x[ω] = δ !F[ω]

Fourier		
transform:	

     

!f [ω] = f (t)eiωt dt
−∞

∞

∫

     

δ!a(ω) =
−ig

OM
a

0

−ω − (iΔ−
κ
2
)

δ!x(ω)
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First order equation: dynamics

     
δ !F[ω] = δ!x

g
OM
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Dynamical Back-action
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Dynamical Back-action
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Cooperativity
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Limit cycle oscillations at the Lab.
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Double-disk Optomechanical Cavity
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Double-disk Optomechanical Cavity
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Double-disk Limit cycle
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Synchronization of Oscillators

1.1 Synchronization in historical perspective 3

pendulum in opposite swings were so much in agreement that they never
receded the least bit from each other and the sound of each was always heard
simultaneously. Further, if this agreement was disturbed by some interference, it
reestablished itself in a short time. For a long time I was amazed at this
unexpected result, but after a careful examination finally found that the cause of
this is due to the motion of the beam, even though this is hardly perceptible. The
cause is that the oscillations of the pendula, in proportion to their weight,
communicate some motion to the clocks. This motion, impressed onto the beam,
necessarily has the effect of making the pendula come to a state of exactly
contrary swings if it happened that they moved otherwise at first, and from this
finally the motion of the beam completely ceases. But this cause is not
sufficiently powerful unless the opposite motions of the clocks are exactly equal
and uniform.

The first mention of this discovery can be found in Huygens’ letter to his father
of 26 February 1665, reprinted in a collection of papers [Huygens 1967a] and repro-
duced in Appendix A1. According to this letter, the observation of synchronization
was made while Huygens was sick and stayed in bed for a couple of days watching
two clocks hanging on a wall (Fig. 1.2). Interestingly, in describing the discovered
phenomenon, Huygens wrote about “sympathy of two clocks” (le phénoméne de la
sympathie, sympathie des horloges).

Thus, Huygens had given not only an exact description, but also a brilliant quali-
tative explanation of this effect of mutual synchronization; he correctly understood
that the conformity of the rhythms of two clocks had been caused by an impercep-
tible motion of the beam. In modern terminology this would mean that the clocks
were synchronized in anti-phase due to coupling through the beam.

In the middle of the nineteenth century, in his famous treatise The Theory of
Sound, William Strutt (Fig. 1.3) [Lord Rayleigh 1945] described the interesting
phenomenon of synchronization in acoustical systems as follows.

When two organ-pipes of the same pitch stand side by side, complications ensue
which not unfrequently give trouble in practice. In extreme cases the pipes may

Figure 1.2. Original
drawing of Christiaan
Huygens illustrating his
experiments with two
pendulum clocks placed on
a common support.

“It	 is	 quite	 worth	 noJng	 that	 when	 we	
suspended	two	clocks	so	constructed	 from	two	
hooks	imbedded	in	the	same	wooden	beam,	the	
moJons	 of	 each	 pendulum	 in	 opposite	 swings	
were	 so	 much	 in	 agreement	 that	 they	 never	
receded	 the	 least	 bit	 from	 each	 other	 and	 the	
s o u n d	 o f	 e a c h	 w a s	 a l w a y s	 h e a r d	
simultaneously...”

“Further,	 if	 this	 agreement	 was	 disturbed	 by	
some	 interference,	 it	 reestablished	 itself	 in	 a	
short	Jme.”

ChrisJaan	Huygens,	26	February	1665.
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1. Pikovsky, A., Rosenblum, M. & Kurths, J. Synchronization. (Cambridge University Press: 2003).
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Georg Heinrich,1 Max Ludwig,1 Jiang Qian,2 Björn Kubala,1 and Florian Marquardt1,3

1Institute for Theoretical Physics, Universität Erlangen-Nürnberg, Staudtstr. 7, 91058 Erlangen, Germany
2Department of Physics, Center for NanoScience and Arnold Sommerfeld Center for Theoretical Physics,

Ludwig-Maximilians-Universität München, Theresienstr. 37, D-80333 München, Germany
3Max Planck Institute for the Science of Light, Günther-Scharowsky-Straße 1/Bau 24, 91058 Erlangen, Germany

(Received 24 September 2010; revised manuscript received 30 April 2011; published 20 July 2011)

Optomechanical systems couple light stored inside an optical cavity to the motion of a mechanical mode.

Recent experiments havedemonstrated setups, such as photonic crystal structures, that in principle allowone

to confine several optical and vibrational modes on a single chip. Here we start to investigate the collective

nonlinear dynamics in arrays of coupled optomechanical cells.We show that such ‘‘optomechanical arrays’’

can display synchronization, and that they can be described by an effective Kuramoto-type model.

DOI: 10.1103/PhysRevLett.107.043603 PACS numbers: 42.50.Wk, 07.10.Cm, 42.65.Sf

The emerging field of optomechanics seeks to explore the
interaction between nanomechanics and light (see [1] for a
recent review). Rapid progress in laser cooling of nano-
mechanical oscillators [2,3] promises new fundamental
tests of quantum mechanics [4], while applications benefit
from ultrasensitive detection of displacements, masses and
forces [5–7]. Recently, the exciting concept of optomechan-
ical crystals has been introduced [8–10], where defects in
photonic crystal structures are used to generate both local-
ized optical and mechanical modes that interact with each
other. For instance, this opens the prospect of integrated
optomechanical circuits combining several functions on a
single chip (see also [11,12]). On a fundamental level, this
raises questions concerning potential collective dynamics
in systems consisting of many coupled optomechanical
cells, which we will term optomechanical ‘‘arrays’’
[Figs. 1(a) and 1(b)]. Here we start to address this issue
and explore, in particular, synchronization phenomena.

Any optomechanical system consists of a laser-driven
optical mode (OM) whose frequency shifts in response to a
mechanical displacement: !!opt ¼ "Gx. For a laser red-
detuned from the OM (! ¼ !Laser "!opt < 0Þ, dynamical
backaction effects induced by the finite photon decay time
""1 lead to cooling of the mechanical motion. For blue
detuning (!> 0), antidamping results. Once this over-
comes the internal mechanical friction, a Hopf bifurcation
towards a regime of self-induced mechanical oscillations
takes place [Fig. 1(c)] [13–18]. While the mechanical
amplitude A is fixed, the oscillation phase ’ is undeter-
mined and, as we will see, may lock to external forces or to
other optomechanical oscillators.

Synchronization has first been discovered by Huygens and
is now recognized as an important feature of collective
nonequilibrium behavior in fields ranging from physics
over chemistry to biology and neuroscience [19]. A paradig-
matic, widely studied model for synchronization was intro-
duced by Kuramoto [20]. For two oscillators, his phase
evolution equation reads _’1 ¼ "1 þ K sinð’2 " ’1Þ,

and likewise for _’2. One finds synchronization ( _’1 ¼ _’2)
if the couplingK exceeds the thresholdKc ¼ j"2 ""1j=2,
and the phase lag !’ ¼ ’2 " ’1 vanishes for large K
according to sinð!’Þ ¼ ð"2 ""1Þ=2K. For the globally
coupled, mean-field type version of infinitely many oscilla-
tors, there is a phase transition towards synchronization
beyond some threshold Kc that depends on the frequency
distribution [21]. In many examples the Kuramoto model is
found as a generic, reduced description of the phase dynam-
ics. Nevertheless, for any specific system, it remains to be
seen whether this model (or possibly a structurally similar
variant thereof) applies at all, and how the coupling K is
connected to microscopic parameters [22–24]. We now turn
to this question in the case of optomechanical oscillators.
A single optomechanical cell consists of a mechanical

mode (displacement x) coupled to a laser-driven OM (light
amplitude #):

m €x ¼ "m"2x"m$ _xþ @Gj#j2; (1)

_# ¼
!
ið!þGxÞ " "

2

"
#þ "

2
#max: (2)

laser drivecell 1

cell 2optical mode
mechanical mode

(a)

amplitude

phase

laser
power

...(b)

(c)

bifurcation

FIG. 1 (color online). Optomechanical crystals may be used to
build arrays with several localized optical and mechanical
modes. (a) Potential setup fabricated as a periodically patterned,
freestanding dielectric beam on a chip with laser drive via
tapered fibre as in [8,9]. (b) Schematic array of mechanically
coupled optomechanical cells. (c) For a single cell, at sufficient
laser drive power, there is a Hopf bifurcation towards self-
induced mechanical oscillations with an undetermined phase ’.
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Mutual phase-locking of microwave spin torque
nano-oscillators
Shehzaad Kaka1, Matthew R. Pufall1, William H. Rippard1, Thomas J. Silva1, Stephen E. Russek1

& Jordan A. Katine2

The spin torque1,2 effect that occurs in nanometre-scale magnetic
multilayer devices can be used to generate steady-state microwave
signals in response to a d.c. electrical current3–8. This establishes a
new functionality for magneto-electronic structures that are more
commonly used as magnetic field sensors and magnetic memory
elements9. The microwave power emitted from a single spin
torque nano-oscillator (STNO) is at present typically less than
1 nW. To achieve a more useful power level (on the order of
microwatts), a device could consist of an array of phase coherent
STNOs, in a manner analogous to arrays of Josephson junctions
and larger semiconductor oscillators10–12. Here we show that two
STNOs in close proximity mutually phase-lock—that is, they
synchronize, which is a general tendency of interacting nonlinear
oscillator systems13–15. The phase-locked state is distinct, charac-
terized by a sudden narrowing of signal linewidth and an increase
in power due to the coherence of the individual oscillators. Arrays
of phase-locked STNOs could be used as nanometre-scale refer-
ence oscillators. Furthermore, phase control of array elements
(phased array) could lead to nanometre-scale directional trans-
mitters and receivers for wireless communications.
Mutually phase-locked interacting oscillators are surprisingly

common natural occurrences. Examples of self-synchronizing sys-
tems include oscillations of interacting Josephson junctions10,11,16,17,
the rhythmic flashing of certain fireflies18 and the oscillations of a
system of two pendulum clocks coupled through a wall, as first
reported by Huygens in the seventeenth century19. Participating
elements of a phase-locked systemmust exhibit a nonlinear response
to forcing stimuli; hence, under certain conditions, a collectively
ordered state emerges from a complex dynamical system. Phase-
locking occurs in STNOs because magnetic precession, the source of
microwave oscillations, is inherently nonlinear20.
Electrical nano-contacts to thin-film magnetic bilayer mesas are

d.c. current-controlled STNOs that produce microwave precession
ranging from 1GHz to beyond 40GHz, with spectral linewidths
typically in the range 2–50MHz at room temperature6,21. The
oscillations are detected by measuring the time-varying voltage
across the device caused by the giant magnetoresistance (GMR)
effect22 and the d.c. current through the contact. When active, the
STNOs are predicted to generate spinwaves flowing outward from
the region immediately beneath the nano-contact23. With the intent
of using spinwave interactions to facilitate phase-locking between
two STNOs, we investigated a device with two independently con-
nected approximately 40-nm diameter contacts A and B separated by
500 nm on the samemesa (Fig. 1a, b). The two contacts are separately
current biased, making each contact an independently controlled
STNO. Bias-tees separate the d.c. current applied through each
oscillator from the generated high-frequency output signal. The

LETTERS

Figure 1 | Structure and basic behaviour of a two-nano-contact device.
a, Cross-sectional diagram of a two-nano-contact device structure with
contact diameter d < 40 nm and contact separation r ¼ 500 nm on a single
mesa. The mesa layer structure is [Ta 5 nm/Cu 50 nm/Co90Fe10 20 nm/Cu
5 nm/Ni80Fe20 5 nm/Cu 1.5 nm/Au 2.5 nm]. b, Micrograph of actual two-
nano-contact device with two independent leads. Scale bar (green), 500 nm.
the blue arrow gives the direction of the Ampere field generated by positive
current (coming out of the plane) through contact B at contact A. The red
arrow is the direction of the Ampere field generated by contact A at contact B
and also the direction of the in-plane component of the external magnetic
field. At the right is shown a measurement diagram showing a bias tee and
d.c. current source for each contact. The high-frequency power output is
combined in a microwave power combiner and then sent to the spectrum
analyser (S.A.). c, Plot of frequency of non-interacting oscillator against
current. The blue curve is output for contact A, the red curve for contact B.
d, Plot of power output against current for each non-interacting oscillator;
blue triangles are for contact A, red squares for contact B.
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Synchronized Oscillation in Coupled
Nanomechanical Oscillators
Seung-Bo Shim,* Matthias Imboden, Pritiraj Mohanty†

We report measurements of synchronization in two nanomechanical beam oscillators coupled by a
mechanical element. We charted multiple regions of frequency entrainment or synchronization by
their corresponding Arnold’s tongue diagrams as the oscillator was driven at subharmonic and
rational commensurate frequencies. Demonstration of multiple synchronized regions could be
fundamentally important to neurocomputing with mechanical oscillator networks and
nanomechanical signal processing for microwave communication.

The concept of synchronized oscillation in
coupled systems is pervasive in both na-
ture (1) and human physiology (2). Ex-

amples of synchronization include rhythmic
blinking of fireflies (3), the activity of pacemaker
cells in the sinoatrial node of a human heart (4),
and the spin-orbit resonance of the planet Mer-
cury (5). In physical systems, synchronization
has been studied for over three centuries, starting

with Huygens’ discovery of the phenomenon in
two coupled pendulum clocks (6) and leading to
modern-day experiments on coherent radiation in
coupled spin-torque nano-oscillators (7, 8) and
parametric resonance in mechanical oscillators
(9, 10).

Frequency entrainment, a class of synchroni-
zation, of coupled micro- and nanomechanical
oscillators is of fundamental and technical

interest. A two-oscillator system demonstrates
inherently rich linear and nonlinear dynamics,
which contrast with its deceptive simplicity (1, 11).
After the historical observation of synchroniza-
tion of two pendulum clocks by Huygens,
Appleton (12) and van der Pol (13) showed that
the frequency of a triode generator can be
entrained, or synchronized, to an external drive;
their work was motivated by the potential ap-
plication in radio communication. The first sys-
tematic studies of synchronization in biological
systems (and, in particular, human physiology)
started with Peskin’s attempt to model self-
synchronization of cardiac pacemaker cells to
understand the generation of a heartbeat (4). In
biological neurocomputing, neural networks
show rhythmic behavior, exemplified in many

Department of Physics, Boston University, 590 Common-
wealth Avenue, Boston, MA 02215, USA.
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Fig. 1. Device micrograph, magnetomotive characterization, and mode
shape. (A) Scanning electron micrograph of the coupled nanomechanical
oscillator. Two main beams, each 10 mm in length, are doubly clamped to
contact pads a and b and to c and d, respectively. The main beams are
mechanically coupled near the center by a 5-mm-long beam. The beams are
500 nm wide and thick. The electrical leads (colored yellow) are selectively
deposited such that contacts a and b are electrically isolated from contacts c
and d. We observe two separate modes in the coupled nanomechanical
resonator, labeled below as mode 1 and mode 2 with resonance frequencies
of 15.241 and 16.071 MHz, respectively. (B) Linear and nonlinear response
of the device structure in mode 1. The response has Lorentzian shape in the
linear regime. Asymmetric responses and hysteresis occur when Pdrive is
greater than −60 dBm (trace D). The inset shows the mode shape from
finite element simulation. Vemf is the voltage measured by the network
analyzer. (C) Linear and nonlinear response of the device structure in mode
2. Nonlinearity commences at similar powers as in the mode 1. (D and E)

Plots of induced power (Pinduced) as a response of Pdrive at 5 T. Pinduced is a
measure of the resonant displacement, and Pdrive corresponds to the driving
force. From the log-log plot of driving force versus displacement, we
calculate the effective linear-response spring constants keff = 712 and 797
N/m for modes 1 and 2, respectively. Dx, the central displacement of the
beam. See SOM for technical details.
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Spin-torque	oscillators	
(NIST) MEMS	(U.	Boston)

C. A. HOLMES, C. P. MEANEY, AND G. J. MILBURN PHYSICAL REVIEW E 85, 066203 (2012)

ground plane

ground plane

central conductor

nanomechanical resonators

FIG. 1. A schematic of the nanoelectromechanical system under
consideration. A superconducting microwave cavity of frequency
ωc mediates a coupling between N nanomechanical resonators
capacitively coupled to it. The ith nanomechanical resonator has
resonant frequency ωi and microwave-mechanical coupling strength
gi . The microwave cavity is driven by a linear drive of amplitude ϵ at
a detuning from the cavity of δ.

nanomechanical resonators. However, the dynamical model
we derive in this section is applicable to other physical
implementations in different experimental contexts. In general
our model applies to a system of N + 1 oscillators: N single
flexural modes of independent mechanical resonators whose
displacements are coupled to a common single electromag-
netic field mode, also modeled as a single simple harmonic
oscillator. The coupling between each mechanical resonator
and the microwave field in the cavity is capacitive and
results in a frequency shift of the cavity resonance frequency
that, to lowest order, is proportional to the displacement of
the mechanical resonator. This results in a force on each
mechanical resonator that is proportional to the intensity
of the microwave field in the cavity. This is often called
radiation-pressure coupling [19]. A schematic of this system
is given in Fig. 1.

We model the dynamics of the microwave field in the co
planar transmission line by a lumped circuit LC electrical
resonator, and the dynamics of each mechanical resonator
is modeled as a single simple harmonic oscillator. The
Hamiltonian for a single nanomechanical resonator interacting
with the microwave field is

H = Φ2

2L
+ Q2

2C(q)
+ v(t)Q + p2

2m
+ mω2

2
q2, (1)

where the first term is the inductive energy with the Φ the
flux through the equivalent inductor with inductance L. The
second term is the charging energy with Q the charge on
the equivalent capacitor with capacitance C(q), which varies
with the displacement of the mechanical element. The third
term represents the potential energy due to an external ac bias
voltage of the equivalent circuit resonator. The fourth term
is the kinetic energy of the mechanical resonator of effective
mass m, and the last term is the elastic potential energy of a
single flexural mode of the mechanical resonator with ω. As
the displacement is small compared to the equilibrium distance
between the mechanical resonator and the central conductor
of the microwave cavity, we can expand C(q) to linear order
in q around the equilibrium displacement q0 to get an effective
Hamiltonian

H = Φ2

2L
+ Q2

2C0
+ p2

2m
+ mω2q2 + AQ2q + v(t)Q, (2)

where C0 = C(q0) and A = − 1
2

dC(q)
dq

|q=q0 . The classical
Hamilton equations are

dΦ

dt
= Q

C0
+ 2AQq + v(t),

dQ

dt
= −%

L
,

dq

dt
= p

m
, (3)

dp

dt
= −mω2q − AQ2.

When A = 0, the circuit equations of motion describe simple
harmonic oscillation at the frequency

ωc = 1√
LC0

. (4)

It is convenient at this point to define dimensionless canonical
variables. We do this by first fixing two energy scales,
one for the circuit degrees of freedom Ec and one for
the mechanical degrees of freedom Em. The dimensionless
canonical variables, (xc,yc) for the circuit and (x,y) for the
mechanics, are then defined by

xc = %√
2EcL

, yc = Q√
2EcC0

,

(5)
x = q

√
2Em

mω2

, y = p√
2mEm

.

We now anticipate an eventual quantum mechanical treatment
and set Ec = h̄ωc, Em = h̄ω. The appearance of h̄ at this stage
does not signify anything more than a convenient conversion
factor between energy and frequency. We also define a complex
amplitude for the circuit degrees of freedom as

α = xc + iyc, (6)

in terms of which we can write the Hamilton equations of
motion as

dα

dt
= −iωcα − ig(α − α∗)x + E(t),

dx

dt
= ωy, (7)

dy

dt
= −ωx − gy2

c ,

where

g =
√

2 AC0Ec√
mEm

, E(t) = v(t)√
2EcL

. (8)

We now assume that the circuit is harmonically driven and set

E(t) = E0 sin ωDt (9)

and define the rotating variable ᾱ = αeiωDt (equivalent to
going to the interaction picture in the quantum description). If
we then drop rapidly rotating terms (compared to the time scale
of observations), the equations of motion may be approximated
by

d ᾱ

dt
= −iδᾱ − igᾱx − iϵ,

dx

dt
= ωy, (10)

dy

dt
= −ωx − g

2
|ᾱ|2 ,
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!f lock = !fmech
Ainj

AOMO
!1 − " Ainj

AOMO
#2$−1/2

, %1&

where !fmech is the intrinsic linewidth of the passive me-
chanical resonator %tank&. Note that beyond the lock range
the phase difference between optomechanical oscillation and
the injected signal becomes random and the two signals are
unlocked.

Figure 3 shows the measured lock range as a function of
Ainj /AOMO for two different OMOs: one with fOMO
=13.8 MHz and !fmech=55 kHz and the other with fOMO
=84.1 MHz and !fmech=15 kHz. The solid lines are the
theoretical prediction based on Eq. %1&. Figure 4%a& shows the
measured phase difference between the injection signal and
OMO %measured using the lock-in amplifier&, plotted against
frequency detuning %fOMO-f inj& within a 3.4 kHz bandwidth
around fOMO. In this measurement, fOMO=13.8 MHz,
!fmech=55 kHz, and Ainj /AOMO=0.36. Figure 4%b& shows

the temporal behavior of the phase difference at fOMO= f inj in
the presence %ON& and absence %OFF& of the injection signal
on the MZ modulator. As evident from the trace, the phase
difference remains close to zero when injection is ON and
becomes random when injection is OFF. As a result, for f inj
within lock range, the phase difference between the injected
signal and the oscillation can be tuned by adjusting the fre-
quency detuning.

The phase noise of the optomechanical oscillation under
injection was also investigated, and as expected9 the pres-
ence of the locking signal improves the optomechanical os-
cillation phase noise. Figure 5 is the measured phase noise
spectral density of the detected optical power for two fre-
quency ranges %a& 0.01–10 kHz and %b& 10–1000 kHz. The

FIG. 2. %a& rf spectrum of the optical output power in the presence %black&
and absence %gray& of the injection signal. The dashed trace is the spectrum
of the optical input power. %b& rf spectrum of the optomechanical oscillation
tuned by injection signal. %c& rf spectrum of the detected optical power while
the frequency of the external modulation %injection signal& is tuned slightly
above and below the lock range %quasilocked regime&.

FIG. 3. Measured lock range plotted against the ratio between the modula-
tion amplitude and optomechanical oscillation amplitude %Ainj /AOMO& for
two different OMOs. The solid lines are the theoretical estimations based on
Eq. %1&.

FIG. 4. %a& Measured phase difference between the injection signal and
OMO in the vicinity of fOMO %fOMO=13.8 MHz, !fmech=55 kHz, and
Ainj /AOMO=0.36&. %b& Temporal behavior of the phase difference in the pres-
ence %ON& and absence of external modulation %OFF& when fOMO= f inj. Since
fOMO= f inj, the phase difference is locked to zero.
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Frequency entrainment for micromechanical oscillator
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We demonstrate synchronization of laser-induced self-sustained vibrations of radio-frequency
micromechanical resonators by applying a small pilot signal either as an inertial drive at the natural
frequency of the resonator or by modulating the stiffness of the oscillator at double the natural
frequency. By sweeping the pilot signal frequency, we demonstrate that the entrainment zone is
hysteretic and can be as wide as 4% of the natural frequency of the resonator, 400 times the 1/Q
#10!4 half-width of the resonant peak. Possible applications are discussed based on the wide range
of frequency tuning and the power gain provided by the large amplitude of self-oscillations
!controlled by a small pilot signal". © 2003 American Institute of Physics.
$DOI: 10.1063/1.1618363%

Frequency entrainment is one of the most spectacular
phenomena in nonlinear vibrations.1,2 It was discovered in
the 17th century by Huygens who remarked that two slightly
out of step pendulum-like clocks became synchronized after
they were attached to the same thin wooden board. Later, a
similar phenomenon !injection locking" was observed in
radio-frequency !rf" circuits3–5 and laser systems.6,7

In this letter, we report frequency entrainment observed
in a microelectromechanical system !MEMS" in the rf range.
Self-sustained vibrations of mushroom-like microfabricated
resonators !thin, single-crystal, silicon disk suspended above
the wafer by a silicon dioxide pillar at the center" induced by
a continuous-wave !cw" laser were reported earlier.8 Large
amplitude (#&/2 laser light" self-sustained mechanical oscil-
lations spontaneously occur at the fundamental frequency f 0
when the intensity of a cw laser beam focused on the periph-
ery of the disk reaches a critical value P threshold . The self-
oscillatory behavior is attributed to the automodulation of the
laser-induced thermal stress field that occurs as the disk
moves through the interferometric pattern created by incident
and reflected laser beams. These spontaneous vibrations are
subject to a frequency instability ' f / f 0#10!3 observed on a
spectrum analyzer as the sporadic motion of a narrow reso-
nant peak.

We can establish full control over the frequency and
phase of the self-oscillations of the disk by applying a small
periodic perturbation—a ‘‘pilot’’ signal—via inertial drive
!provided by an ac voltage applied to a piezoelement" at a
frequency close to f 0 or by modulating the effective spring
constant of the disk by superimposing a small rf component
on the laser beam intensity9 near 2 f 0 . As the frequency of
the perturbation is tuned close to f 0 or 2 f 0 , we readily ob-
serve a distinct point when the phase of the self-oscillatory
motion gets locked to that of the pilot. On the polar plot
display of a network analyzer !referenced by pilot signal",
the locking is manifested by a change from a pattern of spi-
rals to a single point. Once synchronized, a wide range of

frequency entrainment can be demonstrated by detuning the
pilot signal from f 0 !or 2 f 0) while preserving the locked
state. There are no frequency beats in the synchronized state:
Only vibrations with the pilot frequency exist in the system.
In our experiment, the entrainment range ' f / f 0#4% was
demonstrated for a MHz-range oscillator.

The fabrication process for rf disklike resonators !disk
diameter 30 (m, thickness h"0.25 (m, central SiO2 pillar
1 (m height, 0.6 (m diameter" has been described
elsewhere.9 The resulting structure !inset in Fig. 1" was at-
tached to a piezoelectric actuator and placed in a vacuum
chamber (P#10-7 Torr). The motion of the disk was de-
tected interferometrically.10

Figure 1 shows the amplitude and frequency of the vi-
bration of the disk as a function of the pilot signal frequency.

a"Electronic mail: maxim@ccmr.cornell.edu

FIG. 1. Frequency and amplitude of the laser-induced self-sustained vibra-
tions as a function of the pilot signal frequency. Laser power Pcw
"650 (W, perturbation applied as an inertial drive (Vpiezo

ac "4 Vol).
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xL(t) xR (t)

photon
coupling

1.1 Synchronization in historical perspective 3

pendulum in opposite swings were so much in agreement that they never
receded the least bit from each other and the sound of each was always heard
simultaneously. Further, if this agreement was disturbed by some interference, it
reestablished itself in a short time. For a long time I was amazed at this
unexpected result, but after a careful examination finally found that the cause of
this is due to the motion of the beam, even though this is hardly perceptible. The
cause is that the oscillations of the pendula, in proportion to their weight,
communicate some motion to the clocks. This motion, impressed onto the beam,
necessarily has the effect of making the pendula come to a state of exactly
contrary swings if it happened that they moved otherwise at first, and from this
finally the motion of the beam completely ceases. But this cause is not
sufficiently powerful unless the opposite motions of the clocks are exactly equal
and uniform.

The first mention of this discovery can be found in Huygens’ letter to his father
of 26 February 1665, reprinted in a collection of papers [Huygens 1967a] and repro-
duced in Appendix A1. According to this letter, the observation of synchronization
was made while Huygens was sick and stayed in bed for a couple of days watching
two clocks hanging on a wall (Fig. 1.2). Interestingly, in describing the discovered
phenomenon, Huygens wrote about “sympathy of two clocks” (le phénoméne de la
sympathie, sympathie des horloges).

Thus, Huygens had given not only an exact description, but also a brilliant quali-
tative explanation of this effect of mutual synchronization; he correctly understood
that the conformity of the rhythms of two clocks had been caused by an impercep-
tible motion of the beam. In modern terminology this would mean that the clocks
were synchronized in anti-phase due to coupling through the beam.

In the middle of the nineteenth century, in his famous treatise The Theory of
Sound, William Strutt (Fig. 1.3) [Lord Rayleigh 1945] described the interesting
phenomenon of synchronization in acoustical systems as follows.

When two organ-pipes of the same pitch stand side by side, complications ensue
which not unfrequently give trouble in practice. In extreme cases the pipes may

Figure 1.2. Original
drawing of Christiaan
Huygens illustrating his
experiments with two
pendulum clocks placed on
a common support.
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Figure S4: Optical transmission. (a) Best-fit steady-state normalized optical transmission
(red-line), calculated using equation (S11), and measured transmission spectrum (blue circles).
The fit parameters are described in the text. (b) Optical transmission showing the thermal tuning
of the coupled cavities, the false-color scale indicates the transmission. This map is obtained
from (S11) using !

1

(T ) = !

10 + g

th

�T , in good agreement with Fig. 2 in the main text.

C Intrinsic mechanical frequencies

Using the optical read-out of the mechanical motion, as described in section E, we measured

the mechanical quality factors using a low power optical probe coupled to the lower frequency

optical supermodel (right peak in Fig. S4a). The RF spectrum (100 averages) showing the

two mechanical modes is shown in Fig. S5. The fit parameters are the mechanical frequencies

and quality factors: (f

L

, f

R

) = (50.283, 50.219) MHz and (Q

m

L

, Q

m

R

) = (3.4 ± 0.3, 2.3 ±
0.2)⇥10

3. Note that these intrinsic frequencies are slightly lower than the OMO self-sustaining

oscillation frequency. This is due to the optical spring effect explained in the main text.
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1.1 Synchronization in historical perspective 3

pendulum in opposite swings were so much in agreement that they never
receded the least bit from each other and the sound of each was always heard
simultaneously. Further, if this agreement was disturbed by some interference, it
reestablished itself in a short time. For a long time I was amazed at this
unexpected result, but after a careful examination finally found that the cause of
this is due to the motion of the beam, even though this is hardly perceptible. The
cause is that the oscillations of the pendula, in proportion to their weight,
communicate some motion to the clocks. This motion, impressed onto the beam,
necessarily has the effect of making the pendula come to a state of exactly
contrary swings if it happened that they moved otherwise at first, and from this
finally the motion of the beam completely ceases. But this cause is not
sufficiently powerful unless the opposite motions of the clocks are exactly equal
and uniform.

The first mention of this discovery can be found in Huygens’ letter to his father
of 26 February 1665, reprinted in a collection of papers [Huygens 1967a] and repro-
duced in Appendix A1. According to this letter, the observation of synchronization
was made while Huygens was sick and stayed in bed for a couple of days watching
two clocks hanging on a wall (Fig. 1.2). Interestingly, in describing the discovered
phenomenon, Huygens wrote about “sympathy of two clocks” (le phénoméne de la
sympathie, sympathie des horloges).

Thus, Huygens had given not only an exact description, but also a brilliant quali-
tative explanation of this effect of mutual synchronization; he correctly understood
that the conformity of the rhythms of two clocks had been caused by an impercep-
tible motion of the beam. In modern terminology this would mean that the clocks
were synchronized in anti-phase due to coupling through the beam.

In the middle of the nineteenth century, in his famous treatise The Theory of
Sound, William Strutt (Fig. 1.3) [Lord Rayleigh 1945] described the interesting
phenomenon of synchronization in acoustical systems as follows.

When two organ-pipes of the same pitch stand side by side, complications ensue
which not unfrequently give trouble in practice. In extreme cases the pipes may

Figure 1.2. Original
drawing of Christiaan
Huygens illustrating his
experiments with two
pendulum clocks placed on
a common support.
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1.1 Synchronization in historical perspective 3

pendulum in opposite swings were so much in agreement that they never
receded the least bit from each other and the sound of each was always heard
simultaneously. Further, if this agreement was disturbed by some interference, it
reestablished itself in a short time. For a long time I was amazed at this
unexpected result, but after a careful examination finally found that the cause of
this is due to the motion of the beam, even though this is hardly perceptible. The
cause is that the oscillations of the pendula, in proportion to their weight,
communicate some motion to the clocks. This motion, impressed onto the beam,
necessarily has the effect of making the pendula come to a state of exactly
contrary swings if it happened that they moved otherwise at first, and from this
finally the motion of the beam completely ceases. But this cause is not
sufficiently powerful unless the opposite motions of the clocks are exactly equal
and uniform.

The first mention of this discovery can be found in Huygens’ letter to his father
of 26 February 1665, reprinted in a collection of papers [Huygens 1967a] and repro-
duced in Appendix A1. According to this letter, the observation of synchronization
was made while Huygens was sick and stayed in bed for a couple of days watching
two clocks hanging on a wall (Fig. 1.2). Interestingly, in describing the discovered
phenomenon, Huygens wrote about “sympathy of two clocks” (le phénoméne de la
sympathie, sympathie des horloges).

Thus, Huygens had given not only an exact description, but also a brilliant quali-
tative explanation of this effect of mutual synchronization; he correctly understood
that the conformity of the rhythms of two clocks had been caused by an impercep-
tible motion of the beam. In modern terminology this would mean that the clocks
were synchronized in anti-phase due to coupling through the beam.

In the middle of the nineteenth century, in his famous treatise The Theory of
Sound, William Strutt (Fig. 1.3) [Lord Rayleigh 1945] described the interesting
phenomenon of synchronization in acoustical systems as follows.

When two organ-pipes of the same pitch stand side by side, complications ensue
which not unfrequently give trouble in practice. In extreme cases the pipes may

Figure 1.2. Original
drawing of Christiaan
Huygens illustrating his
experiments with two
pendulum clocks placed on
a common support.
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Technological viewpoint: Si Nanophotonics Building Blocks
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Integrated optomechanical 
oscillator chipset

Chee	Wei	Wong	et.	al	SCIENTIFIC	
REPORTS	4	:	6842	(2014)



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Candidates for OM arrays
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Benevides, et al. CLEO 2016 
Luiz, et al CLEO 2106

Santos, F. G., et al. arXiv:1605.06318
Gustavo	LuizRodrigo	Benevides Felipe	Santos

Bulls’ eye cavity Paddle resonators Optomechanical crystals
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Outline
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Optical and acoustic mode interaction

Optical force actuation
Dynamical back-action

Optomechanical clocks
Bullseye - a case study

Outlook
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Bullseye
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A new system for cavity optomechanics
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κ ↓

Ωm ↑

a b

c

10 μm

κt 2π ≈ 10 MHz ωm 2π ≈ 80 MHz

κt 2π ≈ 500 MHz ωm 2π ≈ 4 GHz

J.	Chan	et.	al,	Nature	478,	89	(2011)

E.	Verhagen	et.	al,	Nature	482,	63	(2012)
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Optical Design
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Optical Design
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Mechanical Design
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Mechanical Design
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Mechanical Gratting
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Mechanical Gratting
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Mechanical Gratting
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Mechanical Gratting
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Acoustic linear grating?
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Mechanical Gratting

172

Bullseye	Disk
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Mechanical Gratting
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Bullseye	Disk
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Bullseye fab: foundry based
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Bullseye	Disk

Passive	SiPhotonics	imec-ePIXfab

Integrated	and	scalable	producYon

10	um 4	um



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Mechanical mode testing
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Multi-peak structure
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Si Anisotropy
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Mechanical mode testing

177Santos, F. G., et al. arXiv:1605.06318



São Paulo School of Advanced Science on Nanophotonics, 2016, Campinas

Perspective on Bull’s eye arrays
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Moderate optical damping rate (Q~100,000)
High mechanical Q’s (2300 @ 300K)
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Design flexible to different materials
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Outlook
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Linear Optomechanics
Displacement detection
Optical Spring
Cooling & Amplification
Two-tone drive: “Optomechanically induced 
transparency”
Ground state cooling
State transfer, pulsed operation
Wavelength conversion
Radiation Pressure Shot Noise
Squeezing of Light
Squeezing of Mechanics
Light-Mechanics Entanglement
Accelerometers
Single-quadrature detection, Wigner density
Optomechanics with an active medium
Measure gravity or other small forces
Mechanics-Mechanics entanglement 
Pulsed measurement
Quantum Feedback
Rotational Optomechanics 

Nonlinear Optomechanics
Self-induced mechanical oscillations
Attractor diagram?
Synchronization of oscillations
Chaos

Nonlinear Quantum 
Optomechanics

QND Phonon number detection
Phonon shot noise
Photon blockade
Optomechanical
 “which-way” experiment
Nonclassical mechanical q. states
Nonlinear OMIT
Noncl. via Conditional Detection
Single-photon sources
Coupling to other two-level systems
Optomechanical Matter-Wave Interferometry

Multimode
Mechanical information processing
Bandstructure in arrays
Synchronization/patterns in arrays
Transport & pulses in arrays

White: yet unknown challenges/goals
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